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Introduction 



In this book we present a complete and detailed proof of the 

Poincare Conjecture: a closed, smooth, simply connected 
3-manifold is diffeomorphid3 to S 3 . 

This conjecture was formulated by Henri Poincare |58] in 1904 and has remained 
open until the recent work of Perelman. The arguments we give here are a detailed 
version of those that appear in Perelman's three preprints [53], I55|, 154] . Perelman's 
arguments rest on a foundation built by Richard Hamilton with his study of the 
Ricci flow equation for Riemannian metrics. Indeed, Hamilton believed that Ricci 
flow could be used to establish the Poincare Conjecture and more general topological 
classification results in dimension 3, and laid out a program to accomplish this. The 
difficulty was to deal with singularities in the Ricci flow. Perelman's breakthrough 
was to understand the qualitative nature of the singularities sufficiently to allow 
him to prove the Poincare Conjecture (and Theorem 10.11 below which implies the 
Poincare Conjecture). For a detailed history of the Poincare Conjecture, see Milnor's 
survey article [50] . 

A class of examples closely related to the 3-sphere are the 3- dimensional spherical 
space-forms, i.e., the quotients of S 3 by free, linear actions of finite subgroups of the 
orthogonal group 0(4). There is a generalization of the Poincare Conjecture, called 
the 3-dimensional spherical space-form conjecture, which conjectures that any 
closed 3-manifold with finite fundamental group is diffeomorphic to a 3-dimensional 
spherical space-form. Clearly, a special case of the 3-dimensional spherical space- 
form conjecture is the Poincare Conjecture. 

As indicated in Remark 1.4 of [54], the arguments we present here not only 
prove the Poincare Conjecture, they prove the 3-dimensional space-form conjecture. 
In fact, the purpose of this book is to prove the following more general theorem. 

Theorem 0.1. Let M be a closed, connected 3-manifold and suppose that the 
fundamental group of M is a free product of finite groups and infinite cyclic groups. 
Then M is diffeomorphic to a connected sum of spherical space-forms, copies of 
S 2 x S , and copies of the unique (up to diffeomorphism) non-orientable 2-sphere 
bundle over S . 



Every topological 3-manifold admits a differentiable structure and every homeomorphism be- 
tween smooth 3-manifolds can be approximated by a diffeomorphism. Thus, classification results 
about topological 3-manifolds up to homeomorphism and about smooth 3-manifolds up to diffeo- 
morphism are equivalent. In this book 'manifold' means 'smooth manifold.' 
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This immediately implies an affirmative resolution of the Poincare Conjecture 
and of the 3-dimensional spherical space-form conjecture. 

Corollary 0.2. (a) A closed, simply connected 3-manifold is diffeomorphic to 
S 3 . (b) A closed 3-manifold with finite fundamental group is diffeomorphic to a 
3-dimensional spherical space-form. 

Before launching into a more detailed description of the contents of this book, 
one remark on the style of the exposition is in order. Because of the importance and 
visibility of the results discussed here, and because of the number of incorrect claims 
of proofs of these results in the past, we felt that it behooved us to work out and 
present the arguments in great detail. Our goal was to make the arguments clear 
and convincing and also to make them more easily accessible to a wider audience. 
As a result, experts may find some of the points are overly elaborated. 

1. Overview of Perelman's argument 

In dimensions less than or equal to three, any Riemannian metric of constant 
Ricci curvature has constant sectional curvature. Classical results in Riemannian 
geometry show that the universal cover of a closed manifold of constant positive 
curvature is diffeomorphic to the sphere and that the fundamental group is identified 
with a finite subgroup of the orthogonal group acting linearly and freely on the 
universal cover. Thus, one can approach the Poincare Conjecture and the more 
general 3-dimensional spherical space-form problem by asking the following question. 
Making the appropriate fundamental group assumptions on 3-manifold M, how does 
one establish the existence of a metric of constant Ricci curvature on Ml The 
essential ingredient in producing such a metric is the Ricci flow equation introduced 
by Richard Hamilton in [29j : 

%® = -2Ric( 9(t )), 

where Ric(g(i)) is the Ricci curvature of the metric g{t). The fixed points (up to 
rescaling) of this equation are the Riemannian metrics of constant Ricci curvature. 
For a general introduction to the subject of the Ricci flow see Hamilton's survey 
paper [34] . the book by Chow-Knopf [13 1, or the book by Chow, Lu, and Ni |14| . 
The Ricci flow equation is a (weakly) parabolic partial differential flow equation 
for Riemannian metrics on a smooth manifold. Following Hamilton, one defines a 
Ricci flow to be a family of Riemannian metrics g(t) on a fixed smooth manifold, 
parameterized by t in some interval, satisfying this equation. One considers t as time 
and studies the equation as an initial value problem: Beginning with any Riemannian 
manifold (M, go) find a Ricci flow with (M, go) as initial metric; that is to say find a 
one-parameter family (M,g(t)) of Riemannian manifolds with g(0) = go satisfying 
the Ricci flow equation. This equation is valid in all dimensions but we concentrate 
here on dimension three. In a sentence, the method of proof is to begin with any 
Riemannian metric on the given smooth 3-manifold and flow it using the Ricci flow 
equation to obtain the constant curvature metric for which one is searching. There 
are two examples where things work in exactly this way, both due to Hamilton, 
(i) If the initial metric has positive Ricci curvature, Hamilton proved over twenty 
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years ago, [29] , that under the Ricci flow the manifold shrinks to a point in finite 
time, that is to say, there is a finite-time singularity, and, as we approach the singular 
time, the diameter of the manifold tends to zero and the curvature blows up at every 
point. Hamilton went on to show that, in this case, rescaling by a time-dependent 
function so that the diameter is constant produces a one-parameter family of metrics 
converging smoothly to a metric of constant positive curvature, (ii) At the other 
extreme, in |36] Hamilton showed that if the Ricci flow exists for all time and if 
there is an appropriate curvature bound together with another geometric bound, 
then as t — ► oo, after rescaling to have a fixed diameter, the metric converges to a 
metric of constant negative curvature. 

The results in the general case are much more complicated to formulate and much 
more difficult to establish. While Hamilton established that the Ricci flow equation 
has short-term existence properties, i.e., one can define g(t) for t in some interval 
[0, T) where T depends on the initial metric, it turns out that if the topology of the 
manifold is sufficiently complicated, say it is a non-trivial connected sum, then no 
matter what the initial metric is one must encounter finite-time singularities, forced 
by the topology. More seriously, even if the manifold has simple topology, beginning 
with an arbitrary metric one expects to (and cannot rule out the possibility that 
one will) encounter finite-time singularities in the Ricci flow. These singularities, 
unlike in the case of positive Ricci curvature, occur along proper subsets of the 
manifold, not the entire manifold. Thus, to derive the topological consequences 
stated above, it is not sufficient in general to stop the analysis the first time a 
singularity arises in the Ricci flow. One is led to study a more general evolution 
process called Ricci flow with surgery, first introduced by Hamilton in the context of 
four-manifolds, |35j . This evolution process is still parameterized by an interval in 
time, so that for each t in the interval of definition there is a compact Riemannian 
3-manifold Aft- But there is a discrete set of times at which the manifolds and 
metrics undergo topological and metric discontinuities (surgeries). In each of the 
complementary intervals to the singular times, the evolution is the usual Ricci flow, 
though, because of the surgeries, the topological type of the manifold M t changes 
as t moves from one complementary interval to the next. From an analytic point of 
view, the surgeries at the discontinuity times are introduced in order to 'cut away' 
a neighborhood of the singularities as they develop and insert by hand, in place of 
the 'cut away' regions, geometrically nice regions. This allows one to continue the 
Ricci flow (or more precisely, restart the Ricci flow with the new metric constructed 
at the discontinuity time). Of course, the surgery process also changes the topology. 
To be able to say anything useful topologically about such a process, one needs 
results about Ricci flow, and one also needs to control both the topology and the 
geometry of the surgery process at the singular times. For example, it is crucial for 
the topological applications that we do surgery along 2-spheres rather than surfaces 
of higher genus. Surgery along 2-spheres produces the connected sum decomposition, 
which is well-understood topologically, while, for example, Dehn surgeries along tori 
can completely destroy the topology, changing any 3-manifold into any other. 

The change in topology turns out to be completely understandable and amazingly, 
the surgery processes produce exactly the topological operations needed to cut the 
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manifold into pieces on which the Ricci flow can produce the metrics sufficiently 
controlled so that the topology can be recognized. 

The bulk of this book (Chapters 1-17 and the Appendix) concerns the establish- 
ment of the following long-time existence result for Ricci flow with surgery. 

Theorem 0.3. Let (M, go) be a closed Riemannian 3-manifold. Suppose that 
there is no embedded, locally separating MP 2 contained in M . Then there is a Ricci 
flow with surgery defined for all t £ [0, oo) with initial metric (M,go). The set 
of discontinuity times for this Ricci flow with surgery is a discrete subset of [0, oo). 
The topological change in the 3-manifold as one crosses a surgery time is a connected 
sum decomposition together with removal of connected components, each of which is 
diffeomorphic to one of S 2 x S 1 , RP 3 #RP 3 , the non-orientable 2-sphere bundle over 
S 1 , or a manifold admitting a metric of constant positive curvature. 

While Theorem 10.31 is central for all applications of Ricci flow to the topology of 
three-dimensional manifolds, the argument for the 3-manifolds described in Theo- 
rem [0J] is simplified, and avoids all references to the nature of the flow as time goes 
to infinity, because of the following finite-time extinction result. 

Theorem 0.4. Let M be a closed 3-manifold whose fundamental group is a free 
product of finite groups and infinite cyclic group^. Let go be any Riemannian metric 
on M. Then M admits no locally separating MP 2 , so that there is a Ricci flow with 
surgery defined for all positive time with (M,go) as initial metric as described in 
Theorem W.SX This Ricci flow with surgery becomes extinct after some time T < oo, 
in the sense that the manifolds M t are empty for all t>T. 

This result is established in Chapter 18 following the argument given by Perelman 
in [54], see also [15j . 

We immediately deduce Theorem 10.11 from Theorems 10.31 and 10.41 as follows: Let 
M be a 3-manifold satisfying the hypothesis of Theorem 10.11 Then there is a finite 
sequence M = Mo, Mi, . . . , M& = such that for each i, 1 < i < k, Mi is obtained 
from Mj_i by a connected sum decomposition or Mj is obtained from Mj_i by 
removing a component diffeomorphic to one of S 2 x S , MP^RP 3 , a non-orientable 
2-sphere bundle over S , or a 3-dimensional spherical space-form. Clearly, it follows 
by downward induction on i that each connected component of Mj is diffeomorphic 
to a connected sum of 3-dimensional spherical space- forms, copies of S 2 x S 1 , and 
copies of the non-orientable 2-sphere bundle over S . In particular, M = Mo has 
this form. Since M is connected by hypothesis, this proves the theorem. In fact, 
this argument proves the following: 

Corollary 0.5. Let (Mo, go) a connected Riemannian manifold with no locally 
separating MP 2 . Let (Ai ,G) be a Ricci flow with surgery defined for < t < oo with 
(Mo, go) as initial manifold. Then the following four conditions are equivalent: 

2 I.e., no embedded KP 2 in M with trivial normal bundle. Clearly, all orientable manifolds 
satisfy this condition. 

3 In [54] Perelman states the result for 3-manifolds without prime factors that are acyclic. It is 
a standard exercise in 3-manifold topology to show that Perelman's condition is equivalent to the 
group theory hypothesis stated here; see Corollary 10.51 
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(1) (Ai, G) becomes extinct after a finite time, i.e., Mt = for all T sufficiently 
large, 

(2) Mq is diffeomorphic to a connected sum of three-dimensional spherical 
space-forms and S 2 -bundles over S , 

(3) the fundamental group of Mo is a free product of finite groups and infinite 
cyclic groups, 

(4) no prim^ factor of Mq is acyclic, i.e., every prime factor of Mq has either 
non-trivial tt2 or non-trivial n^. 

Proof. Repeated application of Theorem 10.31 shows that (1) implies (2). The 
implication (2) implies (3) is immediate from van Kampen's theorem. The fact that 
(3) implies (1) is Theorem 10.41 This shows that (1), (2) and (3) are all equivalent. 
Since three-dimensional spherical space-forms and 5 2 -bundles over S 1 are easily 
seen to be prime, (2) implies (4). Thus, it remains only to see that (4) implies (3). 
We consider a manifold M satisfying (4), a prime factor P of M, and universal 
covering P of P. First suppose that ^(P) = ^(P) is trivial. Then, by hypothesis 
tts(P) = 7T3(P) is non-trivial. By the Hurewicz theorem this means that H^(P) is 
non-trivial, and hence that P is a compact, simply connected three-manifold. It 
follows that 7i"i(P) is finite. Now suppose that ^(P) is non-trivial. Then P is not 
diffeomorphic to MP 3 . Since P is prime and contains no locally separating MP 2 , it 
follows that P contains no embedded MP 2 . Then by the sphere theorem there is an 
embedded two-sphere in P that is homotopically non-trivial. Since P is prime, this 
sphere cannot separate, so cutting P open along it produces a connected manifold Pq 
with two boundary two-spheres. Since Pq is prime, it follows that Pq is diffeomorphic 
to S 2 x I and hence P is diffeomorphic to a two-sphere bundle over the circle. □ 

Remark 0.6. (i) The use of the sphere theorem is unnecessary in the above 
argument for what we actually prove is that if every prime factor of M has non- 
trivial 7T2 or non-trivial tt^, then the Ricci flow with surgery with [M,go) as initial 
metric becomes extinct after a finite time. In fact, the sphere theorem for closed 
three-manifolds follows from the results here. 

(ii) If the initial manifold is simpler then all the time-slices are simpler: If (A4,G) 
is a Ricci flow with surgery whose initial manifold is prime, then every time-slice 
is a disjoint union of connected components, all but at most one being diffeomor- 
phic to a three-sphere and if there is one not diffeomorphic to a three-sphere, then 
it is diffeomorphic to the initial manifold. If the initial manifold is a simply con- 
nected manifold Mq, then every component of every time-slice Mt must be simply 
connected, and thus a posteriori every time-slice is a disjoint union of manifolds 
diffeomorphic to the three-sphere. Similarly, if the initial manifold has finite funda- 
mental group, then every connected component of every time-slice is either simply 
connected or has the same fundamental group as the initial manifold. 



A three-manifold P is prime if every separating two-sphere in P bounds a three-ball in P. 
Equivalently, P is prime if it admits no non-trivial connected sum decomposition. Every closed 
three-manifold decomposes as a connected sum of prime factors with the decomposition being 
unique up to diffeomorphism of the factors and the order of the factors. 
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(iii) The conclusion of this result is a natural generalization of Hamilton's conclu- 
sion in analyzing the Ricci flow on manifolds of positive Ricci curvature in |29j. 
Namely, under appropriate hypotheses, during the evolution process of Ricci flow 
with surgery the manifold breaks into components each of which disappears in finite 
time. As a component disappears at some finite time, the metric on that compo- 
nent is well enough controlled to show that the disappearing component admits a 
non-flat, homogeneous Riemannian metric of non-negative sectional curvature, i.e., 
a metric locally isometric to either a round S 3 or to a product of a round S 2 with 
the usual metric on R. The existence of such a metric on a component immediately 
gives the topological conclusion of Theorem 10.11 for that component, i.e., that it is 
diffeomorphic to a 3-dimensional spherical space-form, to S 2 x S 1 to a non-orientable 
2-sphere bundle over S , or to RP^RP 3 . The biggest difference between these two 
results is that Hamilton's hypothesis is geometric (positive Ricci curvature) whereas 
Perelman's is homotopy theoretic (information about the fundamental group). 

(iv) It is also worth pointing out that it follows from Corollary 10. 51 that the manifolds 
that satisfy the four equivalent conditions in that corollary are exactly the closed, 
connected, three-manifolds that admit a Riemannian metric of positive scalar cur- 
vature, cf, [62] and |26| . 

One can use Ricci flow in a more general study of three-manifolds than the one we 
carry out here. There is a conjecture due to Thurston, see [69J, known as Thurston's 
Geometrization Conjecture or simply as the Geometrization Conjecture for three- 
manifolds. It conjectures that every 3-manifold without locally separating RP 2 's (in 
particular every orientable 3-manifold) is a connected sum of prime 3-manifolds each 
of which admits a decomposition along incompressible tori into pieces that admit 
locally homogeneous geometries of finite volume. Modulo questions about cofinite- 
volume lattices in SX2OC), proving this conjecture leads to a complete classification 
of 3-manifolds without locally separating MP 2 's, and in particular to a complete 
classification of all orientable 3-manifolds. (See Peter Scott's survey article [63 .) 
By passing to the orientation double cover and working equivariantly, these results 
can be extended to all 3-manifolds. 

Perelman in [55] has stated results which imply a positive resolution of Thurston's 
Geometrization conjecture. Perelman's proposed proof of Thurston's Geometriza- 
tion Conjecture relies in an essential way on Theorem 10.31 namely the existence of 
Ricci flow with surgery for all positive time. But it also involves a further analy- 
sis of the limits of these Ricci flows as time goes to infinity. This further analysis 
involves analytic arguments which are exposed in Sections 6 and 7 of Perelman's 
second paper ( |55| ). following earlier work of Hamilton ([36|) in a simpler case of 
bounded curvature. They also involve a result (Theorem 7.4 from (55 1) from the 
theory of manifolds with curvature locally bounded below that are collapsed, re- 
lated to results of Shioya-Yamaguchi [67]. The Shioya-Yamaguchi results in turn 
rely on an earlier, unpublished work of Perelman proving the so-called 'Stability 
Theorem.' Recently, Kapovich, |43] has put a preprint on the archive giving a proof 
of the stability result. We have been examining another approach, one suggested by 



'I.e., embedded by a map that is injective on tti. 
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Perelman in [55j, avoiding the stability theorem, cf, [44] and [51] . It is our view 
that the collapsing results needed for the Geometrization Conjecture are in place, 
but that before a definitive statement that the Geometrization Conjecture has been 
resolved can be made these arguments must be subjected to the same close scrutiny 
that the arguments proving the Poincare Conjecture have received. This process is 
underway. 

In this book we do not attempt to explicate any of the results beyond Theorem l0.3l 
described in the previous paragraph that are needed for the Geometrization Con- 
jecture. Rather, we content ourselves with presenting a proof of Theorem 10.11 ab ove 
which, as we have indicated, concerns initial Riemannian manifolds for which the 
Ricci flow with surgery becomes extinct after finite time. We are currently preparing 
a detailed proof, along the lines suggested by Perelman, of the further results that 
will complete the proof of the Geometrization Conjecture. 

As should be clear from the above overview, Perelman's argument did not arise 
in a vacuum. Firstly, it resides in a context provided by the general theory of 
Riemannian manifolds. In particular, various notions of convergence of sequences of 
manifolds play a crucial role. The most important is geometric convergence (smooth 
convergence on compact subsets). Even more importantly, Perelman's argument 
resides in the context of the theory of the Ricci flow equation, introduced by Richard 
Hamilton and extensively studied by him and others. Perelman makes use of almost 
every previously established result for 3-dimensional Ricci flows. One exception is 
Hamilton's proposed classification results for three-dimensional singularities. These 
are replaced by Perelman's strong qualitative description of singularity development 
for Ricci flows on compact three-manifolds. 

The first five chapters of the book review the necessary background material from 
these two subjects. Chapters 6 through 11 then explain Perelman's advances. In 
Chapter 12 we introduce the standard solution, which is the manifold constructed by 
hand that one 'glues in' in doing surgery. Chapters 13 through 17 describe in great 
detail the surgery process and prove the main analytic and topological estimates 
that are needed to show that one can continue the process for all positive time. At 
the end of Chapter 17 we have established Theorem 10.31 Chapter 18 discusses the 
finite-time extinction result. Chapter 19 is an appendix on some topological results 
that were needed in the surgery analysis in Chapters 13-17. 

2. Background material from Riemannian geometry 

2.1. Volume and injectivity radius. One important general concept that is 
used throughout is the notion of a manifold being non-collapsed at a point. Suppose 
that we have a point x in a complete Riemannian ra-manifold. Then we say that the 
manifold is k -non- collapsed at x provided that the following holds: For any r such 
that the norm of the Riemannian curvature tensor, |Rm|, is < r~ 2 at all points of 
the metric ball, B{x, r), of radius r centered at x, we have Vol B(x, r) > nr n . There 
is a relationship between this notion and the injectivity radius of M at x. Namely, if 
|Rm| < r~ 2 on B(x, r) and if B(x, r) is K-non-collapsed then the injectivity radius of 
M at x is greater than or equal to a positive constant that depends only on r and k. 
The advantage of working with the volume non-collapsing condition is that, unlike 
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for the injectivity radius, there is a simple equation for the evolution of volume under 
Ricci flow. 

Another important general result is the Bishop-Gromov volume comparison result 
that says that if the Ricci curvature of a complete Riemannian n-manifold M is 
bounded below by a constant (n — 1)K then for any x 6 M the ratio of the volume 
of B(x, r) to the volume of the ball of radius r in the space of constant curvature K 
is a non-increasing function whose limit as r — > is 1. 

All of these basic facts from Riemannian geometry are reviewed in the first chap- 
ter. 

2.2. Manifolds of non-negative curvature. For reasons that should be clear 
from the above description and in any event will become much clearer shortly, man- 
ifolds of non-negative curvature play an extremely important role in the analysis of 
Ricci flows with surgery. We need several general results about them. The first is the 
soul theorem for manifolds of non-negative sectional curvature. A soul is a compact, 
totally geodesic submanifold. The entire manifold is diffeomorphic to the total space 
of a vector bundle over any of its souls. If a non-compact n-manifold has positive 
sectional curvature, then any soul for it is a point, and in particular, the manifold is 
diffeomorphic to Euclidean space. In addition, the distance function / from a soul 
has the property that for every t > the pre-image is homeomorphic to an 
(n — l)-sphere and the pre-image under this distance function of any non-degenerate 
interval / C R + is homeomorphic to S" 1 " 1 x /. 

Another important result is the splitting theorem, which says that, if a complete 
manifold of non-negative sectional curvature has a geodesic line (an isometric copy 
of R) that is distance minimizing between every pair of its points, then that manifold 
is a metric product of a manifold of one lower dimension and R. In particular, if a 
complete n-manifold of non-negative sectional curvature has two ends then it is a 
metric product iV n_1 x R where N n ~ l is a compact manifold. 

Also, we need some of the elementary comparison results from Toponogov theory. 
These compare ordinary triangles in the Euclidean plane with triangles in a manifold 
of non-negative sectional curvature whose sides are minimizing geodesies in that 
manifold. 

2.3. Canonical neighborhoods. Much of the analysis of the geometry of 
Ricci flows revolves around the notion of canonical neighborhoods. Fix some e > 
sufficiently small. There are two types of non-compact canonical neighborhoods: e- 
necks and e-caps. An e-neck in a Riemannian 3-manifold (M, g) centered at a point 
x £ M is a submanifold N C M and a diffeomorphism tp: S 2 x (— e _1 , e _1 ) —> N such 
that x £ ip(S 2 x {0}) and such that the pullback of the rescaled metric, ip* (R(x)g), 
is within e in the C^-topology of the product of the round metric of scalar curva- 
ture 1 on S 2 with the usual metric on the interval (— e -1 , e -1 ). (Throughout, R(x) 
denotes the scalar curvature of (M,g) at the point x.) An e-cap is a non-compact 
submanifold C C M with the property that a neighborhood N of infinity in C is an 
e-neck, such that every point of N is the center of an e-neck in M, and such that 
the core, C\N, of the e-cap is diffeomorphic to either a 3-ball or a punctured RP 3 . 
It will also be important to consider e-caps that, after rescaling to make R(x) = 1 
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for some point x in the cap, have bounded geometry (bounded diameter, bounded 
ratio of the curvatures at any two points, and bounded volume). If C represents the 
bound for these quantities, then we call the cap an (C, e)-cap. See Fig. HJ An e-tube 
in M is a submanifold of M diffeomorphic to S 2 x (0, 1) which is a union of e-necks 
and with the property that each point of the e-tube is the center of an e-neck in M. 



R(x 

IF 




e-neck of scale 1 



3 



cross section 2-sphere with 
scalar curvature close to 1. 




e-neck 



core 



e-cap 



diffeomorphic 
to B 3 or to 
RP 3 - {pt} 



Figure 1. Canonical neighborhoods. 



There are two other types of canonical neighborhoods in 3-manifolds - (i) a 
C-component and (ii) an e-round component. The C-component is a compact, con- 
nected Riemannian manifold of positive sectional curvature diffeomorphic to either 
S 3 or RP 3 with the property that rescaling the metric by R(x) for any x in the 
component produces a Riemannian manifold whose diameter is at most C, whose 
sectional curvature at any point and in any 2-plane direction is between C~ l and C, 
and whose volume is between C~ l and C. An e-round component is a component 
on which the metric rescaled by R{x) for any x in the component is within e in the 
C^'^-topology of a round metric of scalar curvature one. 

As we shall see, the singularities at time T of a 3-dimensional Ricci flow are 
contained in subsets that are unions of canonical neighborhoods with respect to the 
metrics at nearby, earlier times t' < T. Thus, we need to understand the topology 
of manifolds that are unions of e-tubes and e-caps. The fundamental observation is 
that, provided that e is sufficiently small, when two e-necks intersect (in more than 
a small neighborhood of the boundaries) their product structures almost line up, 
so that the two e-necks can be glued together to form a manifold fibered by S 2, s. 
Using this idea we show that, for e > sufficiently small, if a connected manifold is 
a union of e-tubes and e-caps then it is diffeomorphic to R 3 , S 2 x R, S 3 , S 2 x S , 
RP 3 #MP 3 , the total space of a line bundle over RP 2 , or the non-orientable 2-sphere 
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bundle over S . This topological result is proved in the appendix at the end of the 
book. We shall fix e > sufficiently small so that these results hold. 

There is one result relating canonical neighborhoods and manifolds of positive 
curvature of which we make repeated use: Any complete 3-manifold of positive 
curvature does not admit e-necks of arbitrarily high curvature. In particular, if M 
is a complete Riemannian 3-manifold with the property that every point of scalar 
curvature greater than r^ 2 has a canonical neighborhood, then M has bounded 
curvature. This turns out to be of central importance and is used repeatedly. 

All of these basic facts about Riemannian manifolds of non-negative curvature 
are recalled in the second chapter. 



3. Background material from Ricci flow 

Hamilton |29j introduced the Ricci flow equation, 

dg(t) 



at 



-2ffic(p(t)). 



This is an evolution equation for a one-parameter family of Riemannian metrics g(t) 
on a smooth manifold M. The Ricci flow equation is weakly parabolic and is strictly 
parabolic modulo the 'gauge group', which is the group of diffeomorphisms of the 
underlying smooth manifold. One should view this equation as a non-linear, tensor 
version of the heat equation. From it, one can derive the evolution equation for 
the Riemannian metric tensor, the Ricci tensor, and the scalar curvature function. 
These are all parabolic equations. For example, the evolution equation for scalar 
curvature R(x, t) is 

dR 

(0.1) — (x, t) = AR(x, t) + 2|Ric(x, t)\ 2 , 

illustrating the similarity with the heat equation. (Here A is the Laplacian with 
non-positive spectrum.) 



3.1. First results. Of course, the first results we need are uniqueness and 
short-time existence for solutions to the Ricci flow equation for compact manifolds. 
These results were proved by Hamilton ( |29j ) using the Nash-Moser inverse function 
theorem, ([28]), These results are standard for strictly parabolic equations. By now 
there is a fairly standard method for working 'modulo' the gauge group (the group 
of diffeomorphisms) and hence arriving at a strictly parabolic situation where the 
classical existence, uniqueness and smoothness results apply. The method for the 
Ricci flow equation goes under the name of 'DeTurck's trick.' 

There is also a result that allows us to patch together local solutions (U, g(t)), a < 
t < b, and (U,h(t)), b < t < c, to form a smooth solution defined on the interval 
a < t < c provided that g(b) = h(b). 

Given a Ricci flow (M, g(t)) we can always translate, replacing t by i+to for some 
fixed to, to produce a new Ricci flow. We can also rescale by any positive constant 
Q by setting h(t) = QgiQ^ 1 ^ to produce a new Ricci flow. 
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3.2. Gradient shrinking solitons. Suppose that (M,g) is a complete Rie- 
mannian manifold, and suppose that there is a constant A > with the property 
that 

RicO) = x 9- 

In this case, it is easy to see that there is a Ricci flow given by 

g(t) = (1 - 2\t)g. 

In particular, all the metrics in this flow differ by a constant factor depending on 
time and the metric is a decreasing function of time. These are called shrinking 
solitons. Examples are compact manifolds of constant positive Ricci curvature. 

There is a closely related, but more general, class of examples: the gradient 
shrinking solitons. Suppose that (M, g) is a complete Riemannian manifold, and 
suppose that there is a constant A > and a function / : M — ► R satisfying 

Ric(s) = \g- Hess 9 /. 

In this case, there is a Ricci flow which is a shrinking family after we pull back 
by the one-parameter family of diffeomorphisms generated by the time-dependent 
vector field rzw Vg/. An example of a gradient shrinking soliton is the manifold 
5 2 xl with the family of metrics being the product of the shrinking family of round 
metrics on S 2 and the constant family of standard metrics on R. The function / is 
s 2 /4 where s is the Euclidean parameter on R. 

3.3. Controlling higher derivatives of curvature. Now let us discuss the 
smoothness results for geometric limits. The general result along these lines is Shi's 
theorem, see |65 |,l66j . Again, this is a standard type of result for parabolic equations. 
Of course, the situation here is complicated somewhat by the existence of the gauge 
group. Roughly, Shi's theorem says the following. Let us denote by B(x,tQ,r) 
the metric ball in (M,g(to)) centered at x and of radius r. If we can control the 
norm of the Riemannian curvature tensor on a backward neighborhood of the form 
B(x,to,r) x [0,to]> then for each k > we can control the k th covariant derivative 
of the curvature on B(x, to, r/2 k ) x [0,to] by a constant over t k ^ 2 . This result has 
many important consequences in our study because it tells us that geometric limits 
are smooth limits. Maybe the first result to highlight is the fact (established earlier 
by Hamilton) that if (M, g(t)) is a Ricci flow defined on < t < T < oo, and if the 
Riemannian curvature is uniformly bounded for the entire flow, then the Ricci flow 
extends past time T. 

In the third chapter this material is reviewed and, where necessary, slight variants 
of results and arguments in the literature are presented. 

3.4. Generalized Ricci flows. Because we cannot restrict our attention to 
Ricci flows, but rather must consider more general objects, Ricci flows with surgery, 
it is important to establish the basic analytic results and estimates in a context more 
general than that of Ricci flow. We choose to do this in the context of generalized 
Ricci flows. 

A generalized three-dimensional Ricci flow consists of a smooth four-dimensional 
manifold A4 (space-time) with a time function t : Ai — ► R and a smooth vector field 
X- These are required to satisfy: 
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(1) Each x S M has a neighborhood of the form U x J, where U is an open 
subset in R 3 and J C 1 is an interval, in which t is the projection onto 
J and x is the- unit vector field tangent to the one-dimensional foliation 
{u} x J pointing in the direction of increasing t. We call t _1 (t) the t 
time-slice. It is a smooth 3-manifold. 

(2) The image t(A4) is a connected interval I in M, possibly infinite. The 
boundary of A4 is the pre-image under t of the boundary of /. 

(3) The level sets t _1 (i) form a codimension-one foliation of Ai, called the 
horizontal foliation, with the boundary components of Ai being leaves. 

(4) There is a metric G on the horizontal distribution, i.e., the distribution 
tangent to the level sets of t. This metric induces a Riemannian metric on 
each t time-slice varying smoothly as we vary the time-slice. We define the 
curvature of G at a point x G Ai to be the curvature of the Riemannian 
metric induced by G on the time-slice Mf at x. 

(5) Because of the first property the integral curves of \ preserve the horizontal 
foliation and hence the horizontal distribution. Thus, we can take the Lie 
derivative of G along \. The Ricci flow equation is then 

C X (G) = -2Ric(G). 

Locally in space-time the horizontal metric is simply a smoothly varying family 
of Riemannian metrics on a fixed smooth manifold and the evolution equation is the 
ordinary Ricci flow equation. This means that the usual formulas for the evolution 
of the curvatures as well as much of the analytic analysis of Ricci flows still hold in 
this generalized context. In the end, a Ricci flow with surgery is a more singular 
type of space-time, but it will have an open dense subset which is a generalized Ricci 
flow, and all the analytic estimates take place in this open subset. 

The notion of canonical neighborhoods make sense in the context of generalized 
Ricci flows. There is also the notion of a strong e-neck. Consider an embedding 
ip: (5 2 x (— e" 1 ,^ 1 )) x (—1,0] into space-time such that the time function pulls 
back to the projection onto (—1,0] and the vector field x pulls back to d/dt. If 
there is such an embedding into an appropriately shifted and rescaled version of the 
original generalized Ricci flow so that the pull-back of the rescaled horizontal metric 
is within e in the C'^-topology of the product of the shrinking family of round S 2, s 
with the Euclidean metric on (— e , e _1 ), then we say that ^ is a strong e-neck in 
the generalized Ricci flow. 

3.5. The maximum principle. The Ricci flow equation satisfies various forms 
of the maximum principle. The fourth chapter explains this principle, which is due 
to Hamilton (see Section 4 of [34]), and derives many of its consequences, which are 
also due to Hamilton (cf. |36j ). This principle and its consequences are at the core 
of all the detailed results about the nature of the flow. We illustrate the idea by 
considering the case of the scalar curvature. A standard scalar maximum principle 
argument applied to Equation (jO.ip proves that the minimum of the scalar curvature 
is a non-decreasing function of time. In addition, it shows that if the minimum of 
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scalar curvature at time is positive then we have 



and thus the equation must develop a singularity at or before time nj (2i? m j n (0)). 

While the above result about the scalar curvature is important and is used repeat- 
edly, the most significant uses of the maximum principle involve the tensor version, 
established by Hamilton, which applies for example to the Ricci tensor and the full 
curvature tensor. These have given the most significant understanding of the Ricci 
flows, and they form the core of the arguments that Perelman uses in his application 
of Ricci flow to 3-dimensional topology. Here are the main results established by 
Hamilton: 

(1) For 3-dimensional flows, if the Ricci curvature is positive, then the family of 
metrics becomes singular at finite time and as the family becomes singular, 
the metric becomes closer and closer to round; see [29 . 

(2) For 3-dimensional flows, as the scalar curvature goes to +oo the ratio of 
the absolute value of any negative eigenvalue of the Riemannian curvature 
to the largest positive eigenvalue goes to zero; see |36j . This condition is 
called pinched toward positive curvature. 

(3) Motivated by a Harnack inequality for the heat equation established by 
Li-Yau |48| . Hamilton established a Harnack inequality for the curvature 
tensor under the Ricci flow for complete manifolds (M, g(t)) with bounded, 
non-negative curvature operator; see 132 j . In the applications to three di- 
mensions, we shall need the following consequence for the scalar curvature: 
Suppose that (M,g(t)) is a Ricci flow defined for all t £ [To,Ti] of com- 
plete manifolds of non-negative curvature operator with bounded curvature. 
Then 



In particular, if (M,g(t)) is an ancient solution (i.e., defined for all t < 0) 
of bounded, non-negative curvature then dR(x,t)/dt > 0. 

(4) If a complete 3-dimensional Ricci flow (M,g(t)), < t < T, has non- 
negative curvature, if g(0) is not flat, and if there is at least one point (x, T) 
such that the Riemannian curvature tensor of g(T) has a flat direction in 
A 2 TM X , then M has a cover M so that for each t > the Riemannian 
manifold (M,g(t)) splits as a Riemannian product of a surface of positive 
curvature and a Euclidean line. Furthermore, the flow on the cover M is 
the product of a 2-dimensional flow and the trivial one-dimensional Ricci 
flow on the line; see Sections 8 and 9 of |30j . 

(5) In particular, there is no Ricci flow of non-negative curvature tensor (U, g(t)), 
defined for < t < T with T > 0, such that (U,g(T)) is isometric to an 
open subset in a non-flat, 3-dimensional metric cone. 




3.6. Geometric limits. In the fifth chapter we discuss geometric limits of Rie- 
mannian manifolds and of Ricci flows. Let us review the history of these ideas. The 
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first results about geometric limits of Riemannian manifolds go back to Cheeger in 
his thesis in 1967; see [BJ. Here Cheeger obtained topological results. In [25J Gromov 
proposed that geometric limits should exist in the Lipschitz topology and suggested 
a result along these lines, which also was known to Cheeger. In |23j, Greene- Wu 
gave a rigorous proof of the compactness theorem suggested by Gromov and also 
enhanced the convergence to be (^'"-convergence by using harmonic coordinates; 
see also [56] . Assuming that all the derivatives of curvature are bounded, one can 
apply elliptic theory to the expression of curvature in harmonic coordinates and 
deduce C°°-convergence. These ideas lead to various types of compactness results 
that go under the name Cheeger-Gromov compactness for Riemannian manifolds. 
Hamilton in [33j extended these results to Ricci flows. We shall use the compactness 
results for both Riemannian manifolds and for Ricci flows. In a different direction, 
geometric limits were extended to the non-smooth context by Gromov in |25j where 
he introduced a weaker topology, called the Gromov-Hausdorff topology and proved 
a compactness theorem. 

Recall that a sequence of based Riemannian manifolds (M n , g n ,x n ) is said to 
converge geometrically to a based, complete Riemannian manifold (Mqo , g^ , Xqo ) if 
there is a sequence of open subsets U n C with compact closures, with Xqo G 
f/i C f/i C ^2 C ^2 C % C • • ■ with U n U n = Mqo, and embeddings (p n : U n — > M n 
sending to x n so that the pull back metrics, tp* n g n , converge uniformly on compact 
subsets of Moo hi the C°°-topology to g^. Notice that the topological type of the 
limit can be different from the topological type of the manifolds in the sequence. 
There is a similar notion of geometric convergence for a sequence of based Ricci 
flows. 

Certainly, one of the most important consequences of Shi's results, cited above, 
is that, in concert with Cheeger-Gromov compactness, it allows us to form smooth 
geometric limits of sequences of based Ricci flows. We have the following result of 
Hamilton's; see [33 : 

Theorem 0.7. Suppose we have a sequence of based Ricci flows (M n , g n (t), (x n ,0)) 
defined for t € (— T, 0] with the (M n , g n (t)) being complete. Suppose that: 

(1) There is r > and k > such that for every n the metric ball B(x n , 0, r) C 
(M n , g n (0)) is K-non-collapsed. 

(2) For each A < oo there is C = C(A) < oo such that the Riemannian 
curvature on B(x n ,0, A) x (— T, 0] is bounded by C. 

Then after passing to a subsequence there is a geometric limit which is a based Ricci 
flow (Moo, ffoo(*), (^oo,0)) defined fort £ (-T,0]. 

To emphasize, the two conditions that we must check in order to extract a geomet- 
ric limit of a subsequence based at points at time zero are: (i) uniform non-collapsing 
at the base point in the time zero metric, and (ii) for each A < oo uniformly bounded 
curvature for the restriction of the flow to the metric balls of radius A centered at 
the base points. 

Most steps in Perelman's argument require invoking this result in order to form 
limits of appropriate sequences of Ricci flows, often rescaled to make the scalar cur- 
vatures at the base point equal to 1. If, before rescaling, the scalar curvature at 
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the base points goes to infinity as we move through the sequence, then the resulting 
limit of the rescaled flows has non-negative sectional curvature. This is a conse- 
quence of the fact that the sectional curvatures of the manifolds in the sequence are 
uniformly pinched toward positive. It is for exactly this reason that non-negative 
curvature plays such an important role in the study of singularity development in 
three-dimensional Ricci flows. 



So far we have been discussing the results that were known before Perelman's 
work. They concern almost exclusively Ricci flow (though Hamilton in [35j had 
introduced the notion of surgery and proved that surgery can be performed preserv- 
ing the condition that the curvature is pinched toward positive, as in (2) above). 
Perelman extended in two essential ways the analysis of Ricci flow - one involves 
the introduction of a new analytic functional, the reduced length, which is the tool 
by which he establishes the needed non-collapsing results, and the other is a delicate 
combination of geometric limit ideas and consequences of the maximum principle 
together with the non-collapsing results in order to establish bounded curvature at 
bounded distance results. These are used to prove in an inductive way the existence 
of canonical neighborhoods, which is a crucial ingredient in proving that is possible 
to do surgery iteratively, creating a flow defined for all positive time. 

While it is easiest to formulate and consider these techniques in the case of 
Ricci flow, in the end one needs them in the more general context of Ricci flow with 
surgery since we inductively repeat the surgery process, and in order to know at each 
step that we can perform surgery we need to apply these results to the previously 
constructed Ricci flow with surgery. We have chosen to present these new ideas only 
once - in the context of generalized Ricci flows - so that we can derive the needed 
consequences in all the relevant contexts from this one source. 

4.1. The reduced length function. In Chapter [6] we come to the first of 
Perelman's major contributions. Let us first describe it in the context of an ordinary 
three-dimensional Ricci flow, but viewing the Ricci flow as a horizontal metric on 
a space-time which is the manifold M X I, where I is the interval of definition of 
the flow. Suppose that I = [0, T) and fix (x,t) S M x (0, T). We consider paths 
7( T )) < t < r, in space-time with the property that for every r < r we have 
7(1") € M x {t — t} and 7(0) = x. These paths are said to be parameterized by 
backward time. See Fig. [2J The C-length of such a path is given by 



where the derivative on 7 refers to the spatial derivative. There is also the closely 
related reduced length 
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There is a theory for the functional C analogous to the theory for the usual energy 
function^]. In particular, there is the notion of an £-geodesic, and the reduced length 
as a function on space-time i( x ,t) '■ M x [0, t) — ► R. One establishes a crucial mono- 
tonicity for this reduced length along £-geodesics. Then one defines the reduced 
volume 

V {x ,t){U x {?}) = / r-^ 2 e- e ^^dvol 9{T (q), 
JUx{t} 

where, as before T = t — t. Because of the monotonicity of i( x ,t) along £-geodesics, 
the reduced volume is also non-increasing under the flow (forward in r and hence 
backward in time) of open subsets along £-geodesics. This is the fundamental tool 
which is used to establish non-collapsing results which in turn are essential in proving 
the existence of geometric limits. 




Figure 2. Curves in space-time parameterized by r. 



The definitions and the analysis of the reduced length function and the reduced 
volume as well as the monotonicity results are valid in the context of the generalized 
Ricci flow. The only twist to be aware of is that in the more general context one 
cannot always extend £-geodesics; they may run 'off the edge' of space-time. Thus, 
the reduced length function and reduced volume cannot be defined globally, but 
only on appropriate open subsets of a time-slice (those reachable by minimizing C- 
geodesics). But as long as one can flow an open set U of a time-slice along minimizing 
£-geodesics in the direction of decreasing r, the reduced volumes of the resulting 
family of open sets form a monotone non-increasing function of r. This turns out to 
be sufficient to extend the non-collapsing results to Ricci flow with surgery provided 
that we are careful in how we choose the parameters that go into the definition of 
the surgery process. 



^Even though this functional is called a length, the presence of the |7'(i")| 2 in the integrand 
means that it behaves more like the usual energy functional for paths in a Riemannian manifold. 
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4.2. Application to non-collapsing results. As we indicated in the previous 
paragraph, one of the main applications of the reduced length function is to prove 
non-collapsing results for three-dimensional Ricci flows with surgery. In order to 
make this argument work, one takes a weaker notion of fc-non-collapsed by making 
a stronger curvature bound assumption: one considers points (x, t) and constants r 
with the property that |Rm| < r -2 on P(x,t,r,—r 2 ) = B(x,t,r) x (t - r 2 ,t]. The 
/{-non-collapsing condition applies to these balls and says that Vol(B(x,t,r)) > nr 3 . 
The basic idea in proving non-collapsing is to use the fact that as we flow forward in 
time via minimizing £-geodesics the reduced volume is a non-decreasing function. 
Hence, a lower bound of the reduced volume of an open set at an earlier time implies 
the same lower bound for the corresponding open subset at a later time. This is 
contrasted with direct computations (related to the heat kernel in 1R 3 ) that say if 
the manifold is highly collapsed near (x,t) (i.e., satisfies the curvature bound above 
but is not K-non-collapsed for some small k) then the reduced volume V( x ,t) is small 
at times close to t. Thus, to show that the manifold is non-collapsed at (x, t) we 
need only find an open subset at an earlier time that is reachable by minimizing 
£-geodesics and that has a reduced volume bounded away from zero. 

One case where it is easy to do this is when we have a Ricci flow of compact man- 
ifolds or of complete manifolds of non-negative curvature. Hence, these manifolds 
are non-collapsed at all points with a non-collapsing constant that depends only 
on the geometry of the initial metric of the Ricci flow. Non-collapsing results are 
crucial and are used repeatedly in dealing with Ricci flows with surgery in Chapters 
10 - 17, for these give one of the two conditions required in order to take geometric 
limits. 

4.3. Application to ancient K-non-collapsed solutions. There is another 
important application of the length function, which is to the study of non-collapsed, 
ancient solutions in dimension three. In the case that the generalized Ricci flow is an 
ordinary Ricci flow either on a compact manifold or on a complete manifold (with 
bounded curvatures) one can say much more about the reduced length function and 
the reduced volume. Fix a point (xo,to) in space-time. First of all, one shows that 
every point (x, t) with t < to is reachable by a minimizing /^-geodesic and thus 
that the reduced length is defined as a function on all points of space at all times 
t < to. It turns out to be a locally Lipschitz function in both space and time and 
hence its gradient and its time derivative exist as L 2 -functions and satisfy important 
differential inequalities in the weak sense. 

These results apply to a class of Ricci flows called K-solutions, where k is a positive 
constant. By definition a K-solution is a Ricci flow defined for all t € (— oo,0], each 
time-slice is a non-flat, complete 3-manifold of non-negative, bounded curvature and 
each time-slice is k- non-collapsed. The differential inequalities for the reduced length 
from any point (x,0) imply that, for any t < 0, the minimum value of £( x ,0) {Vi f° r 
all y e M is at most 3/2. Furthermore, again using the differential inequalities for 
the reduced length function, one shows that for any sequence t n — > — oo, and any 
points (y n ,tn) a t which the reduced length function is bounded above by 3/2, there 
is a subsequence of based Riemannian manifolds, (M, w-rg{t n ),y n ), with a geometric 
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limit, and this limit is a gradient shrinking soliton. This gradient shrinking soliton 
is called an asymptotic soliton for the original re-solution, see Fig. 
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Figure 3. The asymptotic Soliton. 



The point is that there are only two types of gradient shrinking solitons in dimen- 
sion three - (i) those finitely covered by a family of shrinking round 3-spheres and 
(ii) those finitely covered by a family of shrinking round cylinders S 2 x R. If a re- 
solution has a gradient shrinking soliton of the first type then it is in fact isomorphic 
to its gradient shrinking soliton. More interesting is the case when the re-solution 
has a gradient shrinking soliton which is of the second type. If the re-solution does 
not have strictly positive curvature, then it is isomorphic to its gradient shrinking 
soliton. Furthermore, there is a constant C\ < oo depending on e (which remember 
is taken sufficiently small) such that a re-solution of strictly positive curvature is 
either a Ci-component, or is a union of cores of (Ci, e)-caps and points that are the 
center points of e-necks. 

In order to prove the above results (for example the uniformity of C\ as above 
over all re-solutions) one needs the following result: 

Theorem 0.8. The space of based n-solutions, based at points (x, 0) with R(x, 0) = 
1, is compact. 
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This result does not generalize to ancient solutions that are not non-collapsed 
because, in order to prove compactness, one has to take limits of subsequences, and 
in doing this the non-collapsing hypothesis is essential. See Hamilton's work [34] for 
more on general ancient solutions (i.e., those that are not necessarily non-collapsed). 

Since e > is sufficiently small so that all the results from the appendix about 
manifolds covered by e-necks and e-caps hold, the above results about gradient 
shrinking solitons lead to a rough qualitative description of all K-solutions. There 
are those which do not have strictly positive curvature. These are gradient shrinking 
solitons, either an evolving family of round 2-spheres times R or the quotient of this 
family by an involution. Non-compact K-solutions of strictly positive curvature are 
diffeomorphic to R 3 and are the union of an e-tube and a core of a (Ci,e)-cap. 
The compact ones of strictly positive curvature are of two types. The first type 
are positive, constant curvature shrinking solitons. Solutions of the second type are 
diffeomorphic to either S 3 or RP 3 . Each time-slice of a K-solution of the second type 
is either of uniformly bounded geometry (curvature, diameter, and volume) when 
rescaled so that the scalar curvature at a point is one, or admits an e-tube whose 
complement is either a disjoint union of the cores of two (Ci, e)-caps. 

This gives a rough qualitative understanding of K-solutions. Either they are 
round, or they are finitely covered by the product of a round surface and a line, 
or they are a union of e-tubes and cores of (Ci,e)-caps , or they are diffeomorphic 
to <S 3 or RP 3 and have bounded geometry (again after rescaling so that there is 
a point of scalar curvature 1). This is the source of canonical neighborhoods for 
Ricci flows: the point is that this qualitative result remains true for any point x 
in a Ricci flow that has an appropriate size neighborhood within e in the CP-' e l- 
topology of a neighborhood in a K-solution. For example, if we have a sequence of 
based generalized flows (A4 n ,G n ,x n ) converging to a based K-solution, then for all 
n sufficiently large x will have a canonical neighborhood, one that is either an e-neck 
centered at that point, a {C\, e)-cap whose core contains the point, a Ci-component, 
or an e-round component. 

4.4. Bounded curvature at bounded distance. Perelman's other major 
breakthrough is his result establishing bounded curvature at bounded distance for 
blow-up limits of generalized Ricci flows. As we have alluded to several times, 
many steps in the argument require taking (smooth) geometric limits of a sequence 
of based generalized flows about points of curvature tending to infinity. To study 
such a sequence we rescale each term in the sequence so that its curvature at the 
base point becomes one. Nevertheless, in taking such limits we face the problem 
that even though the curvature at the point we are focusing on (the points we 
take as base points) was originally large and has been rescaled to be one, there 
may be other points in the same time-slice of much larger curvature, which, even 
after the rescalings, can tend to infinity. If these points are at uniformly bounded 
(rescaled) distance from the base points, then they would preclude the existence of 
a smooth geometric limit of the based, rescaled flows. In his arguments, Hamilton 
avoided this problem by always focusing on points of maximal curvature (or almost 
maximal curvature). That method will not work in this case. The way to deal with 
this possible problem is to show that a generalized Ricci flow satisfying appropriate 
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conditions satisfies the following. For each A < oo there are constants Qq = Qq{A) < 
oo and Q(A) < oo such that any point x in such a generalized flow for which the 
scalar curvature R(x) > Qo and for any y in the same time-slice as x with d(x, y) < 
AR(x)~ 1 / 2 satisfies R(y)/R(x) < Q(A). As we shall see, this and the non-collapsing 
result are the fundamental tools that allow Perelman to study neighborhoods of 
points of sufficiently large curvature by taking smooth limits of rescaled flows, so 
essential in studying the prolongation of Ricci flows with surgery. 

The basic idea in proving this result is to assume the contrary and take an 
incomplete geometric limit of the rescaled flows based at the counterexample points. 
The existence of points at bounded distance with unbounded, rescaled curvature 
means that there is a point at infinity at finite distance from the base point where 
the curvature blows up. A neighborhood of this point at infinity is cone-like in a 
manifold of non-negative curvature. This contradicts Hamilton's maximum principle 
result (5) in Chapter I3.5|) that the result of a Ricci flow of manifolds of non- negative 
curvature is never an open subset of a cone. (We know that any 'blow-up limit' 
like this has non-negative curvature because of the curvature pinching result.) This 
contradiction establishes the result. 

5. The standard solution and the surgery process 

Now we are ready to discuss three-dimensional Ricci flows with surgery. 

5.1. The standard solution. In preparing the way for defining the surgery 
process, we must construct a metric on the 3-ball that we shall glue in when we 
perform surgery. This we do in Chapter [T2l We fix a non-negatively curved, rota- 
tionally symmetric metric on M 3 that is isometric near infinity to S 2 x [0, oo) where 
the metric on S 2 is the round metric of scalar curvature 1, and outside this region 
has positive sectional curvature, see Fig. HI Any such metric will suffice for the 
gluing process, and we fix one and call it the standard metric. It is important to 
understand Ricci flow with the standard metric as initial metric. Because of the 
special nature of this metric (the rotational symmetry and the asymptotic nature at 
infinity), it is fairly elementary to show that there is a unique solution of bounded 
curvature on each time-slice to the Ricci flow equation with the standard metric 
as the initial metric; this flow is defined for < t < 1; and for any T < 1 out- 
side of a compact subset X(T) the restriction of the flow to [0, T] is close to the 
evolving round cylinder. Using the length function, one shows that the Ricci flow is 
non-collapsed, and that the bounded curvature and bounded distance result applies 
to it. This allows one to prove that every point (x, t) in this flow has one of the 
following types of neighborhoods: 

(1) (x,t) is contained in the core of a (C2,e)-cap, where C2 < 00 is a given 
universal constant depending only on e. 

(2) (x, t) is the center of a strong e-neck. 

(3) (x, t) is the center of an evolving e-neck whose initial slice is at time zero. 

These form the second source of models for canonical neighborhoods in a Ricci 
flow with surgery. Thus, we shall set C = C(e) = max(Ci(e), C2(e)) and we shall 
find (C, e)-canonical neighborhoods in Ricci flows with surgery. 
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S 2 x [0, oo) 
Figure 4. The standard metric. 

5.2. Ricci flows with surgery. Now it is time to introduce the notion of 
a Ricci flow with surgery. To do this we formulate an appropriate notion of 4- 
dimensional space-time that allows for the surgery operations. We define space- 
time to be a 4-dimensional Hausdorff singular space with a time function t with 
the property that each time-slice is a compact, smooth 3-manifold, but level sets at 
different times are not necessarily diffeomorphic. Generically space-time is a smooth 
4-manifold, but there are exposed regions at a discrete set of times. Near a point in 
the exposed region space-time is a 4-manifold with boundary. The singular points 
of space-time are the boundaries of the exposed regions. Near these, space-time is 
modeled on the product of R 2 with the square (—1,1) x (—1,1), the latter having 
a topology in which the open sets are, in addition to the usual open sets, open 
subsets of (0, 1) x [0, 1), see Fig. There is a natural notion of smooth functions on 
space-time. These are smooth in the usual sense on the open subset of non-singular 
points. Near the singular points, and in the local coordinates described above, they 
are required to be pull-backs from smooth functions on M 2 x (—1,1) x (—1,1) under 
the natural map. Space-time is equipped with a smooth vector field x with x(t) = 1. 




Figure 5. Model for singularities in space-time. 



A Ricci flow with surgery is a smooth horizontal metric G on a space-time with 
the property that the restriction of G, t and x to the open subset of smooth points 
forms a generalized Ricci flow. We call this the associated generalized Ricci flow for 
the Ricci flow with surgery. 

5.3. The inductive conditions necessary for doing surgery. With all this 
preliminary work out of the way, we are ready to show that one can construct Ricci 
flow with surgery which is precisely controlled both topologically and metrically. 
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This result is proved inductively, one interval of time after another, and it is im- 
portant to keep track of various properties as we go along to ensure that we can 
continue to do surgery. Here we discuss the conditions we verify at each step. 

Fix e > sufficiently small and let C = max(Ci,C2) < oo, where C\ is the 
constant associated to e for /^-solutions and C2 is the constant associated to e for 
the standard solution. We say that a point x in a generalized Ricci flow has a 
(C, e)-canonical neighborhood if one of the following holds: 

(1) x is contained in a connected component of a time-slice that is a C-component. 

(2) x is contained in a connected component of its time-slice that is within e 
of round in the C^/^-topology. 

(3) x is contained in the core of a (C, e)-cap. 

(4) x is the center of a strong e-neck. 

We shall study Ricci flows with surgery defined for < t < T < 00 whose 
associated generalized Ricci flows satisfy the following properties: 

(1) The initial metric is normalized, meaning that for the metric at time zero 
the norm the Riemann curvature is bounded above by one and the volume 
of any ball of radius one is at least half the volume of the unit ball in 
Euclidean space. 

(2) The curvature of the flow is pinched toward positive. 

(3) There is k > so that the associated generalized Ricci flow is /-c-non- 
collapsed on scales at most e, in the sense that we require only that balls 
of radius r < e be K-non-collapsed. 

(4) There is tq > such that any point of space-time at which the scalar 
curvature is > r^ 2 has an (C, e)-canonical neighborhood. 

The main result is that, having a Ricci flow with surgery defined on some time 
interval satisfying these conditions, it is possible to extend it to a longer time in- 
terval in such a way that it still satisfies the same conditions, possibly allowing the 
constants n and tq defining these conditions to get closer to zero, but keeping them 
bounded away from on each compact time interval. We repeat this construction 
inductively, and, since it is easy to see that on any compact time interval there can 
only be a bounded number of surgeries. In the end, we create a Ricci flow with 
surgery defined for all positive time. As far as we know, it may be the case that in 
the entire flow defined all the way to infinity there are infinitely many surgeries. 

5.4. Surgery. Let us describe how we extend a Ricci flow with surgery satis- 
fying all the conditions listed above and becoming singular at time T < 00. Fix 
T~ < T so that there are no surgery times in the interval [T~ , T) . Then we can 
use the Ricci flow to identify all the time-slices M t for t G [T~ , T) , and hence view 
this part of the Ricci flow with surgery as an ordinary Ricci flow. Because of the 
canonical neighborhood assumption, there is an open subset O C M T - on which the 
curvature stays bounded as t — > T. Hence, by Shi's results, there is a limiting metric 
at time T on f2. Furthermore, the scalar curvature is a proper function, bounded 
below, from f2 to R, and each end of Q is an e-tube where the cross-sectional area of 
the 2-spheres goes to zero as we go to the end of tube. We call such tubes e-horns. 
We are interested in e-horns whose boundary is contained in the part of Q where the 
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scalar curvature is bounded above by some fixed finite constant p~ 2 . We call this 
region £l p . Using the bounded curvature at bounded distance result and using the 
non-collapsing hypothesis, one shows that given any 5 > there is h = h(5,p,ra) 
such that for any e-horn H whose boundary lies in Q p and for any x £ TC with 
R(x) > /i -2 , the point x is the center of a strong 5- neck. 

Now we are ready to describe the surgery procedure. It depends on our choice of 
standard solution on IR 3 and on a choice of 5 > sufficiently small. For each e-horn 
in Q whose boundary is contained in Q p fix a point of curvature (h(S, p, ^o)) -2 and nx 
a strong <5-neck centered at this point. Then we cut the e-horn open along the central 
2-sphere S of this neck and remove the end of the e-horn that is cut off by S. Then 
we glue in a ball of a fixed radius around the tip from the standard solution, after 
scaling the metric on this ball by (h(S, p, tq)) 2 . To glue these two metrics together 
we must use a partition of unity near the 2-spheres that are matched. There is also 
a delicate point that we first bend in the metrics slightly so as to achieve positive 
curvature near where we are gluing. This is an idea due to Hamilton, and it is 
needed in order to show that the condition of curvature pinching toward positive 
is preserved. In addition, we remove all components of O that do not contain any 
points of £l p . 

This operation produces a new compact 3-manifold. One continues the Ricci flow 
with surgery by letting this Riemannian manifold at time T evolve under the Ricci 
flow. See Fig. El 

5.5. Topological effect of surgery. Looking at the situation just before the 
surgery time, we see a finite number of disjoint submanifolds, each diffeomorphic 
to either S 2 x / or the 3-ball, where the curvature is large. In addition there may 
be entire components of where the scalar curvature is large. The effect of 2-sphere 
surgery is to do a finite number of ordinary topological surgeries along 2-spheres 
in the S 2 x I. This simply effects a partial connected-sum decomposition and may 
introduce new components diffeomorphic to S 3 . We also remove entire components, 
but these are covered by e-necks and e-caps so that they have standard topology 
(each one is diffeomorphic to S 3 , 1LP 3 , RP 3 #RP 3 , S 2 x S 1 , or the non-orientable 
2-sphere bundle over S 1 ). Also, we remove C-components and e-round components 
(each of these is either diffeomorphic to S 3 or MP 3 or admits a metric of constant 
positive curvature). Thus, the topological effect of surgery is to do a finite number of 
ordinary 2-sphere topological surgeries and to remove a finite number of topologically 
standard components. 

6. Extending Ricci flows with surgery 

Now we come to the crux of the argument. We must show that if we have a 
Ricci flow with surgery defined for some time < t < T < oo satisfying the four 
conditions: normalized initial metric, curvature pinched toward positive, all points 
of scalar curvature > r~ 2 have canonical neighborhoods, and the flow is K-non- 
collapsed on scales < e; then it is possible to extend to a Ricci flow with surgery 
defined past T to a larger time keeping all these conditions satisfied (possibly with 
different constants r' < rg and k' < k). In order to do this we need to choose the 
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Figure 6. Surgery. 



surgery parameter S > sufficiently small. There is also the issue of whether the 
surgery times can accumulate. 

Of course, the initial metric does not change as we extend surgery so that the 
condition that the normalized initial metric is clearly preserved as we extend surgery. 
As we have already remarked, Hamilton had proved earlier that one can do surgery 
in such a way as to preserve the condition that the curvature is pinched toward 
positive. The other two conditions require more work, and, as we indicated above, 
the constants may decay to zero as we extend the Ricci flow with surgery. 

If we have all the conditions for the Ricci flow with surgery up to time T, then 
the analysis of the open subset on which the curvature remains bounded holds, and 
given 5 > sufficiently small, we do surgery on the central S 2 of a strong 5-neck 
in each e-horn meeting Q p . In addition we remove entirely all components that do 
not contain points of £l p . We then glue in the cap from the standard solution. This 
gives us a new compact 3-manifold and we restart the flow from this manifold. 

The At-non-collapsed result is extended to the new part of the Ricci flow with 
surgery using the fact that it holds at times previous to T. To establish this extension 
one uses ^-geodesies in the associated generalized Ricci flow and reduced volume as 
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indicated before. In order to get this argument to work, one must require 5 > to 
be sufficiently small; how small is determined by vq. 

The other thing that we must establish is the existence of canonical neighbor- 
hoods for all points of sufficiently large scalar curvature. Here the argument is by 
contradiction. We consider all Ricci flows with surgery that satisfy all four condi- 
tions on [0, T) and we suppose that we can find a sequence of such containing points 
(automatically at times T' > T) of arbitrarily large curvature where there are not 
canonical neighborhoods. In fact, we take the points at the first such time violating 
this condition. We base our flows at these points. Now we consider rescaled versions 
of the generalized flows so that the curvature at these base points is rescaled to one. 
We are in a position to apply the bounded curvature and bounded distance results 
to this sequence, and of course the ft-non-collapsing results which have already been 
established. There are two possibilities. The first is that the rescaled sequence 
converges to an ancient solution. This ancient solution has non-negative curvature 
by the pinching hypothesis. General results about three-manifolds of non- negative 
curvature imply that it also has bounded curvature. It is K-non-collapsed. Thus, 
in this case the limit is a K-solution. This produces the required canonical neigh- 
borhoods for the base points of the tail of the sequence modeled on the canonical 
neighborhoods of points in a K-solution. This contradicts the assumption that none 
of these points has a canonical neighborhood. 

The other possibility is that one can take a partial smooth limit but that this 
limit does not extend all the way back to — oo. The only way this can happen is if 
there are surgery caps that prevent extending the limit back to — oo. This means 
that the base points in our sequence are all within a fixed distance and time (after 
the rescaling) of a surgery region. But in this case results from the nature of the 
standard solution show that if we have taken 6 > sufficiently small, then the base 
points have canonical neighborhoods modeled on the canonical neighborhoods in 
the standard solution, again contradicting our assumption that none of the base 
points has a canonical neighborhood. In order to show that our base points have 
neighborhoods near those of the standard solution, one appeals to a geometric limit 
argument as 5 — > 0. This argument uses the uniqueness of the Ricci flow for the 
standard solution. (Actually, Bruce Kleiner pointed out to us that one only needs 
a compactness result for the space of all Ricci flows with the standard metric as 
initial metric, not uniqueness, and the compactness result can be proved by the 
same arguments that prove the compactness of the space of K-solutions.) 

Interestingly enough, in order to establish the uniqueness of the Ricci flow for 
the standard solution, as well as to prove that this flow is defined for time [0, 1) 
and to prove that at infinity it is asymptotic to an evolving cylinder requires the 
same results - non-collapsing and the bounded curvature at bounded distance that 
we invoked above. For this reason, we order the material described here as follows. 
First, we introduce generalized Ricci flows, and then introduce the length function 
in this context and establish the basic monotonicity results. Then we have a chapter 
on stronger results for the length function in the case of complete manifolds with 
bounded curvature. At this point we are in a position to prove the needed results 
about the Ricci flow from the standard solution. Then we are ready to define the 
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surgery process and prove the inductive non-collapsing results and the existence of 
canonical neighborhoods. 

In this way, one establishes the existence of canonical neighborhoods. Hence, one 
can continue to do surgery, producing a Ricci flow with surgery defined for all positive 
time. Since these arguments are inductive, it turns out that the constants in the non- 
collapsing and in the canonical neighborhood statements decay in a predetermined 
rate as time goes to infinity. 

Lastly, there is the issue of ruling out the possibility that the surgery times 
accumulate. The idea here is very simple: Under Ricci flow during an elapsed time 
T, volume increases at most by a multiplicative factor which is a fixed exponential 
of the time T. Under each surgery there is a removal of at least a fixed positive 
amount of volume depending on the surgery scale h, which in turns depends on 5 
and tq. Since both 5 and ro are bounded away from zero on each finite interval, 
there can be at most finitely many surgeries in each finite interval. Notice that this 
argument allows for the possibility that in the entire flow all the way to infinity 
there are infinitely many surgeries. It is still unknown whether that possibility ever 
happens. 

This completes our outline of the proof of Theorem 10.31 



The last topic we discuss is the proof of the finite-time extinction for Ricci flows 
with initial metrics satisfying the hypothesis of Theorem 10.41 

As we present it, the finite extinction result has two steps. The first step is to 
show that there is T < oo (depending on the initial metric) such that for all t > T, 
all connected components of the t-time-slice Mt have trivial tt2- First, an easy 
topological argument shows that only finitely many of the 2-sphere surgeries in a 
Ricci flow with surgery can be along homotopically non-trivial 2-spheres. Thus, after 
some time To all 2-sphere surgeries are along homotopically trivial 2-spheres. Such 
a surgery does not affect tt2- Thus, after time To, the only way that 112 can change is 
by removal of components with non-trivial tt2- (An examination of the topological 
types of components that are removed shows that there are only two types of such 
components with non-trivial tt2' 2-sphere bundles over S 1 and MP 3 #MP 3 .) We 
suppose that at every t >Tq there is a component of Mt with non-trivial 112- Then 
we can find a connected open subset X of t _1 ([To,oo)) with the property that for 
each t >Tq the intersection X (t) = X n Mt is a component of Mt with non-trivial 
7T2- We define a function Wz: po,oo) —* M associated with such an X. The value 
W2(t) is the minimal area of all homotopically non-trivial 2-spheres mapping into 
X(t). This minimal area W^it) is realized by a harmonic map of S 2 into X(t). The 
function Wi varies continuously under Ricci flow and at a surgery is lower semi- 
continuous. Furthermore, using an idea that goes back to Hamilton (who applied 
it to minimal disks) one shows that the forward difference quotient of the minimal 
area satisfies 
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(Here, the explicit form of the bound for the forward difference quotient depends on 
the way we have chosen to normalize initial metric and also on Hamilton's curvature 
pinching result.) 

But any function W2(t) with these properties and defined for all t > Tq, becomes 
negative at some finite T% (depending on the initial value). This is absurd since 
W2(t) is the minimum of positive quantities. This contradiction shows that such a 
path of components with non-trivial 1x2 cannot exist for all t > To. In fact, it even 
gives a computable upper bound on how long such a component X, with every time- 
slice having non-trivial 112 , can exist in terms of the minimal area of a homotopically 
non-trivial 2-sphere mapping into X(Tq). It follows that there is T < 00 with the 
property that every component of Mt has trivial 1x2- This condition then persists 
for all t > T. 

Three remarks are in order. This argument showing that eventually every compo- 
nent of the time-slice t has trivial 1x2 is not necessary for the topological application 
(Theorem 10. 4p . or indeed, for any other topological application. The reason is the 
sphere theorem (see [39J), which says that if TX2(M) is non-trivial then either M 
is diffeomorphic to an S 2 bundle over S 1 or M has a non-trivial connected sum 
decomposition. Thus, we can establish results for all 3-manifolds if we can establish 
them for 3-manifolds with 1x2 = 0. Secondly, the reason for giving this argument is 
that it is pleasing to see Ricci flow with surgery implementing the connected sum 
decomposition required for geometrization of 3-manifolds. Also, this argument is a 
simpler version of the one that we use to deal with components with non-trivial ^3. 
Lastly, these results on Ricci flow do not use the sphere theorem so that establishing 
the cutting into pieces with trivial 1x2 allows us to give a different proof of this result 
(though admittedly one using much deeper ideas). 

Let us now fix T < 00 such that for all i > T all the time-slices Mt have trivial 1x2 ■ 
There is a simple topological consequence of this and our assumption on the initial 
manifold. If M is a compact 3-manifold whose fundamental group is either a non- 
trivial free product or an infinite cyclic group, then M admits a homotopically non- 
trivial embedded 2-sphere. Since we began with a manifold Mq whose fundamental 
group is a free product of finite groups and infinite cyclic groups, it follows that 
for t > T every component of Mt has finite fundamental group. Fix t > T. Then 
each component of Mt has a finite cover that is simply connected, and thus, by an 
elementary argument in algebraic topology, each component of Mt has non-trivial 
7T3. The second step in the finite-time extinction argument is to use a non-trivial 
element in this group analogously to the way we used homotopically non-trivial 
2-spheres to show that eventually the manifolds have trivial 7x2- 

There are two approaches to this second step: the first is due to Perelman in |54j 
and the other due to Colding-Minicozzi in [15J. In their approach Colding-Minicozzi 
associate to a non-trivial element in tx^(M) a non-trivial element in 7Ti(Maps(5 2 , M)). 
This element is represented by a one-parameter family of 2-spheres (starting and 
ending at the constant map) representing a non-trivial element £ £ 7r3(Mo). They 
define the width of this homotopy class by W(£, t) by associating to each representa- 
tive the maximal energy of the 2-spheres in the family and then minimizing over all 
representatives of the homotopy class. Using results of Jost [42], they show that this 
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function satisfies the same forward difference inequality that W2 satisfies (and has 
the same continuity property under Ricci flow and the same semi-continuity under 
surgery). Since W(£, t) is always > if it is defined, this forward difference quotient 
inequality implies that the manifolds Mt must eventually become empty. 

While this approach seemed completely natural to us, and while we believe that 
it works, we found the technical details daunting^ (because one is forced to consider 
index-one critical points of the energy functional rather than minima). For this 
reason we chose to follow Perelman's approach. He represents a non-trivial element 
in 7T3(M) as a non-trivial element in £ £ ^(AM, *) where AM is the free loop space 
of M. He then associates to a family r: S 2 — > AM of homotopically trivial loops an 
invariant W(r) which is the maximum of the areas of minimal spanning disks for 
the loops r(c) as c ranges over S 2 . The invariant of a non-trivial homotopy class £ is 
then the infimum over all representatives T for £ of W(r). As before, this function is 
continuous under Ricci flow and is lower semi-continuous under surgery (unless the 
surgery removes the component in question). It also satisfies a forward difference 
quotient 

The reason for the term —2tt instead of — 4-7T which occurs in the other cases is that 
we are working with minimal 2-disks instead of minimal 2-spheres. Once this forward 
difference quotient estimate (and the continuity) have been established the argument 
finishes in the same way as the other cases: a function W with the properties we 
have just established cannot be non-negative for all positive time. This means the 
component in question, and indeed all components at later time derived from it, 
must disappear in finite time. Hence, under the hypothesis on the fundamental 
group in Theorem 10.41 the entire manifold must disappear at finite time. 

Because this approach uses only minima for the energy or area functional, one 
does not have to deal with higher index critical points. But one is forced to face 
other difficulties though - namely boundary issues. Here, one must prescribe the 
deformation of the family of boundary curves before computing the forward differ- 
ence quotient of the energy. The obvious choice is the curve-shrinking flow (see [2]). 
Unfortunately, this flow can only be defined when the curve in question is immersed 
and even in this case the curve-shrinking flow can develop singularities even if the 
Ricci flow does not. Following Perelman, or indeed [2j, one uses the device of taking 
the product with a small circle and using loops, called ramps, that go around that 
circle once. In this context the curve-shrinking flow remains regular as long as the 
Ricci flow does. One then projects this flow to a flow of families of 2-spheres in the 
free loop space of the time-slices of the original Ricci flow. Taking the length of 
the circle sufficiently small yields the boundary deformation needed to establish the 
forward difference quotient result. This requires a compactness result which holds 
under local total curvature bounds. This compactness result holds off of a set of 
time of small total measure, which is sufficient for the argument. At the very end 



Colding and Minicozzi tell us they plan to give an expanded version of their argument with a 
more detailed proof. 
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of the argument we need an elementary but complicated result on annuli, which we 
could not find in the literature. For more details on these points see Chapter [TS1 
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CHAPTER 1 



Preliminaries from Riemannian geometry 

In this chapter we will recall some basic facts in Riemannian geometry. For more 
details we refer the reader to |18j and |57| . Throughout, we always adopt Einstein's 
summation convention on repeated indices and 'manifold' means a paracompact, 
Hausdorff, smooth manifold. 

1. Riemannian metrics and the Levi-Civita connection 

Let M be a manifold and let p be a point of M. Then TM denotes the tangent 
bundle of M and T p M is the tangent space at p. Similarly, T*M denotes the 
cotangent bundle of M and T*M is the cotangent space at p. For any vector bundle 
V over M we denote by T(V) the vector space of smooth sections of V. 

Definition 1.1. Let M be an n-dimensional manifold. A Riemannian metric 
g on M is a smooth section of T*M ® T*M defining a positive definite symmetric 
bilinear form on T p M for each p G M. In local coordinates (x , • • • ,x n ), one has 
a natural local basis {d%,--- ,d n } for TM, where di = The metric tensor 

9 = 9ijdx l (g) dx 3 is represented by a smooth matrix- valued function 

9ij = g(9i,dj). 

The pair {M, g) is a Riemannian manifold. We denote by ) the inverse of the 
matrix (gij). 

Using a partition of unity one can easily see that any manifold admits a Riemann- 
ian metric. A Riemannian metric on M allows us to measure lengths of smooth paths 
in M and hence to define a distance function by setting d(p, q) equal to the infimum 
of the lengths of smooth paths from p to q. This makes M a metric space. For a 
point p in a Riemannian manifold (M, g) and for r > we denote the metric ball of 
radius r centered at p in M by B(p,r) or by B g (p,r) if the metric needs specifying 
or emphasizing. It is defined by 

B(p, r) = {q e M \ d(p, q) < r}. 

Theorem 1.2. Given a Riemannian metric g on M , there uniquely exists a 
torsion- free connection on TM making g parallel, i.e., there is a unique M-linear 
mapping V: T(TM) — * T(T* M ®TM) satisfying the Leibniz formula 

V(fX) = df®X + fVX, 

and the following two additional conditions for all vector fields X and Y: 
• (g orthogonal) d(g(X,Y)) = g(VX,Y) + g(X,VY). 
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• (Torsion-free) V X Y— VyJ- [X, Y] = (where, as is customary, we denote 
VY(X) by V X Y); 

We call the above connection the Levi-Civita connection of the metric and VX 
the covariant derivative of X. On a Riemannian manifold we always use the Levi- 
Civita connection. 

In local coordinates (x 1 ,...,x n ) the Levi-Civita connection V is given by the 
V a t {dj) = ^ijdk, where the Christoffel symbols are the smooth functions 

(1-1) T^^id^+fygu-dmj). 

Note that the above two additional conditions for the Levi-Civita connection V 
correspond respectively to 

-pk _ -pk 

ij ji' 

• dk9ij = 9ijT l ki + guT l kj . 

The covariant derivative extends to all tensors. In the special case of a function 
/ we have V(/) = df. Note that there is a possible confusion between this and the 
notation in the literature since one often sees V/ written for the gradient of /, which 
is the vector field dual to df. We always use V/ to mean df, and we will denote the 
gradient of / by (V/)*, 

The covariant derivative allows us to define the Hessian of a smooth function at 
any point, not just a critical point. Let / be a smooth real-valued function on M. 
We define the Hessian of /, denoted Hess(/), as follows: 

(1.2) Hess(/)(X, Y) = X(Y(f)) - V x Y(f). 

Lemma 1.3. The Hessian is a contravariant, symmetric two-tensor, i.e., for vec- 
tor fields X and Y we have 

Hess(/)(X,F) = Hess(/)(Y,X) 

and 

Hess(/)(<^T,V>Y) = Wne SS (f)(X,Y) 
for all smooth functions (j),ip. Other formulas for the Hessian are 

Hess(/)(X,Y) = (Vx(V/),y) = V x (Vy(/)) = V 2 f(X,Y). 

Also, in local coordinates we have 

Hess(/) y = a^/-(a fc /)r^. 

Proof. The proof of symmetry is direct from the torsion- free assumption: 

Hess(/)(X,y) - Hess(/)(Y,X) = [X,Y](f) - (V X Y - V Y X)(f) = 0. 

The fact that Hess(/) is a tensor is also established by direct computation. The 
equivalence of the various formulas is also immediate: 



(1.3) (V x (Vf),Y) = X({Vf,Y))-{Vf,V x Y) 

= X(Y(f)) - V x Y(f) = Hess(/)(X, Y). 
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Since df = (d r f)dx r and V(dx k ) = -T^dx 1 ® dx j , it follows that 

V(df) = (didjf - (d k f)T^ dx l dxK 
It is direct from the definition that 

Hess(/) li = Hess(/)(^,^) = didjf - (d k f)T%. 

□ 

When the metric that we are using to define the Hessian is not clear from the 
context, we introduce it into the notation and write Hess s (/) to denote the Hessian 
of / with respect to the metric g. 

The Laplacian Af is defined as the trace of the Hessian: That is to say, in local 
coordinates near p we have 

Af(p) = J29 ij ^(f)(di,d j ). 

ij 

Thus, if {Xi} is an orthonormal basis for T p M then 
(1.4) A/(p) = ^Hess(/)(X i ,X i ). 

i 

Notice that this is the form of the Laplacian that is non-negative at a local minimum, 
and consequently has a non-positive spectrum. 

2. Curvature of a Riemannian manifold 

For the rest of this chapter (M, g) is a Riemannian manifold. 
Definition 1.4. The Riemann curvature tensor of M is the (l,3)-tensor on M 
K(X, Y)Z = V 2 xy Z - V 2 YyX Z = V X V Y Z - V Y V X Z - V [XX] Z, 
where V x y Z = VjfVyZ — V^ x yZ. 

In local coordinates the curvature tensor can be represented as 

TZ(di,dj)d k = Rij\d u 

where 

n I a -pi pi -pi _i_ "ps -pi ps pi 

■ n 'U k ~ 1 jk u j L ik * L jk 1 is L ik L js- 

Using the metric tensor g, we can change 1Z to a (0, 4)-tensor as follows: 

K(X, Y, Z, W) = g(K(X, Y)W, Z). 

(Notice the change of order in the last two variables.) Notice that we use the same 
symbol and the same name for both the (1,3) tensor and the (0,4) tensor; which 
one we are dealing with in a given context is indicated by the index structure or the 
variables to which the tensor is applied. In local coordinates, the Riemann curvature 
tensor can be represented as 

TZ(di,dj,dk,di) = RijM 

= 9ksRij i 

= g ks (d i r° l -d j Ti l + T%r! t -rj l Ts t ). 



38 



1. PRELIMINARIES FROM RIEMANNIAN GEOMETRY 



One can easily verify the following: 

Claim 1.5. The Riemann curvature tensor 1Z satisfies the following properties: 

• (Symmetry) R ijk i = -Rjiki, Rijkl = -Rijlk, Rijkl = Rklij, 

• (1st Bianchi identity) The sum of Rijki over the cyclic permutation of 
any three indices vanishes, 

• (2nd Bianchi identity) R ijk l,h + Rijlh,k + Rijhk,l = 0, where 

Rijkl,h = (y d h 7t)ijkl- 

There are many important related curvatures. 

Definition 1.6. The sectional curvature of a 2-plane P C T p M is defined as 

K(P)=K(X,Y,X,Y), 

where {X, Y} is an orthonormal basis of P. We say that (M, g) has positive sectional 
curvature (resp., negative sectional curvature) if K(P) > (resp., K(P) < 0) for 
every 2-plane P. There are analogous notions of non-negative and non-positive 
sectional curvature. 

In local coordinates, suppose that X = X l di and Y = Y l d{. Then we have 

K{P) = R ijkl X^ X k Y l . 

A Riemannian manifold is said to have constant sectional curvature if K(P) is the 
same for all p £ M and all 2-planes P C T p M. One can show that a manifold (M, g) 
has constant sectional curvature A if and only if 

Rijkl = HdikQjl - 9il9jk)- 

Of course, the sphere of radius r in R n has constant sectional curvature 1/r 2 , M. n 
with the Euclidean metric has constant sectional curvature 0, and the hyperbolic 
space HP, which, in the Poincare model, is given by the unit disk with the metric 

4(dxj H h dxl ) 

(i- M 2 ) 2 ' 

or in the upper half-space model with coordinates (x 1 , . . . , x n ) is given by 

ds 2 
(x n ) 2 

has constant sectional curvature —1. In all three cases we denote the constant 
curvature metric by g st - 

Definition 1.7. Using the metric, one can replace the Riemann curvature tensor 
1Z by a symmetric bilinear form Rm on A 2 TM. In local coordinates let <p = cp^diAdj 
and i[) = ip kl dk A di be local sections of A 2 TM. The formula for Rm is 

Rm(99,^) = R ijM ip ij i{j kl . 

We call Rm the curvature operator. We say (M,g) has positive curvature operator if 
Rm(p, tp) > for any nonzero 2-form ip = p lJ di A dj and has nonnegative curvature 
operator if Rm(<^, ip) > for any p G A 2 TM. 
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Clearly, if the curvature operator is a positive (resp., non-negative) operator then 
the manifold is positively (resp., non-negatively) curved. 

Definition 1.8. The Ricci curvature tensor, denoted Ric or Ric 9 when it is 
necessary to specify the metric, is a symmetric contravariant two-tensor. In local 
coordinates it is defined by 

mc(x,Y)=g kl R(x,d k ,Y,d l ). 

The value of this tensor at a point p £ M is given by Ya=i ^(-^(p)> e «> ^(p)> e «) 
where {e\,--- ,e n } is an orthonormal basis of T p M. Clearly Ric is a symmetric 
bilinear form on TM, given in local coordinates by 

Ric = Ricijdx 1 <S> dx 3 , 

where Ricy = Ric(<9j, <9j). The scalar curvature is defined by: 

R = R g = tr 9 Ric = (f^RiCy. 

We will say that Ric > k (or < k) if all the eigenvalues of Ric are > k (or < k). 

Clearly, the curvatures are natural in the sense that if F : N — ► M is a dif- 
feomorphism and if g is a Riemannian metric on M, then F*g is a Riemannian 
metric on N and we have ~Rm(F*g) = F*(Rm(g)), Ric(-F*g) = F*(Kic(g)), and 
R(F*g) = F*(R(g)). 

2.1. Consequences of the Bianchi identities. There is one consequence of 
the second Bianchi identity that will be important later. For any contravariant 
two-tensor wonM (such as Ric or Hess(/)) we define the contravariant one-tensor 
div(w) as follows: For any vector field X we set 

div(uj)(X) = V*uj(X) = g rs V r (uj){X,d s ). 

Lemma 1.9. 

dR = 2div(Ric) = 2V*Ric. 

For a proof see Proposition 6 of Chapter 2 on page 40 of [57 . 

We shall also need a formula relating the connection Laplacian on contravariant 
one-tensors with the Ricci curvature. Recall that for a smooth function /, we defined 
the symmetric two-tensor V 2 / by 

V 2 /(X, Y) = VxV Y (f) ~ V Vx ( Y )(f) = Hess(/)(X, Y), 

and then defined the Laplacian 

A/ = trV 2 / = ^(V 2 /) ir 

These operators extend to tensors of any rank. Suppose that a; is a contravariant 
tensor of rank k. Then we define V 2 u; to be a contravariant tensor of rank k + 2 
given by 

V 2 u;(-, X, Y) = (VxVyu>)(-) - V Vx (y)w(-)- 
This expression is not symmetric in the vector fields X, Y but the commutator is 
given by evaluating the curvature operator TZ(X, Y) on u. We define the connection 
Laplacian on the tensor u to be 

Au = g»V 2 (u)(d ii d j ). 
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Direct computation gives the standard Bochner formula relating these Laplacians 
with the Ricci curvature; see for example Proposition 4.36 on page 168 of |22j. 

Lemma 1.10. Let f be a smooth function on a Riemannian manifold. Then we 
have the following formula for contravariant one-tensors: 

A# = dA/ + Ric((V/)V). 

2.2. First examples. The most homogeneous Riemannian manifolds are those 
of constant sectional curvature. These are easy to classify; see Corollary 10 of 
Chapter 5 on page 147 of [57j . 

Theorem 1.11. (Uniformization Theorem) If(M n ,g) is a complete, simply- 
connected Riemannian manifold of constant sectional curvature X, then: 

(1) If X = 0, then M n is isometric to Euclidean n-space. 

(2) If X > there is a diffeomorphism 4>: M — > S n such that g = X~ 1 (j)*(g s t) 
where g s t is the usual metric on the unit sphere in W l+l . 

(3) If X < there is a diffeomorphism <fi: M — > H" such that g = |A|~ 1 (j)*(g s t) 
where g s t is the Poincare metric of constant curvature —1 on HP. 

Of course, if (M n ,g) is a complete manifold of constant sectional curvature then 
its universal covering satisfies the hypothesis of the theorem and hence is one of 
S n ,M. n , or H n , up to a constant scale factor. This implies that (M,g) is isometric 
to a quotient of one of these simply connected spaces of constant curvature by the 
free action of a discrete group of isometries. Such a Riemannian manifold is called 
a space- form. 

Definition 1.12. The Riemannian manifold (M,g) is said to be an Einstein 
manifold with Einstein constant X if Ric(g) = Xg. 

Example 1.13. Let M be an n-dimensional manifold with n being either 2 or 
3. If [M , g) is Einstein with Einstein constant A, one can easily show that M has 
constant sectional curvature -f^-, so that in fact M is a space- form. 

2.3. Cones. Another class of examples that will play an important role in our 
study of the Ricci flow is that of cones. 

Definition 1.14. Let (N,g) be a Riemannian manifold. We define the open cone 
over (N,g) to be the manifold N x (0, oo) with the metric g defined as follows: For 
any (x, s) £ N x (0, oo) we have 

g(x, s) = s 2 g(x) + ds 2 . 

Fix local coordinates (x 1 , . . . , x n ) on N. Let T^-; 1 < i, j, k < n, be the Christoffel 
symbols for the Levi-Civita connection on N. Set x° = s. In the local coordinates 
x 1 , . . . , x n ) for the cone we have the Christoffel symbols T^-; < i,j,k < n, for 
g. The relation between the metrics gives the following relations between the two 
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sets of Christoffel symbols: 

f| = I*; l<i,j,k<n 
r °i = sgij] l<i,j<n 

r| = rli = s-% l<i,i<n 

rf = 0; < i < n 

r l 00 = 0; < i < n. 

Denote by lZ g the curvature tensor for g and by IZg the curvature tensor for g. 
Then the above formulas lead directly to: 

ng(ai,dj)(do) = 0; 0<i,j<n 

Kg(di,dj)(di) = K g (di,dj)(di) + gudj - g^df, 1 < i, j < n 



This allows us to compute the Riemann curvatures of the cone in terms of those 
of N. 

Proposition 1.15. Let N be a Riemannian manifold of dimension n — 1. Fix 
(x, s) G c(N) = N x (0, oo). With respect to the coordinates . . . , x n ) the curva- 
ture operator Rm^p, s) of the cone decomposes as 

( ° °^ 

\s 2 (Rm g (p) - A 2 g(p)) 0j> 

where /\ 2 g{p) is the symmetric form on A 2 T p N induced by g. 

Corollary 1.16. For any p G N let A 1; . . . , A( n _!)( n _2)/2 be the eigenvalues of 
Rm 9 (p). Then for any s > there are (n — 1) zero eigenvalues of Hmg(p, s) . The 
other (n — l)(n — 2)/2 eigenvalues o/Rm^(p, s) are s~ 2 (Xi — 1). 

Proof. Clearly from Proposition 11.151 we see that under the orthogonal de- 
composition A 2 T( p jS )c(iV) = A 2 T p N © T p N the second subspace is contained in the 
null space of Rm^(p, s), and hence contributes (n — 1) zero eigenvalues. Likewise, 
from this proposition we see that the eigenvalues of the restriction of Rmgr(p, s) to 
the subspace A 2 T P N are given by s~ A (s 2 (Xi - 1)) = s~ 2 (Aj - 1). □ 

3. Geodesies and the exponential map 

Here we review standard material about geodesies, Jacobi fields, and the expo- 
nential map. 

3.1. Geodesies and the energy functional. 

Definition 1.17. Let I be an open interval. A smooth curve 7: / — > M is called 
a geodesic if V-y^y = 0. 

In local coordinates, we write 7(i) = . . . , x n (t)) and this equation becomes 

= V^(t) = fe (x k (t) + i*(t)^(0r&(7(*))) dk] ■ 
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This is a system of 2 order ODE's. The local existence, uniqueness and smoothness 
of a geodesic through any point p £ M with initial velocity vector v £ T p M follow 
from the classical ODE theory. Given any two points in a complete manifold, a 
standard limiting argument shows that there is a rectifiable curve of minimal length 
between these points. Any such curve is a geodesic. We call geodesies that minimize 
the length between their endpoints minimizing geodesies. 

We have the classical theorem showing that on a complete manifold all geodesies 
are defined for all time (see Theorem 16 of Chapter 5 on p. 137 of |57| ). 

Theorem 1.18. (Hopf-Rinow) If(M,g) is complete as a metric space, then every 
geodesic extends to a geodesic defined for all time. 

Geodesies are critical points of the energy functional. Let (M, g) be a complete 
Riemannian manifold. Consider the space of C^-paths in M parameterized by the 
unit interval. On this space we have the energy functional 



Suppose that we have a one-parameter family of paths parameterized by [0, 1], all 
having the same initial point p and the same final point q. By this we mean that 
we have a surface j(t, u) with the property that for each u the path 7„ = j(-,u) is 
a path from p to q parameterized by [0, 1]. Let X = dj/dt and Y = d^jdu be the 
corresponding vector fields along the surface swept out by 7, and denote by X and 
Y the restriction of these vector fields along 70. We compute 



where the first equality in the last line comes from integration by parts and the fact 
that Y vanishes at the endpoints. Given any vector field Y along 70 there is a one- 
parameter family j(t, u) of paths from ptoq with j(t, 0) = 70 and with Y(t, 0) = Y. 
Thus, from the above expression we see that 70 is a critical point for the energy 
functional on the space of paths from p to q parameterized by the interval [0, 1] if 
and only if 70 is a geodesic. 

Notice that it follows immediately from the geodesic equation that the length of 
a tangent vector along a geodesic is constant. Thus, if a geodesic is parameterized 
by [0, 1] we have 



It is immediate from the Cauchy-Schwarz inequality that for any curve [i parame- 
terized by [0, 1] we have 
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with equality if and only if is constant. In particular, a curve parameterized 
by [0, 1] minimizes distance between its endpoints if it is a minimum for the energy 
functional on all paths parameterized by [0, 1] with the given endpoints. 

3.2. Families of geodesies and Jacobi fields. Consider a family of geodesies 
■y(u,t) = 7 M (t) parameterized by the interval [0,1] with 7«(0) = p for all u. Here, 
unlike the discussion above, we allow 7«(1) to vary with u. As before define vector 
fields along the surface swept out by 7: X = dj/dt and let Y = dj/du. We denote 
by X and Y the restriction oHhese vector fields to the geodesic 70 = 7. Since each 
7„ is a geodesic, we have V ^X = 0. Differentiating this equation in the Y-direction 
yields VyV^A~ = 0. Interchanging the order of differentiation, using V-^Y = VyX, 
and then restricting to 7, we get the Jacobi equation: 

Vx^xY + U{Y,X)X = 0. 

Notice that the left-hand side of the equation depends only on the value of Y along 7, 
not on the entire family. We denote the left-hand side of this equation by rmJac(Y), 
so that the Jacobi equation now reads 

rmJac(Y) = 0. 

The fact that all the geodesies begin at the same point at time means that Y(0) = 0. 
A vector field Y along a geodesic 7 is said to be a Jacobi field if it satisfies this 
equation and vanishes at the initial point p. A Jacobi field is determined by its 
first derivative at p, i.e., by VxY(Q). We have just seen that this is the equation 
describing, to first order, variations of 7 by a family of geodesies with the same 
starting point. 

Jacobi fields are also determined by the energy functional. Consider the space of 
paths parameterized by [0, 1] starting at a given point p but free to end anywhere in 
the manifold. Let 7 be a geodesic (parameterized by [0, 1]) from p to q. Associated 
to any one-parameter family ^(t, u) of paths parameterized by [0, 1] starting at p we 
associate the second derivative of the energy at u = 0. Straightforward computation 
gives 

d 2 E( lu ) 



du 2 



= (VxY(l), Y(l)> + (A(l), VyY(l,0)> - C (rmJac{Y),Y)dt. 



Notice that the first term is a boundary term from the integration by parts, and 
it depends not just on the value of Y (i.e., on Y restricted to 7) but also on the 
first-order variation of Y in the Y direction. There is the associated bilinear form 
that comes from two-parameter families 7(t, 1x1,1x2) whose value at u\ = u± = is 
7. It is 

d 2 E 
du\du2 l«i=«2=o 

Notice that restricting to the space of vector fields that vanish at both endpoints, 
the second derivatives depend only on Y\ and Y2 and the formula is 

d 2 E rl 



(VxY 1 (l),Y 2 (l)) + (X(l),Vy 1 Y 2 (l,0)) - f 1 (rmJac(Yi),Y 2 )di. 

J 



du\du2 



{rmJaciY-i), Y 2 )dt, 

U1=U2=0 Jq 
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so that this expression is symmetric in Y\ and Yi . The associated quadratic form 
on the space of vector fields along 7 vanishing at both endpoints 



J 

is the second derivative of the energy function at 7 for any one-parameter family 
whose value at is 7 and whose first variation is given by Y . 

3.3. Minimal geodesies. 

Definition 1.19. Let 7 be a geodesic beginning at p S M. For any t > we say 
that q = 7(t) is a conjugate point along 7 if there is a non-zero Jacobi field along 7 
vanishing at 7(t). 

Proposition 1.20. Suppose that 7: [0, 1] — > M is a minimal geodesic. Then for 
any t < 1 the restriction of 7 to [0, t] is the unique minimal geodesic between its 
endpoints and there are no conjugate points on 7QO, 1)) ; i.e., there is no non-zero 
Jacobi field along 7 vanishing at any t E [0, 1). 

We shall sketch the proof. For more details see Proposition 19 and Lemma 14 of 
Chapter 5 on pp. 139 and 140 of [57] . 

Proof. (Sketch) Fix < to < 1- Suppose that there were a different geodesic 
fj,: [0, to] - ► M from 7(0) to 7(to)> whose length was at most that of tI [o,* ] • ^ ne ^ ac ^ 
that /x and 7|[o,t ] are distinct means that //(to) 7^ 7' (*())• Then the curve formed 
by concatenating [i with 7|[t 0) i] is a curve from 7(0) to 7(1) whose length is at most 
that of 7. But this concatenated curve is not smooth at //(to), and hence it is not a 
geodesic, and in particular there is a curve with shorter length (a minimal geodesic) 
between these points. This is contrary to our assumption that 7 was minimal. 

To establish that there are no conjugate points at 7(to) for to < 1 we need the 
following claim. 

Claim 1.21. Suppose that 7 is a minimal geodesic and Y is a field vanishing at 
both endpoints. Let 7(t, u) be any one-parameter family of curves parameterized by 
[0,1], with 70 = 7 and with 7u(0) = 7o(0) for all u. Suppose that the first-order 
variation of^f at u = is given by Y . Then 



if and only if Y is a Jacobi field. 

Proof. Suppose that j{u,t) is a one-parameter family of curves from 7(0) to 
7(1) with 70 = 7 and Y is the first-order variation of this family along 7. Since 7 is 
a minimal geodesic we have 




d 2 E( lu ) 
du 2 



M=0 



= 




u=0 



> 0. 



The associated symmetric bilinear form is 
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is symmetric when Y\ and I2 are constrained to vanish at both endpoints. Since 
the associated quadratic form is non-negative, we see by the usual argument for 
symmetric bilinear forms that B^(Y, Y) = if and only if B^(Y, •) = as a linear 
functional on the space of vector fields along 7 vanishing at point endpoints. This 
of course occurs if and only if rm.Jac(Y) = 0. □ 

Now let us use this claim to show that there are no conjugate points on 7|(o,i)- If 
for some to < 1) 7(*o) is a conjugate point along 7, then there is a non-zero Jacobi 
field Y(t) along 7 with Y(to) = 0. Notice that since Y is non-trivial VxY(to) 7^ 0. 
Extend Y{t) to a vector field Y along all of 7 by setting it equal to on T I [t ,1] • 
Since the restriction of Y to 7([0,to]) is a Jacobi field vanishing at both ends and 
since 7|[o,t ] is a minimal geodesic, the second-order variation of length of 7|[o,t ] in 
the ^-direction is zero. It follows that the second-order variation of length along Y 
vanishes. But Y is not smooth (at ~f(to)) and hence it is not a Jacobi field along 
7. This contradicts the fact discussed in the previous paragraph that for minimal 
geodesies the null space of the quadratic form is exactly the space of Jacobi fields. □ 

3.4. The exponential mapping. 

Definition 1.22. For any p £ M, we can define the exponential map at p, exp p . 
It is defined on an open neighborhood O p of the origin in T p M and is defined by 
exp p (u) = 7d(1), the endpoint of the unique geodesic j v : [0, 1] — > M starting from p 
with initial velocity vector v. We always take O p C T p M to be the maximal domain 
on which exp p is defined, so that O p is a star-shaped open neighborhood of £ T p M. 
By the Hopf-Rinow Theorem, if M is complete, then the exponential map is define 
on all of T P M. 

By the inverse function theorem there exists tq = ro(p,M) > 0, such that 
the restriction of exp p to the ball B g \ T M (0, ro) in T p M is a diffeomorphism onto 
B g (p,ro). Fix g-orthonormal linear coordinates on T p M. Transferring these coordi- 
nates via exp p to coordinates on B(p,ro) gives us Gaussian normal coordinates on 
B(p,r ) C M. 

Suppose now that M is complete, and fix a point p £ M. For every q £ M, there 
is a length-minimizing path from p to q. When parameterized at constant speed 
equal to its length, this path is a geodesic with domain interval [0, 1]. Consequently, 
exp p : T p M — > M is onto. The differential of the exponential mapping is given by 
Jacobi fields: Let 7 : [0,1] — > M be a geodesic from p to q, and let X £ T p M be 7'(0). 
Then the exponential mapping at p is a smooth map from T P {M) — > M sending X to 
q. Fix Z £ T p M. Then there is a unique Jacobi field Yz along 7 with VxVz(0) = Z. 
The association Z >->■ Y z (l) £ T q M is a linear map from T P (M) — »■ T q M. Under the 
natural identification of T p M with the tangent plane to T p M at the point Z, this 
linear mapping is the differential of exp p : T p M -> M at the point X £ T p M. 

Corollary 1.23. Suppose that 7 is a minimal geodesic parameterized by [0, 1] 
starting at p. Let X(0) = 7'(0) £ T p M. Then for each to < 1 the restriction 7|[o,t ] 
is a minimal geodesic and exp p : T p M — > M is a local diffeomorphism near toX(0). 

Proof. Of course, exp p (to^(0)) = 7(^0)- According to the previous discussion, 
the kernel of the differential of the exponential mapping at toX(0) is identified with 
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the space of Jacobi fields along 7 vanishing at 7(^0) • According to Proposition 11.201 
the only such Jacobi field is the trivial one. Hence, the differential of exp p at toX(0) 
is an isomorphism, completing the proof. □ 

Definition 1.24. There is an open neighborhood U p C T p M of consisting of 
all v € T p M for which: (i) 7^ is the unique minimal geodesic from p to 7«(1), and 
(ii) exp p is a local diffeomorphism at v. We set C p C M equal to M \ exp p (U p ). 
Then C p is called the cut locus from p. It is a closed subset of measure 0. 

It follows from Corollary 11.231 that U C T p M is a star-shaped open neighborhood 
of G T p M. 

Proposition 1.25. The map 

exp p : U p ->■ M \C P 

is a diffeomorphism. 

For a proof see p. 139 of |57j . 

Definition 1.26. The injectivity radius inj M (p) of M at p is the supremum of 
the r > for which the restriction of exp p : T p M — > M to the ball B(0, r) of radius 
r in T p M is a diffeomorphism into M. Clearly, inj M (p) is the distance in T p M from 
to the frontier of U p . It is also the distance in M from p to the cut locus C p . 

Suppose that mj M (p) = r - There are two possibilities: Either there is a broken, 
closed geodesic through p, broken only at p, of length 2r, or there is a geodesic 7 of 
length r emanating from p whose endpoint is a conjugate point along 7. The first 
case happens when the exponential mapping is not one-to-one of the closed ball of 
radius r in T p M, and the second happens when there is a tangent vector in T p M of 
length r at which exp p is not a local diffeomorphism. 

4. Computations in Gaussian normal coordinates 

In this section we compute the metric and the Laplacian (on functions) in lo- 
cal Gaussian coordinates. A direct computation shows that in Gaussian normal 
coordinates on a metric ball about p £ M the metric takes the form 

1 1 

(1.5) gij(x) = Sij + -R ik ijX k x l + -Rikij, s x k x l x s 

H^Riklj,st + ^ Yl Riki m Rjstm)x k x l x s x t + 0(r 5 ), 

~ m 

where r is the distance from p. (See, for example Proposition 3.1 on page 41 of [60J, 
with the understanding that, with the conventions there, the quantity Rijki there 
differs by sign from ours.) 

Let 7 be a geodesic in M emanating from p in the direction v. Choose local 
coordinates # 1 ,...,# n ~ 1 on the unit sphere in T p M in a neighborhood of u/|t>|. 
Then (r^O 1 , ...,# n_1 ) are local coordinates at any point of the ray emanating from 
the origin in the v direction (except at p). Transferring these via exp p produces local 
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coordinates (r, 9 1 , ...,9 n ~ 1 ) along 7. Using Gauss's lemma (Lemma 12 of Chapter 5 
on p. 133 of [57]), we can write the metric locally as 

g = dr 2 + r 2 h ij {r,9)d9 i ®d9 j . 

Then the volume form 

dV = ^det{ gij )dr A d9 1 A • • • A d9 n ' 1 



r"" 1 yj 'det(hij)dr A d9 1 A ■ ■ ■ A d9 n - 1 . 



A = -7==^ (^Vdit^)^) . 



Lemma 1.27. T/ie Laplacian operator acting on scalar functions on M is given 
in local coordinates by 

1 

V det (s) 

PROOF. Let us compute the derivative at a point p. We have 

y/deb(g) v ' ■ ■ I 

where g = g(p)^ 1 g- On the other hand from the definition of the Laplacian, Equa- 
tion (II. 4jl . and Equation (jl.3j) we have 

Af = giUv+MJHih. dj) = g> (<),<),[/■ - V di d 3 f) = g^d^f - g ij T^d k f. 

Thus, to prove the claim it suffices to show that 

^. = -(^ fc + ^ ifc Tr(a^)). 
From the definition of the Christoffel symbols we have 

9 ij ^ij = \g ij 9 kl {d igjl + d m - d m ). 

Of course, g^digji = —dig^gji, so that g^g kl digji = —dig lk . It follows by symmetry 
that g^g^djgu = —dig lk . The last term is clearly — ^g %k Tv{dig). □ 

Using Gaussian local coordinates near p, we have 

Ar = 1 d r (r n - l Jd^(h) 

n — 1 



r 

From this one computes directly that 



+ d r log Vdet(/i) 



Ar = - — - - -Ric(u, v) + 0(r 2 ), 
r 3 

where v = r(0), cf, p.265-268 of [57J. So 

n — 1 

Ar < when r <C 1 and Ric > 0. 

r 

This local computation has the following global analogue. 
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Exercise 1.28. (E.Calabi, 1958) Let f(x) = d(p,x) be the distance function 
from p. If (M, g) has Ric > 0, then 

n — 1 

in the sense of distributions. 

[Compare [57], p. 284 Lemma 42]. 

Remark 1.29. The statement that A/ < in the sense of distributions (or 
equivalently in the weak sense) means that for any non-negative test function (j>, 
that is to say for any compactly supported C°°-function cj>, we have 

/A^dvol < / ( J 0rfvol. 

Since the triangle inequality implies that |/(cc) — /(y)| < d(x,y), it follows that / 
is Lipschitz, and hence that the restriction of V/ to any compact subset of M is an 
L 2 one-form. Integration by parts then shows that 



f fAcf)dvo\ = - [ (V/, V0)dvol. 



Since |V/| = 1 and A/ is the mean curvature of the geodesic sphere dB(x,r), 
Ric(i>, v) measures the difference of the mean curvature between the standard Eu- 
clidean sphere and the geodesic sphere in the direction v. Another important geo- 
metric object is the shape operator associated to /, denoted S. By definition it is 
the Hessian of /; i.e., S = V 2 / = Hess(/). 

5. Basic curvature comparison results 

In this section we will recall some of the basic curvature comparison results in 
Riemannian geometry. The reader can refer to [57J, Section 1 of Chapter 9 for 
details. 

We fix a point p £ M. For any real number k > let denote the simply 
connected, complete Riemannian n-manifold of constant sectional curvature —k. 
Fix a point £ Hj£, and consider the exponential map exp 9fe : T qk {H r ^) — ► This 

map is a global diffeomorphism. Let us consider the pullback, hk, of the Riemannian 
metric on H2 to T qk H2 ■ A formula for this tensor is easily given in polar coordinates 
on T qk (H^) in terms of the following function. 

Definition 1.30. We define a function sn^, as follows: 

Jr if k = 

sn k {r) - j_i^ sinh( y£ r ) if k > Q 

The function sn^(r) is the solution to the equation 

if" -k<p = 0, 
¥>(0) = 0, 
V'(0) = I- 
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We define ctfc(r) — 



•y/fcsiij, (r) 

Now we can compare manifolds of varying sectional curvature with those of con- 
stant curvature. 

Theorem 1.31. (Sectional Curvature Comparison) Fix k > 0. Let (M,g) be a 
Riemannian manifold with the property that —k< K(P) for every 2-plane P in 
TM. Fix a minimizing geodesic 7: [0, ro) — * M parameterized at unit speed with 
7(0) = p. Impose Gaussian polar coordinates (r, 9 1 , . . . , # n_1 ) on a neighborhood of 
7 so that g = dr 2 + g^d 1 ® dK Then for all < r < ro we have 

(9ij(r,0))i<ij<n-l <sn|(r), 

and the shape operator associated to the distance function from p, f, satisfies 

(Sij(r,0))i<i t j< n -i < Vkct k (r). 

There is also an analogous result for a positive upper bound to the sectional 
curvature, but in fact all we shall need is the local diffeomorphism property of the 
exponential mapping. 



Lemma 1.32. Fix K > 0. If |Rm(x)| < K for all x e B(p,ir/VK), then exp p is 
a local diffeomorphism from the ball B(0,7t/^/K) in T p M to the ball B(p,7r/\^K) in 
M. 

There is a crucial comparison result for volume which involves the Ricci curvature. 

Theorem 1.33. (Ricci curvature comparison) Fix k > 0. Assume that (M, g) 
satisfies Ric > — (n — l)k. Let 7: [0, ro) — » M be a minimal geodesic of unit speed. 
Then for any r < ro at 7(7*) we have 



^/detg(r,e)<snl- 1 (r) 

and 

TT(S)(r,e)<(n-lf-^f\. 

sn k (r) 

Note that the inequality in Remark 11.291 follows from this theorem. 

The comparison result in Theorem 11.331 holds out to every radius, a fact that will 
be used repeatedly in our arguments. This result evolved over the period 1964-1980 
and now is referred to as the Bishop-Gromov inequality; see Proposition 4.1 of 

Theorem 1.34. (Relative Volume Comparison, Bishop-Gromov 1964-1980) Sup- 
pose (M,g) is a Riemannian manifold. Fix a point p S M, and suppose that B(p, R) 
has compact closure in M. Suppose that for some k > we have Ric > — (n — l)k 
on B(p,R). Recall that is the simply connected, complete manifold of constant 
curvature —k and q k £ HJ? is a point. Then 

Vol B far) 
Vol B H nB{q k ,r) 

is a non-increasing function of r for r < R, whose limit as r — > is 1. In particular, 
if the Ricci curvature of (M,g) is > on B(p,R), then Vol B(p, r)/r n is a non- 
increasing function of r for r < R. 
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6. Local volume and the injectivity radius 

As the following results show, in the presence of bounded curvature the volume 
of a ball B(p, r) in M is bounded away from zero if and only if the injectivity radius 
of M at p is bounded away from zero. 

Proposition 1.35. Fix an integer n > 0. For every e > there is S > 
depending on n and e such that the following holds. Suppose that (M n ,g) is a 
complete Riemannian manifold of dimension n and that p G M . Suppose that 
|Rm(x)| < r~ 2 for all x G B(p,r). If the injectivity radius of M at p is at least 
er, then Vol(B(p,r)) > 5r". 

Proof. Suppose that |Rm(x)| < r~ 2 for all x G B(p,r). Replacing g by r 2 g 
allows us to assume that r = 1. Without loss of generality we can assume that 
e < 1. The map exp p is a diffeomorphism on the ball B(0,e) in the tangent space, 
and by Theorem 11.311 the volume of B{p, e) is at least that of the ball of radius e in 
the n-sphere of radius 1. This gives a lower bound to the volume of B(p, e), and a 
fortiori to B(p, 1), in terms of n and e. □ 

We shall normally work with volume, which behaves nicely under Ricci flow, but 
in order to take limits we need to bound the injectivity radius away from zero. Thus, 
the more important, indeed crucial, result for our purposes is the converse to the 
previous proposition; see Theorem 4.3, especially Inequality (4.22), on page 46 of 
|llj . or see Theorem 5.8 on page 96 of [7]. 

Theorem 1.36. Fix an integer n > 0. For every e > there is 5 > depending 
on n and e such that the following holds. Suppose that (M n ,g) is a complete Rie- 
mannian manifold of dimension n and that p £ M . Suppose that |Rm(a;)| < r~ 2 for 
all x G B(p,r). If Vol(B(p,r)) > er n then the injectivity radius of M at p is at least 
5r. 
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Manifolds of non- negative curvature 

In studying singularity development in 3-dimensional Ricci flows one forms blow- 
up limits. By this we mean the following. One considers a sequence of points Xk in 
the flow converging to the singularity. It will be the case that R(xk) tends to oo as k 
tends to oo. We form a sequence of based Riemannian manifolds labeled by k, where 
the k th Riemannian manifold is obtained by taking the time-slice of Xk, rescaling its 
metric by R(xk), and then taking Xk as the base point. This creates a sequence with 
the property that for each member of the sequence the scalar curvature at the base 
point is one. Because of a pinching result of Hamilton's (see Chapter if there 
is a geometric limit of this sequence, or of any subsequence of it, then that limit 
is non-negatively curved. Hence, it is important to understand the basic properties 
of Riemannian manifolds of non-negative curvature in order to study singularity 
development. In this chapter we review the properties that we shall need. We 
suppose that M is non-compact and of positive (resp., non-negative) curvature. 
The key to understanding these manifolds is the Busemann function associated to a 
minimizing geodesic ray. 

1. Busemann functions 

A geodesic ray A: [0, oo) —* M is said to be minimizing if the restriction of A 
to every compact subinterval of [0, oo) is a length-minimizing geodesic arc, i.e., a 
geodesic arc whose length is equal to the distance between its endpoints. Likewise, 
a geodesic line A: (— oo, oo) — > M is said to be minimizing if its restriction to every 
compact sub-interval of R is a length minimizing geodesic arc. 

Clearly, if a sequence of minimizing geodesic arcs Xk converges to a geodesic 
arc, then the limiting geodesic arc is also minimizing. More generally, if Xk is a 
sequence of length minimizing geodesic arcs whose initial points converge and whose 
lengths go to infinity, then, after passing to a subsequence, there is a limit which is a 
minimizing geodesic ray. (The existence of a limit of a subsequence is a consequence 
of the fact that a geodesic ray is determined by its initial point and its initial tangent 
direction.) Similarly, if Jj. is an sequence of compact intervals with the property that 
every compact subset of R is contained in 1% for all sufficiently large k, if for each k 
the map Xk : Ik — > M is a minimizing geodesic arc, and if ]imfc_ KX) Afc(0) exists, then, 
after passing to a subsequence there is a limit which is a minimizing geodesic line. 
Using these facts one establishes the following elementary lemma. 

Lemma 2.1. Suppose that M is a complete, connected, non-compact Riemann- 
ian manifold and let p be a point of M . Then M has a minimizing geodesic ray 
emanating from p. If M has more than one end, then it has a minimizing line. 
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Definition 2.2. Suppose that A: [0, oo) — ► M is a minimizing geodesic ray with 
initial point p. For each t > we consider B\ t(x) = d(X(t), x) — t. This is a family 
of functions satisfying \B\ tt {x) — B\ jt (y)\ < d(x, y). Since A is a minimizing geodesic, 
B\t(p) = f° r an t- It follows that B\ t (x) > —d(x,p) for all x 6 M. Thus, the 
family of functions B\j is pointwise bounded below. The triangle inequality shows 
that for each x E M the function B\ t t(x) is a non-increasing function of t. It follows 
that, for each x S M, limt-_ >0O B^ >t (a;) exists. We denote this limit by B\{x). This is 
the Busemann function for A. 

Clearly, B\(x) > —d(x,X(0)). By equicontinuity B\(x) is a continuous function 
of x and in fact a Lipschitz function satisfying — B\(y)\ < d(x,y) for all 

x,y G X. Clearly B\(\(s)) = —s for all s > 0. Since -Ba is Lipschitz, V£>a is 
well-defined as an L 2 -vector field. 

Proposition 2.3. Suppose that M is complete and of non-negative Ricci curva- 
ture. Then, for any minimizing geodesic ray A, the Busemann function B\ satisfies 
AB\ < in the weak sense. 

Proof. First notice that since B\ is Lipschitz, VB\ is an L 2 -vector field on M. 

12 9 

That is to say, B\ £ W lo ' c , i.e., B\ locally has one derivative in L . Hence, there is 

1 2 

a sequence of C°°-functions /„ converging to B\ in W Zo ' c . Let ip be a test function 
(i.e., a compactly supported C°°-function). Integrating by parts yields 

- / (V/ n , V<p)dvol = / f n A<pdvol. 
Jm Jm 

1 2 

Using the fact that / n converges to B\ in W, ' and taking limits yields 

- / (VB X , Vip)dvol = / B\Atpdvol. 
Jm Jm 

Thus, to prove the proposition we need only show that if cp is a non- negative test 
function, then 

- / (VB X , Vp)dvol < 0. 
Jm 

For a proof of this see Proposition 1.1 and its proof on pp. 7 and 8 in |61j . □ 

2. Comparison results in non-negative curvature 

Let us review some elementary comparison results for manifolds of non-negative 
curvature. These form the basis for Toponogov theory, |70| . For any pair of points 
x, y in a complete Riemannian manifold s xy denotes a minimizing geodesic from 
x to y. We set \s xy \ = d(x,y) and call it the length of the side. A triangle in a 
Riemannian manifold consists of three vertices a, b, c and three sides s a &,s a c>s&c- We 
denote by Z a the angle of the triangle at a, i.e., the angle at a between the geodesic 
rays s ab and s ac . 

Theorem 2.4. (Length comparison) Let (M,g) be a manifold of non-negative 
curvature. Suppose that A(a,b,c) is a triangle in M and let A (a' ,b' ,c') be a Eu- 
clidean triangle. 
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(1) Suppose that the corresponding sides of A(a, 6, c) and A(a',6',c') have the 
same lengths. Then the angle at each vertex of the Euclidean triangle is 
no larger than the corresponding angle o/A(a, b, c). Furthermore, for any 
a and less than \s a b\ and \s ac \ respectively, let x, resp. x' , be the point 
on Sab, resp. s a <y , at distance a from a, resp. a', and let y, resp. y' , 

be the point 071 S aCj T6Sp. Sa'c'j ^ distance (3 frOTfl CL, T6Sp. o! . TflCTl 

d(x,y) > d(x',y'). 

(2) Suppose that \s a b\ = |s a '&'|, that \s ac \ = |s a / c /| and that Z a = Z a /. Then 
\sb'c'\ > |s& c |. 

See Fig. [TJ For a proof of this result see Theorem 4.2 on page 161 of |60j . or 
Theorem 2.2 on page 42 of [7]. 




d(x,y) > d(x',y') and Z bac > L Va!c! 



Figure 1. Toponogov comparison. 

One corollary is a monotonicity result. Suppose that A(a, b, c) is a triangle in 
a complete manifold of non-negative curvature. Define a function EA(u, v) defined 
for < u < \s a b\ and < v < \s ac \ as follows. For u and v in the indicated ranges, 
let x(u) be the point on s a b at distance u from a and let y(v) be the point of s ac at 
distance v from a. Let EA(u, v) be the angle at a' of the Euclidean triangle with 
side lengths \s a ib'\ = u, |s a / c /| = v and |sb' c /| = d(x(u), y(v )). 

Corollary 2.5. Under the assumptions of the previous theorem, EA(u,v) is a 
monotone non-increasing function of each variable u and v when the other variable 
is held fixed. 
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Suppose that a, (3, 7 are three geodesies emanating from a point p in a Riemannian 
manifold. Let Z p (a,/3), Z p (/3, 7) and Z p (a,7) be the angles of these geodesies at p 
as measured by the Riemannian metric. Then of course 

Z p (a, 0) + Z p (/3, 7) + Z p (a, 7) < 2^ 

since this inequality holds for the angles between straight lines in Euclidean n-space. 
There is a second corollary of Theorem 12.41 which gives an analogous result for the 
associated Euclidean angles. 

Corollary 2.6. Let (M, g) be a complete Riemannian manifold of non-negative 
curvature. Let p, a, b, c be four points in M and let a, (3, 7 be minimizing geodesic 
arcs from the point p to a, b, c respectively. Let T(a,p, b), T(b,p, c) and T(c,p, a) be 
the triangles in M made out of these minimizing geodesies and minimizing geodesies 
between a,b,c. Let T{a! ,p' ,b'), T(b',p',c') and T(d ,p' ,a') be planar triangles with 
the same side lengths. Then 

Z p /T(a',p',b') + Zp>T(b' ,p' ,c) + Z p /T(c ,p ,a!) < 2ir. 

Proof. Consider the sum of these angles as the geodesic arcs in M are shortened 
without changing their direction. By the first property of Theorem 12.41 the sum of 
the angles of these triangles is a monotone decreasing function of the lengths. Of 
course, the limit as the lengths all go to zero is the corresponding Euclidean angle. 
The result is now clear. □ 

3. The soul theorem 

A subset X of a Riemannian manifold (M, g) is said to be totally convex if every 
geodesic segment with endpoints in X is contained in X. Thus, a point p in M is 
totally convex if and only if there is no broken geodesic arc in M broken exactly at 
x. 

Theorem 2.7. (Cheeger-Gromoll, see [8] and [10] ) Suppose that (M,g) is a con- 
nected, complete, non-compact Riemannian manifold of non-negative sectional cur- 
vature. Then M contains a soul S C M. By definition a soul is a compact, totally 
geodesic, totally convex submanifold (automatically of positive codimension) . Fur- 
thermore, M is diffeomorphic to the total space of the normal bundle of the S in M. 
Lf (M, g) has positive curvature, then any soul for it is a point, and consequently M 
is diffeomorphic to R ra . 

Remark 2.8. We only use the soul theorem for manifolds with positive curvature 
and the fact that any soul of such a manifold is a point. A proof of this result first 
appears in |24j . 

The rest of this section is devoted to a sketch of the proof of this result. Our 
discussion follows closely that in |57| starting on p. 349. We shall need more in- 
formation about complete, non-compact manifolds of non-negative curvature, so we 
review a little of their theory as we sketch the proof of the soul theorem. 

Lemma 2.9. Let (M,g) be a complete, non-compact Riemannian manifold of 
non-negative sectional curvature and let p £ M. For every e > there is a compact 
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subset K = K(p, e) C M such that for all points q ^ K, if 7 and \i are minimizing 
geodesies from p to q, then the angle that 7 and fi make at q is less than e. 

See Fig. El 

Proof. The proof is by contradiction. Fix < e < 1 sufficiently small so that 
cos(e/2) < f — e 2 /12. Suppose that there is a sequence of points q n tending to infinity 
such that for each n there are minimizing geodesies 7 n and \x n from p to q n making 
angle at least e at q n . For each n let d n = d(p,q n ). By passing to a subsequence 
we can suppose that for all n and m the cosine of the angle at p between j n and 
7 m at least 1 — e 2 /24, and the cosine of the angle at p between \i n and [i m is at 
least 1 — e 2 /24. We can also assume that for all n > 1 we have d n +i > (100/e 2 )(f n . 
Let S n = d(q n ,q n+ i). Applying the first Toponogov property at p, we see that 
<5 2 < d\ + (i 2 +1 — 2d n d n+ i(l — e 2 /24). Applying the same property at q n we have 

dl +1 < d 2 + <5 2 - 2d n 5 n cos(9), 

where 6 < ir is the angle at q n between j n and a minimal geodesic joining q n to 
q n+ i. Thus, 

d n -d n+1 (l-e 2 /24) 
cos(0J < . 

On 

By the triangle inequality (and the fact that e < 1) we have 5 n > (99/e)d ra and 
<5„>d„+i(l-(e 2 /100)). Thus, 

cos(0) < e 2 /99 - (1 - e 2 /24)/(l - (e 2 /100)) < -(1 - e 2 /12). 

This implies that cos(7r — 6) > (1 — e 2 /12), which implies that ir — 6 < e/2. That is 
to say, the angle at q n between 7„ and a shortest geodesic from q n to q n +i is between 
7r — e/2 and 7r. By symmetry, the same is true for the angle between /i n and the 
same shortest geodesic from q n to q n +\. Thus, the angle between 7„ and [i n at q n is 
less than e, contradicting our assumption. □ 



Corollary 2.10. Let (M,g) be a complete, non-compact manifold of non-negative 
sectional curvature. Let p £ M and define a function f : M — > M. by f(q) = d(p,q). 
Then there is R < 00 such that for R < s < s' we have: 

(1) is homeomorphic to x [s, s'] and in particular the level 
sets f~ 1 (s) and f~ 1 (s') are homeomorphic; 

(2) / _1 ([s,cxd) is homeomorphic to f~ 1 (s) x [s,oo). 

Proof. Given (M,g) and p G M as in the statement of the corollary, choose 
a constant R < 00 such that any two minimal geodesies from p to a point q with 
d(p,q) > R/2 make an angle at most tt/6 at q. Now following |57j p. 335, it 
is possible to find a smooth unit vector field X on U = M — B(p,R/2) with the 
property that /(•) = d(p, •) is increasing along any integral curve for X at a rate 
bounded below by cos(-7r/3). In particular, for any s > R each integral curve of X 
crosses the level set f~ 1 (s) in a single point. Using this vector field we see that for 
any s, s' > R, the pre-image s']) is homeomorphic to x [s, s'] and that 

the end / _1 ([s,oo)) is homeomorphic to /~ 1 (s) x [s,oo). □ 
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Figure 2. Shallow angles of minimal geodesies. 

In a complete, non-compact n-manifold of positive curvature any soul is a point. 
While the proof of this result uses the same ideas as discussed above, we shall not 
give a proof. Rather we refer the reader to Theorem 84 of |57j on p. 349. A 
soul has the property that if two minimal geodesies emanate from p and end at the 
same point q ^ p, then the angle that they make at q is less than ir/2. Also, of 
course, the exponential mapping is a diffeomorphism sufficiently close to the soul. 
Applying the above lemma and a standard compactness argument, we see that in 
fact there is e > such that all such pairs of minimal geodesies from p ending at 
the same point make angle less than tt/2 — e at that point. Hence, in this case there 
is a vector field X on all of M vanishing only at the soul, and agreeing with the 
gradient of the distance function near the soul, so that the distance function from 
p is strictly increasing to infinity along each flow line of X (except the fixed point). 
Using X one establishes that M is diffeomorphic to R n . It also follows that all the 
level surfaces f~ 1 (s) for s > are homeomorphic to S*" -1 and for < s < s' the 
preimage f ([s, s 1 ]) is homeomorphic to S*™ -1 x [s,s']. 

There is an analogue of this result for the distance function from any point, not 
just a soul. 

Corollary 2.11. Let(M,g) be a complete, non- compact Riemannian n-manifold 
of positive curvature. Then for any point p £ M there is a constant R = R(p) such 
that for any s < s' with R < s both f (s, s') and f~ x (s, oo) are homotopy equivalent 
to S n -\ 

Proof. Given (M,g) and p fix R < oo sufficiently large so that Corollary 12.101 
holds. Since M is diffeomorphic to W 1 it has only one end and hence the level sets 
f~ 1 (s) for s > R are connected. Given any compact subset K C M there is a larger 
compact set B (a ball) such that M \ B has trivial fundamental group and trivial 
homology groups Hi for i < n—1. Hence for any subset Z C M\B, the inclusion of 
Z — » M\K induces the trivial map on %\ and on Hi for i < n—1. Clearly, for any 
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R < s < b the inclusion f (b, do) — ► oo) is a homotopy equivalence. Thus, it 

must be the case that f~ l {b, oo) has trivial fundamental group and Hi for i < n — 1. 
Hence, the same is true for / (s, oo) for any s > R. Lastly, since / (s, oo) is 
connected and simply connected ( hence orientable) and has two ends, it follows by 
the non-compact form of Poincare duality that H n -i(f~ 1 (s,oo)) = Z. Hence, by 
the Hurewicz theorem f^ 1 (s, oo) is homotopy equivalent to 5™ _1 for any s > R. 
Of course, it is also true for R < s < s' that f~ 1 (s,s') is homotopy equivalent to 
S n ~ l . □ 



4. Ends of a manifold 

Let us review the basic notions about ends of a manifold. 

Definition 2.12. Let M be a connected manifold. Consider the inverse system 
of spaces indexed by the compact, codimension-0 submanifolds K C M, where the 
space associated to K is the finite set 7Tq(M \ K) with the discrete topology. The 
inverse limit of this inverse system is the space of ends of M. It is a compact 
space. An end of M is a point of the space of ends. An end £ determines a 
complementary component of each compact, codimension-0 submanifold K C M, 
called a neighborhood of the end. Conversely, by definition these neighborhoods are 
cofinal in the set of all neighborhoods of the end. A sequence {x n } in M converges 
to the end £ if it is eventually in every neighborhood of the end. In fact, what we 
are doing is defining a topology on the union of M and its space of ends that makes 
this union a compact, connected Hausdorff space which is a compactification of M. 

A proper map between topological manifolds induces a map on the space of ends, 
and in fact induces a map on the compactifications sending the subspace of ends of 
the compactification of the domain to the subspace of ends of the compactification 
of the range. 

We say that a path 7 : [a, b) — > M is a path to the end £ if it is a proper map 
and it sends the end {b} of [a, b) to the end £ of M. This condition is equivalent to 
saying that given a neighborhood U of £ there is a neighborhood of the end {6} of 
[a, b) that maps to U. 

Now suppose that M has a Riemannian metric g. Then we can distinguish 
between ends at finite and infinite distance. An end is at finite distance if there 
is a rectifiable path of finite length to the end. Otherwise, the end is at infinite 
distance. If an end is at finite distance we have the notion of the distance from a 
point x G M to the end. It is the infimum of the lengths of rectifiable paths from 
x to the end. This distance is always positive. Also, notice that the Riemannian 
manifold is complete if and only if has no end at finite distance. 



5. The splitting theorem 

In this section we give a proof of the following theorem which is originally due 
to Cheeger-Gromoll [9]. The weaker version giving the same conclusion under the 
stronger hypothesis of non-negative sectional curvature (which is in fact all we need 
in this work) was proved earlier by Toponogov, see |70| . 
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Theorem 2.13. Suppose that M is complete, of non-negative Ricci curvature and 
suppose that M has at least two ends. Then M is isometric to a product N x R where 
N is a compact manifold. 

Proof. We begin the proof by establishing a result of independent interest, 
which was formulated as the main theorem in [9].. 

Lemma 2.14. Any complete Riemannian manifold X of non-negative Ricci cur- 
vature containing a minimizing line is isometric to a product N x R for some Rie- 
mannian manifold N. 

Proof. Given a minimizing line A: R — ► X, define A± : [0, oo) — > X by A+(i) = 
\(t) and A_(t) = A(— t). Then we have the Busemann functions B + = B\ + and 
B- = B\_. Proposition 12.31 applies to both B + and -£>_ and shows that A(5 + + 
B-) < 0. On the other hand, using the fact that A is distance minimizing, we see 
that for any s, t > and for any x £ M we have d(x, X(t)) + d(x, A(— s)) > s + t, and 
hence B + (x) + B_(x) > 0. Clearly, B + (x) + B_(x) = for any x in the image of 
A. Thus, the function B + + B_ is everywhere > 0, vanishes at at a least one point 
and satisfies A(B + + < in the weak sense. This is exactly the set-up for the 
maximum principle, cf. [57 [, p. 279. 

Theorem 2.15. (The Maximum Principle) Let f be a real-valued continuous 
function on a connected Riemannian manifold with Af > in the weak sense. 
Then f is locally constant near any local maximum. In particular, if f achieves its 
maximum then it is a constant. 

Applying this result to —(B + +B^), we see that B + +B^ = 0, so that B^ = —B + . 
It now follows that AB + = in the weak sense. By standard elliptic regularity 
results this implies that B + is a smooth harmonic function. 

Next, we show that for all x S M we have |V-B+(x)| = 1. Fix x G M. Take 
a sequence t n tending to infinity and consider minimizing geodesies //+ 5 n from x 
to A+(i n ). By passing to a subsequence we can assume that there is a limit as 
n — > oo. This limit is a minimizing geodesic ray /i+ from x, which we think of as 
being 'asymptotic at infinity' to A+. Similarly, we construct a minimizing geodesic 
ray \i- from x asymptotic at infinity to A+. Since /i+ is a minimal geodesic ray, it 
follows that for any t the restriction | [o,*l is the unique length minimizing geodesic 
from x to /U+(t) and that is not a conjugate point along It follows by 

symmetry that x is not a conjugate point along the reversed geodesic — 1 [o,t] an d 
hence that x € U^uy This means that the function d(/j,+ (t), •) is smooth at x with 
gradient equal to the unit tangent vector in the negative direction at x to and 
consequently that Ba +1 t is smooth at x. Symmetrically, for any t > the function 
Bu_,t is smooth at x with the opposite gradient. Notice that these gradients have 
norm one. We have 



B^ t + B + (x)>B + : 
Of course, B^ + j(x) = and B fJi _ tt (x) 
Bn + ,t{x) + B+(x) 



0, so that 



B- > -(B^t + B-ix)). 



(B^x) + B-(x)). 
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This squeezes B + between two smooth functions with the same value and same 
gradient at x and hence shows that B + is C 1 at x and |Vi?+(x)| is of norm one. 

Thus, B defines a smooth Riemannian submersion from M — > R which implies 
that M is isometric to a product of the fiber over the origin with R. □ 

This result together with Lemma |2. II shows that if M satisfies the hypothesis of 
the theorem, then it can be written as a Riemannian product M = N x R. Since 
M has at least two ends, it follows immediately that N is compact. This completes 
the proof of the theorem. □ 

6. e- necks 

Certain types of (incomplete) Riemannian manifolds play an especially important 
role in our analysis. The purpose of this section is to introduce these manifolds and 
use them to prove one essential result in Riemannian geometry. 

For all of the following definitions we fix < e < 1/2. Set k equal to the greatest 
integer less than or equal to e . In particular, k > 2. 

Definition 2.16. Suppose that we have a fixed metric go on a manifold M and 
an open submanifold X C M. We say that another metric g on X is within e of 
9o\x in the C^ 1 ^^ -topology if, setting k = [1/e] we have 

(2.1) sup xex (^g{x) - g {x)\ 2 go + £ |V$ g(aO|^ < e 2 , 

where the covariant derivative V^ is the Levi-Civita connection of go and norms 
are the pointwise go- norms on 

Sym 2 T*M ® T*M ® • • • ® T*M . 

S v ' 

l— times 

More generally, given two smooth families of metrics g(t) and go(t) on M defined 
for t in some interval I we say that the family g{t)\x is within e of the family go(t)\x 
in the C[ 1//,: l-topology if we have 

su P(x,t)eix/ \g(x,t) - go(x,t)\ 2 go(t) + ^2\V go g(x,t) 
\ i=i 

Remark 2.17. Notice that if we view a one-parameter family of metrics g(t) as a 
curve in the space of metrics on X with the C[ 1//e l-topology then this is the statement 
that the two paths are pointwise within e of each other. It says nothing about the 
derivatives of the paths, or equivalently about the time derivatives of the metrics 
and of their covariant derivatives. We will always be considering paths of metrics 
satisfying the Ricci flow equation. In this context two one-parameter families of 
metrics that are close in the C 2fc -topology exactly when the r th time derivatives of 
the s* ft -covariant derivatives are close for all r, s with s + 2r < 2k. 




The first object of interest is one that, up to scale, is close to a long, round 
cylinder. 
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Definition 2.18. Let (N,g) be a Riemannian manifold and ifJVa point. Then 
an e-neck structure on (N,g) centered at x consists of a diffeomorphism 

ip: S 2 x (-e-Se" 1 ) -» iV, 

with x G (^(S" 2 x {0}), such that the metric R(x)ip*g is within e in the CP - / 6 ! -topology 
of the product of the usual Euclidean metric on the open interval with the metric 
of constant Gaussian curvature 1/2 on S 2 . We also use the terminology N is an 
e-neck centered at x. The image under (p of the family of submanifolds S 2 x {£} 
is called the family of 2-spheres of the e-neck. The submanifold ip(S 2 x {0}) is 
called the central 2-sphere of the e-neck structure. We denote by sn : N — » K the 
composition p2 o ip , where p2 is the projection of S 2 x (— e" 1 ^ -1 ) to the second 
factor. There is also the vector field d/ds^ on N which is ip* of the standard vector 
field in the interval-direction of the product. We also use the terminology of the 
plus and minus end of the e-neck in the obvious sense. The opposite (or reversed) 
e-neck structure is the one obtained by composing the structure map with Id^ x —1. 
We define the positive half of the neck to be the region (0, e _1 ) and the negative 
half to be the region s^ 1 (— e _1 ,0). For any other fraction, e.g., the left-hand three- 
quarters, the right-hand one-quarter, there are analogous notions, all measured with 
respect to sjy: N — > (— e _1 ,e _1 ). We also use the terminology the middle one-half, 
or middle one-third of the e-neck; again these regions have their obvious meaning 
when measured via sn- 

An e-neck in a Riemannian manifold X is a codimension-zero submanifold N and 
an e-structure on ./V centered at some point x £ N. 

The scale of an e-neck ./V centered at x is R(x)~ l l 2 . The scale of N is denoted 
r]\f. Intuitively, this is a measure of the radius of the cross-sectional S 2 in the neck. 
In fact, the extrinsic diameter of any S 2 factor in the neck is close to \f2irrN. See 
Fig. [T]in the introduction. 

Here is the result that will be so important in our later arguments. 

Proposition 2.19. The following holds for any e > sufficiently small. Let 
(M, g) be a complete, positively curved Riemannian 3-manifold. Then (M, g) does 
not contain e-necks of arbitrarily small scale. 

Proof. The result is obvious if M is compact, so we assume that M is non- 
compact. Let p £ M be a soul for M (Theorem I2.7p . and let / be the distance 
function from p. Then / _1 (s) is connected for all s > 0. 

Lemma 2.20. Suppose that e > is sufficiently small that Lemma \1 9. 1 0\ from the 
appendix holds. Let (M,g) be a non-compact 3-manifold of positive curvature and let 
p £ M be a soul for it. Then for any e-neck N disjoint from p the central 2-sphere of 
N separates the soul from the end of the manifold. In particular, if two e-necks N\ 
and N2 in M are disjoint from each other and from p, then the central 2-spheres of 
Ni and N2 are the boundary components of a region in M diffeomorphic to S 2 x I. 

Proof. Let N be an e-neck disjoint from p. By Lemma [19. 101 for any point z in 
the middle third of N, the boundary of the metric ball B{p,d{z,p)) is a topological 
2-sphere in iV isotopic in N to the central 2-sphere of N. Hence, the central 2-sphere 
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separates the soul from the end of M. The second statement follows immediately 
by applying this to Ni and N2. □ 

Let N\ and N2 be disjoint e-necks, each disjoint from the soul. By the previous 
lemma, the central 2-spheres S\ and S2 of these necks are smoothly isotopic to each 
other and they are the boundary components of a region diffeomorphic to S 2 x I. 
Reversing the indices if necessary we can assume that N2 is closer to 00 than iVi, 
i.e., further from the soul. Reversing the directions of the necks if necessary, we can 
arrange that for i = 1, 2 the function is increasing as we go away from the soul. 
We define C°°- functions tpi on Ni, functions depending only on sjyjj as follows. The 
function ip\ is zero on the negative side of the middle third of N\ and increases to be 
identically one on the positive side of the middle third. The function ^2 is one on 
the negative side of the middle third of N2 and decreases to be zero on the positive 
side. We extend ^1,1^2 to a function ip defined on all of M by requiring that it be 
identically one on the region X between N\ and N2 and to be identically zero on 
M\(N 1 UX\JN 2 ). 

Let A be a geodesic ray from the soul of M to infinity, and B\ its Busemann 
function. Let N be any e-neck disjoint from the soul, with sm direction chosen so 
that it points away from the soul. At any point of the middle third of N where B\ is 
smooth, VB\ is a unit vector in the direction of the unique minimal geodesic ray from 
the end of A to this point. Invoking Lemma 119.41 from the appendix we see that at 
such points VB\ is close to — R{x) l l 2 d / ds^ , where x € iV is the center of the e-neck. 
bmce VB X is L 2 its non-smooth points have measure zero and hence, the restriction 
of VB\ to the middle third of N is close in the L 2 -sense to — R(x) l l 2 d / dsjy ■ 

Applying this to N\ and N% we see that 

(2.2) I (VB X , WWvol = {a 2 R(x2)- 1 - c^R^y 1 ) Vol ho (S 2 )), 

Jm 

where h(0) is the round metric of scalar curvature 1 and where each of a± and 
«2 limits to 1 as e goes to zero. Since ip > 0, Proposition 12.31 tells us that the 
left-hand side of Equation (|2.2p must be > 0. This shows that, provided that e is 
sufficiently small, R(x2) is bounded above by 2R{x\). This completes the proof of 
the proposition. □ 

Corollary 2.21. Fix e > sufficiently small so that Lemma \19.10\ holds. Then 
there is a constant C < 00 depending on e such that the following holds. Suppose 
that M is a non-compact 3-manifold of positive sectional curvature. Suppose that N 
is an e-neck in M centered at a point x and disjoint from a soul p of M . Then for 
any e-neck N' that is separated from p by N with center x' we have R(x') < CR(x). 

7. Forward difference quotients 

Let us review quickly some standard material on forward difference quotients. 

Let / : [a, b] — > R be a continuous function on an interval. We say that the forward 
difference quotient of f at a point t £ [c,b), denoted %(t), is less than c provided 
that 

— f(t + At)-f(t) 
hm At ^ + ^7 < c 
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We say that it is greater than or equal to d if 

f(t + At)-f(t) 
c <hm At ^ + — . 

Standard comparison arguments show: 

Lemma 2.22. Suppose that f : [a,b] — ► R is a continuous function. Suppose that 
ip is a C 1 -function on [a, 6]xK and suppose that ^(t) < ip(t, f(t)) for every t G [a, b) 
in the sense of forward difference quotients. Suppose also that there is a function 
G(t) defined on [a,b] that satisfies the differential equation G'(t) = ip(t,G(t)) and 
has /(a) < G(a). Then f(t) < G(t) for all t G [a, b}. 

The application we shall make of these results is the following. 

Proposition 2.23. Let M be a smooth manifold with a smooth vector field x and 
a smooth function t: M — > [a, b] with %(t) = 1. Suppose also that F : M — > R is a 
smooth function with the properties: 

(1) for each to £ K b] the restriction of F to the level set t _1 (to) achieves its 
maximum, and 

(2) the subset Z of M consisting of all x for which F(x) > F(y) for all y G 
t _1 (t(a;)) is a compact set. 

Suppose also that at each x G Z we have x(F(x)) < ip(t(x), F{x)). Set F mSuX (t) = 
max xet -i^F(x). Then F max (t) is a continuous function and 

^(t)<Ht,F max (t)) 

in the sense of forward difference quotients. Suppose that G(t) satisfies the differ- 
ential equation 

G'(t)=iP(t,G(t)) 

and has initial condition F max (a) < G(a). Then for all t G [a, b] we have 

F max (t) < G(t). 

Proof. Under the given hypothesis it is a standard and easy exercise to es- 
tablish the statement about the forward difference quotient of F max . The second 
statement then is an immediate corollary of the previous result. □ 
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Basics of Ricci flow 

In this chater we introduce the Ricci flow equation due to R. Hamilton [29]. For 
the basic material on the Ricci flow equation see [13J. 

1. The definition of the Ricci flow 



Definition 3.1. The Ricci flow equation is the following evolution equation for 
a Riemannian metric: 

(3.1) ^ = -ZRicfo). 

A solution to this equation (or a Ricci flow) is a one-parameter family of metrics 
g(t), parameterized by t in a non-degenerate interval /, on a smooth manifold M 
satisfying Equation f)3. 1 [) . If I has an initial point to then (M, g(to)) is called the 
initial condition of or the initial metric for the Ricci flow (or of the solution). 

Let us give a quick indication of what the Ricci flow equation means. In harmonic 
coordinates (x , . . . , x n ) about p, that is to say coordinates where Ax 1 = for all i, 
we have 

d d 1 
Ri Cij = Ric(^-r, = --A gij + Qij(g- ,dg) 

where Q is a quadratic form in g -1 and dg, and so in particular is a lower order term 
in the derivatives of g. See Lemma 3.32 on page 92 of [13J. So, in these coordinates, 
the Ricci flow equation is actually a heat equation for the Riemannian metric 

^g = Ag + 2Q(g- 1 ,dg). 

Definition 3.2. We introduce some notation that will be used throughout. 
Given a Ricci flow (M n ,g(t)) defined for t contained in an interval I, then the 
space-time for this flow is M x I. The t time-slice of space-time is the Riemannian 
manifold M x {t} with the Riemannian metric g(t). Let TCT(M x I) be the horizontal 
tangent bundle of space-time, i.e., the bundle of tangent vectors to the time-slices. 
It is a smooth, rank-n subbundle the tangent bundle of space-time. The evolving 
metric g(t) is then a smooth section of Sym 2 7iT*(M x /). We denote points of 
space-time as pairs (p, t). Given (p, t) and any r > we denote by B(p,t,r) the 
metric ball of radius r centered at (p, t) in the t time-slice. For any At > for which 
[t — At, t] C /, we define the backwards parabolic neighborhood P(x,t,r, — At) to 
be the product B(x,t,r) x [t — At, t] in space-time. Notice that the intersection 
of P(x, t, r, —At) with a time-slice other that the t time-slice need not be a metric 
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ball in that time-slice. There is the corresponding notion of a forward parabolic 
neighborhood P(x, t, r, At) provided that [t, t + At] C /. 

2. Some exact solutions to the Ricci flow 

2.1. Einstein manifolds. Let go be an Einstein metric: Ric(go) = ^<?o> where 
A is a constant. Then for any positive constant c, setting g = ego we have Ric(g) = 
Ric((7o) = Ago = r<?- Using this we can construct solutions to the Ricci flow equation 
as follows. Consider g(t) = u(t)go- If this one-parameter family of metrics is a 
solution of the Ricci flow, then 

at = 11 {t)m 

= -2Ric(n(t) 5o ) 
= -2Ric( 50 ) 
= -2A 50 - 

So u'(t) = — 2A, and hence u(t) = 1 — 2Xt. Thus g(t) = (1 — 2Xt)go is a solution of 
the Ricci flow. The cases A > 0, A = 0, and A < correspond to shrinking, steady 
and expanding solutions. Notice that in the shrinking case the solution exists for 
t € [0, and goes singular at t = ttt. 

Example 3.3. The standard metric on each of S n ,M. n , and HP is Einstein. Ricci 
flow is contracting on S n , constant on IP, and expanding on HP. The Ricci flow on 
S n has a finite-time singularity where the diameter of the manifold goes to zero and 
the curvature goes uniformly to +oo. The Ricci flow on M n exists for all i > and 
as t goes to infinity the distance between any pair of points grows without bound 
and the curvature goes uniformly to zero. 

Example 3.4. CP" equipped with the Fubini-Study metric, which is induced 
from the standard metric of 5* 2n+1 under the Hopf fibration with the fibers of great 
circles, is Einstein. 

Example 3.5. Let ho be the round metric on S 2 with constant Gausssian cur- 
vature 1/2. Set h(t) = (1 — t)ho- Then the flow 

(S 2 ,h(t)), -oo < t < 1, 

is a Ricci flow. We also have the product of this flow with the trivial flow on the 
line: (S 2 x M.,h(t) x ds 2 ), — oo < t < 1. This is called the standard shrinking round 
cylinder. 

The standard shrinking round cylinder is a model for evolving e-necks. In Chap- 
ter Q] we introduced the notion of an e-neck. In the case of flows in order to take 
smooth geometric limits, it is important to have a stronger version of this notion. 
In this stronger notion, the neck not only exists in one time-slice but it exists back- 
wards in the flow for an appropriate amount of time and is close to the standard 
shrinking round cylinder on the entire time interval. The existence of evolving necks 
is exploited when we study limits of Ricci flows. 
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Definition 3.6. Let (M,g(t)) be a Ricci flow. An evolving e-neck centered at 
(x,to) and defined for rescaled time t\ is an e-neck 

V : S 2 x (-e-\e- 1 ) ^ N cz (M,g(t)) 

centered at (x, to) with the property that pull-back via tp of the family of metrics 
R(x,t )g(t')\ N , -h < t' < 0, where h = R(x, t ) _1 (* ~ to), is within e in the C^L 
topology of the product of the standard metric on the interval with evolving round 
metric on S 2 with scalar curvature 1/(1 — t') at time t'. A strong e-neck centered at 
(x, to) in a Ricci flow is an evolving e-neck centered at (x, to) and defined for rescaled 
time 1, see Fig. [TJ 
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Figure 1. Strong e-neck of scale 1. 



2.2. Solitons. A Ricci soliton is a Ricci flow (M,g(t)), < t < T < oo, with 
the property that for each t S [0, T) there is a diffeomorphism ipt : M — > M and a 
constant o~(t) such that a(t)(p^g(0) = g(t). That is to say, in a Ricci soliton all the 
Riemannian manifolds (M,g(t)) are isometric up to a scale factor that is allowed to 
vary with t. The soliton is said to be shrinking if o~'(t) < for all t. One way to 
generate Ricci solitons is the following: Suppose that we have a vector field X on 
M and a constant A and a metric g(0) such that 

(3.2) - Ric( 5 (0)) = ^£ x g(0) - Xg(0). 

We set T = oo if A < and equal to (2A)" 1 if A > 0. Then, for all t G [0,T) we 
define a function 

a(t) = 1 - 2Ai, 

and a vector field 

t[X) a{t) ■ 

Then we define (pt as the one-parameter family of diffeomorphisms generated by the 
time-dependent vector fields Yt- 
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Claim 3.7. The flow (M,g(t)), < t < T, where g(t) = a(t)flg(0), is a soliton. 
It is a shrinking soliton if A > 0. 

Proof. We check that this flow satisfies the Ricci flow equation; from that, the 
result follows immediately. We have 

^ = a\t)^g{Q) + a{t)^ t C Y{t) g{Q) 

= tp$(-2\ + £ x )g(0) 

= ^(-2Ric( 5 (0))) = -2Ric(^*( 5 (0))). 

Since Ric(ag) = Ric(g) for any a > 0, it follows that 

dg(t) 



dt 



-2Ric(g(t)). 



□ 



There is one class of shrinking solitons which are of special importance to us. 
These are the gradient shrinking solitons. 

Definition 3.8. A shrinking soliton (M, g(t)), < t < T, is said to be a gradient 
shrinking soliton if the vector field X in Equation (13. 2j) is the gradient of a smooth 
function / on M. 

Proposition 3.9. Suppose we have a complete Riemannian manifold (M,g(0)), 
a smooth function f : M — > R, and a constant A > such that 

(3.3) - Ric( 5 (0)) = Hess(/) - A<?(0). 

Then there is T > and a gradient shrinking soliton (M,g(t)) defined for < t <T. 
PROOF. Since 

C vf g(0) =2Hess(f), 

Equation f|3.3() is the soliton equation, Equation (|3.2|) . with the vector field X being 
the gradient vector field V/. It is a shrinking soliton by assumption since A > 0. □ 

Definition 3.10. In this case we say that (M,g(0)) and /: M — > R generate a 
gradient shrinking soliton. 

3. Local existence and uniqueness 

The following is the first basic result in the theory - local existence and uniqueness 
for Ricci flow in the case of compact manifolds. 

Theorem 3.11. (Hamilton, cf. [29] .) Let (M,go) be a compact Riemannian 
manifold of dimension n. 

(1) There is aT > depending on (M,go) and a Ricci flow (M,g(t)), < t < 
T, with 0(0) = g - 

(2) Suppose that we have Ricci flows with initial conditions (M,go) at time 
defined respectively on time intervals I and I'. Then these flows agree on 

I nr. 
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We remark that the Ricci flow is a weakly parabolic system where degeneracy 
comes from the gauge invariance of the equation under diffeomorphisms. Therefore 
the short-time existence does not come from general theory. R. Hamilton's original 
proof of the short-time existence was involved and used the Nash-Moser inverse 
function theorem, |28j. Soon after, DeTurck [16J substantially simplified the short- 
time existence proof by breaking the diffeomorphism invariance of the equation. For 
the reader's convenience, and also because in establishing the uniqueness for Ricci 
flows from the standard solution in Section 2] we use a version of this idea in the 
non-compact case, we sketch DeTurck's argument. 

Proof. Let's sketch the proof due to DeTurck |16| . cf, Section 3 of Chapter 3 
starting on page 78 of |13j for more details. First, we compute the first variation at 
a Riemannian metric g of minus twice the Ricci curvature tensor in the direction h: 

<5 fl (-2Ric)0) = Ah- Sym(W) + S 

where: 

(1) V is the one- form given by 

Vk = ^9 pq (^ph q k + V g /ip fc - V k h pq ), 

(2) Sym(Vy) is the symmetric two-tensor obtained by symmetrizing the co- 
variant derivative of V, and 

(3) S is a symmetric two-tensor constructed from the inverse of the metric, the 
Riemann curvature tensor and h, but involves no derivatives of h. 

Now let go be the initial metric. For any metric g we define a one-form W 
by taking the trace, with respect to g, of the matrix-valued one-form that is the 
difference of the connections of g and go. Now we form a second-order operator of 
g by setting 

P(g) = £wg, 

the Lie derivative of g with respect to the vector field W dual to W. Thus, in 
local coordinates we have P(g)ij = ViWj + VjWj. The linearization at g of the 
second-order operator P in the direction h is symmetric and is given by 

5 g P(h) = Sym(VF) + T 

where T is a first-order operator in h. Thus, defining Q = — 2Ric + P we have 

6 g (Q)(h) = Ah + U 

where U is a first-order operator in h. Now we introduce the Ricci-DeTurck flow 



(3.4) = -2Ric( 5 ) + P. 

The computations above show that the Ricci-DeTurck flow is strictly parabolic. 
Thus, Equation (13.41) has a short-time solution g(t) with ^(0) = go by the standard 
PDE theory. Given this solution g(t) we define the time-dependent vector field 



()8 
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W{t) = W(g(t),go) as above. Let <f> t be a one-parameter family of diffeomorphisms, 
with (fio = Id, generated by this time-dependent vector field, i.e., 




= W(t). 



Then, direct computation shows that g(t) = (j)lg{t) solves the Ricci flow equation. 

□ 

In performing surgery at time T, we will have an open submanifold 0, of the 
compact manifold with the following property. As t approaches T from below, the 
metrics g(t)\n converge smoothly to a limiting metric g(T) on 0,. We will 'cut away' 
the rest of the manifold M \ Q where the metrics are not converging and glue in 
a piece E coming from the standard solution to form a new compact manifold M' . 
Then we extend the Riemannian metric g(T) on to one defined on M' = ClUE. The 
resulting Riemannian manifold forms the initial manifold at time T for continuing 
the Ricci flow g(t) on an interval T <t < T'. It is important to know that the two 
Ricci flows (O, g(t)), t <T and (fi, g(t)), T < t < T' glue together to make a smooth 
solution spanning across the surgery time T. That this is true is a consequence of 
the following elementary result. 

Proposition 3.12. Suppose that (U,g(t)), a < t < b, is a Ricci flow and suppose 
that there is a Riemannian metric g(b) on U such that as t — > b the metrics g(t) 
converge in the C°° -topology, uniformly on compact subsets, to g(b). Suppose also 
that (U,g(t)), b < t < c, is a Ricci flow. Then the one-parameter family of metrics 
g(t), a < t < c, is a C°° -family and is a solution to the Ricci flow equation on the 
entire interval [a, c) . 



4. Evolution of curvatures 

Let us fix a set (x 1 , . . . , x n ) of local coordinates. The Ricci flow equation, written 
in local coordinates 

~~dt ~ " 2Rlc ^ 

implies a heat equation for the Riemann curvature tensor Rijki which we now derive. 
Various second-order derivatives of the curvature tensor are likely to differ by terms 
quadratic in the curvature tensors. To this end we introduce the tensor 

Bijkl = g P 5 ,<? RipjqRkrls- 

Note that we have the obvious symmetries 

Bijkl BjHk BfcHj, 

but the other symmetries of the curvature tensor R^ki may fail to hold for -B^- 

Theorem 3.13. The curvature tensor Rijki, the Ricci curvature Ricjj, the scalar 
curvature R, and the volume form dvol(x, t) satisfy the following evolution equations 
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under Ricci flow: 

at 



ARijki + 2(Bijki - Biji k — Bnj k + B ik ji) 



(3.5) — g pg (RpjkiRiCqi + Ri P k{Ric q j + Rij p iK\c qk + RijkpRic q i) 

(3.6) §- t Ric Jk = Am Cjk + 2gP^ rs R pjkr mc gs -2gP^RK jp mc qk 

d 

(3.7) — R = Ai? + 2|Ric| 2 



dt 



d 



(3.8) —dvol(x,t) = -R(x,t)dvol(x,t). 

These equations are contained in Lemma 6.15 on page 179, Lemma 6.9 on page 
176, Lemma 6.7 on page 176, and Equation (6.5) on page 175 of |13j . respectively. 

Let us derive some consequences of these evolution equations. The first result 
is obvious from the Ricci flow equation and will be used implicitly throughout the 
paper. 

Lemma 3.14. Suppose that (M,g(t)), a < t < b is a Ricci flow of non-negative 
Ricci curvature with M a connected manifold. Then for any points x,y £ M the 
function d g u\(x,y) is a non-increasing function oft. 

Proof. The Ricci flow equation tells us that non-negative Ricci curvature im- 
plies that dg/dt < 0. Hence, the length of any tangent vector in M, and consequently 
the length of any path in M , is a non-increasing function of t. Since the distance 
between points is the infimum over all rectifiable paths from x to y of the length of 
the path, this function is also a non-increasing function of t. □ 

Lemma 3.15. Suppose that (M,g(t)), <t <T, is a Ricci flow and \Rm(x,t)\ < 
K for all x G M and all t £ [0, T] . Then there are constants A, A' depending on 
K, T and the dimension such that: 

(1) For any non-zero tangent vector v £ T X M and any t <T we have 

(2) For any open subset U C M and any t <T we have 

(A / ) _1 Vol (?7) < Vol t (J7) < A'Voh(U). 
Proof. The Ricci flow equation yields 

J t (( v > v )g(t)) = -2Ric(u,i;). 

The bound on the Riemann curvature gives a bound on Ric. Integrating yields the 
result. The second statement is proved analogously using Equation (I3.8I) . □ 



5. Curvature evolution in an evolving orthonormal frame 

It is often best to study the evolution of the representative of the tensor in an 
orthonormal frame F. Let (M,g(t)), < t < T, be a Ricci flow, and suppose that 
T is a frame on an open subset U C M consisting of vector fields {F\,F2, ■ ■ ■ , F n } 
on U that are <7(0)-orthonormal at every point. Since the metric evolves by the Ricci 
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flow, to keep the frame orthonormal we must evolve it by an equation involving Ricci 
curvature. We evolve this local frame according to the formula 

BF 

(3.9) _Ji =Ric(Fa ,. r , 

i.e., assuming that in local coordinates (x , . . . , x n ), we have 





then the evolution equation is 



F — F 1 
a ~ a d Xi 



-^L=g^ k F k a . 



Since this is a linear ODE, there are unique solutions for all times t £ [0,T). 
The next remark to make is that this frame remains orthonormal: 

Claim 3.16. Suppose that F(Q) = {F a } a is a local g(0)- orthonormal frame, and 
suppose that F(t) evolves according to Equation \3. 9\) . Then for all t £ [0, T) the 
frame F(t) is a local g(t)- orthonormal frame. 

Proof. 

§- t (F a (t),F b (t)) g{t) = { ^, Fb ) + (F b ,^) + ^(F a ,F b ) 

= Ric(F a , F b ) + Ric(F 6) F a ) - 2Ric(F a , F b ) = 0. 

□ 

Notice that if ^"'(0) = {-F^ja is another frame related to ^"(0) by, say, 

K = A b a F b 

then 

F a (t) = A b a F b (t). 

This means that the evolution of frames actually defines a bundle automorphism 

$: TM\u x [0,T) -> TM\u x [0,T) 

covering the identity map of U x [0, T) which is independent of the choice of initial 
frame and is the identity at time t = 0. Of course, since the resulting bundle 
automorphism is independent of the initial frame it globalizes to produce a bundle 
isomorphism 

$ : TM x [0, T) -» TM x [0, T) 

covering the identity on M x [0, T). We view this as an evolving identification $^ of 
TM with itself which is the identity at t = 0. The content of Claim [3~. 161 is: 

Corollary 3.17. 

*ta(t)) = 3(0). 
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Returning to the local situation of the orthonormal frame !F, we set T* = 
{-F 1 , . . . , F n } equal the dual coframe to {iq, . . . , F n }. In this coframe the Riemann 
curvature tensor is given by R abc dF a F b F c F d where 

(3-10) Rabcd = RijklFaF^F^F l d . 

One advantage of working in the evolving frame is that the evolution equation for 
the Riemann curvature tensor simplifies: 

Lemma 3.18. Suppose that the orthonormal frame T(t) evolves by Formula 113. 9\) . 
Then we have the evolution equation 

dR b -d 

7^ = ^Rabcd + %(B abcd + B acbd — B abdc — B adbc ), 

where B abcd = Y, e j RaebfRcedf- 

Proof. For a proof see Theorem 2.1 in [32]. □ 



Of course, the other way to describe all of this is to consider the four-tensor 
mjlg(t)) = R abcd F a F b F c F d on M. Since $ t is a bundle map but not a bundle 
map induced by a diffeomorphism, even though the pullback of the metric ^g(t) is 
constant, it is not the case that the pullback of the curvature ^TZ g M is constant. 
The next proposition gives the evolution equation for the pullback of the Riemann 
curvature tensor. 

It simplifies the notation somewhat to work directly with a basis of A 2 TM. We 
chose an orthonormal basis 



1 n(n — 1) 

y ,...,<p—s—}, 



of A 2 T*M where we have 



<fP(F a ,F b ) = <fi b 
and write the curvature tensor in this basis as T = (Tap) so that 

(3-11) Rabcd = TaPVabVcd- 

Proposition 3.19. The evolution of the curvature operator T(t) = $>*Rm(g(t)) 
is given by 

where T£p = T ai %yp is the operator square; T^g = Ca^QCp^T^^T^ is the Lie algebra 
square; and c a p^ = ([(f a , ^p 13 ], v? 7 ) are the structure constants of the Lie algebra so(n) 
relative to the basis {<p a }. The structure constants c Q/ g 7 are fully antisymmetric in 
the three indices. 

Proof. We work in local coordinates that are orthonormal at the point. By 
the first Bianchi identity 

Rabcd + Racdb + Radbc = 0, 



72 3. BASICS OF RICCI FLOW 

we get 

^ RgbefRcdef = — Raefb ~ Rafbe){ — Rcefd ~ Rcfde) 

ej ej 

= ^RaebfRcedf ~ ^Raebf Rcfde 
ej 

= 2(B a bcd — Badbc)- 

Note that 

J2 R abefRcdef = ^XxPfdbf 'ef^l^ld^ef 
ej ej 

Also, 

^{Bacbd — B a dbc) = 2 y^(-R aee / Rbedf ~ RaedfRbecf) 
ej 

= ^Y^^B^ae^Wbe^dS ~ ^^df^Y^L'Pcf) 
ej 

ej 
e 



T al3 T lS [^,<P X }cd& a ,^ r 

T aBVabVcd- 



ab 



So we can rewrite the equation for the evolution of the curvature tensor given in 
Lemma 13.181 as 

9R a bcd A j-, . ^2 a , i-A a 3 

— ^— = AR abcd + T a(5 ip ab <p p cd + T^b% d , 

or equivalently as 

djaj AT _L T 2 _i_ T$ 

—Qf ~ /XJ af3 + J a 8 + lap- 

We abbreviate the last equation as 



^- = at + t 2 + tK 

at 



□ 



Remark 3.20. Notice that neither T 2 nor satisfies the Bianchi identity, but 
their sum does. 
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6. Variation of distance under Ricci flow 

There is one result that we will use several times in the arguments to follow. 
Since it is an elementary result (though the proof is somewhat involved), we have 
chosen to include it here. 

Proposition 3.21. Let t e R and let (M,g(t)) be a Ricci flow defined for t in 
an interval containing to with (M,g(t)) complete for every t in this interval. Fix a 
constant K < oo. Let xq, x\ be two points of M and let rg > such that d< (xo, x\) > 
2rg. Suppose that Ric(x, to) < (n— 1)K for all x 6 B(xq, ro,to)U B(x±,ro, t^). Then 



d(dt(x ,xi)) 



dt 



>-2(n-l) Q^ro + rQ- 1 ) 



If the distance function dt(xo,x\) is not a differ entiable function oft at t = to then 
this inequality is understood as an inequality for the forward difference quotient. 

Remark 3.22. Of course, if the distance function is differentiable at t = to then 
the derivative statement is equivalent to the forward difference quotient statement. 
Thus, in the proof of this result we shall always work with the forward difference 
quotients. 

Proof. The first step in the proof is to replace the distance function by the 
length of minimal geodesies. The following is standard. 

Claim 3.23. Suppose that for every minimal g(to) -geodesic 7 from xo to x\ the 
functioned) which is the g(t) -length of 7 satisfies 



d{tt{l)) 



dt 
Then 

d(d t {xo,x 1 )) 



> C. 

t=t 



>C, 

t=t 



dt 

where, as in the statement of the proposition, if the distance function is not differ- 
entiable at to then the inequality in the conclusion is interpreted by replacing the 
derivative on the left-hand side with the liminf of the forward difference quotients of 
dt(x ,xi) at to- 

The second step in the proof is to estimate the time derivative of a minimal 
geodesic under the hypothesis of the proposition. 

Claim 3.24. Assuming the hypothesis of the proposition, for any minimal g(to)- 
geodesic 7 from xq to x\, we have 



d(M7)) 



dt 



_^>-2(n-l) (^Kro + ro 1 ^. 



Proof. Fix a minimal g(to)-geodesic j(u) from xq to x±, parameterized by arc 
length. We set d = dt (xo,x±), we set X(u) = j'(u), and we take tangent vectors 
Yi, . . . , Y n _\ in T Xo M which together with X(0) = 7'(0) form an orthonormal basis. 
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We let Yi(u) be the parallel translation of Yi along 7. Define /: [0,d\ — > [0, 1] by: 



/(«) 



and define 



u/ r o < n < ro 

1 ro < it < d — ro 

k (d — u)/tq d — u < ro < d, 

Y(u) = f{u)Y{u). 



See Fig. El For 1 < % < n — 1, let s~ (7) be the second variation of the g(to)-length 
of 7 along Y{. Since 7 is a minimal <7(io)-geodesic, for all % we have 

(3.12) 4.(7) >0. 



Y 




7 




Figure 2. Y, along 7. 

Let us now compute s'~ (7) by taking a two-parameter family 7(1*, s) such that 

the curve 7(u,0) is the original minimal geodesic and -§^{'y(u, s))| s =o = Y(u). We 
denote by X(u, s) the image D'y^ u s ^(d/du) and by s) the image D~f( u ^(d/ds). 
We wish to compute 



4X7) = ^ 



s=0 



d_ 

ds 



(X(u, s),X(u, s))- 1/2 (X(u, s),V?X(u, s))du 



s=0 



(3.13) 



+ 



-(X(u, 0),X(u, 0))~ 3/2 (X(u, 0), Vy.X(u, 0)) 2 du 

1 (VyX(u,0),VyX(u,Q)) + {X(u,Q),V Y V Y X(u,0)) 
\x(u,0),X(u,0)) l/2 



du. 



Using the fact that X and Y{ commute (since they are the coordinate partial deriva- 
tives of a map of a surface into M) and using the fact that Yi(u) is parallel along 
7, meaning that Vx(Y)(u) = 0, we see that V^X(u, 0) = Vx^fu, 0) = f'(u)Yi(u). 
By construction (Yi(u), X(u, 0)) = 0. It follows that 



(V ? .*M),X(«,0)) = (V x (Y)(n,0),X( U ,0)) = (/ / («)F i («),X(u,0)) = 0. 
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Also, (X(u, 0), X(u, 0)) = 1, and by construction (Yi(u, 0), Yi(u, 0)) = 1. Thus, 
Equation (|3,13|) simplifies to 



(344)y) = ^ (J* y/X(u,s),X(u,s)du 



s=0 



{f\u)y<Xi(u),Yi(u)) + (VyV x (Y i (u,0)),X(u,0)))du 



(R(Y h X)Yi(u, 0),X(u, 0)> - (VxVyMu, 0), A>, 0)> + {f(u)f ) du. 



Now we restrict to s = and for simplicity of notation we leave the variable u 
implicit. We have 

(V x VyY i: X) = ^(VyY^X) - (VyY h V x X) = ±(V Y Y t ,X), 



du Yi 



du 



where the last equality is a consequence of the geodesic equation, VxX = 0. It 
follows that 

" d 



{V x VyYi,X)du= I —(V Y Yi,X}=0 



du 



where the last equality is a consequence of the fact that Yi vanishes at the end points. 
Consequently, plugging these into Equation (|3.14j) we have 



(3.15) 



4.(7) 

1 1 



{R{Y l ,X)Y i {u, 0),X(u, 0)) + {f{u)Y du. 



Of course, it is immediate from the definition that f'{u) 2 = 1/rg for u £ [0, tq] and 
for u £ [d — ro, d] and is zero otherwise. Also, from the definition of the vector fields 
Yi we have 

n-l 

J2(R(X i ,X)Y i (u),X(u)) = -Ric 5(to) (A>),X(u)), 



i=l 



so that 



n-l 



J2(R(%X)Yi(u),X(u)) = -f 2 (u)m Cg{tQ) (X(u),X(u)). 



i=l 



Hence, summing Equalities (|3.15p for i = 1, . . . , n — 1 and using Equation f)3. 12|) 
gives 



n-l 



l-ro 


-u 2 


Jo 


r 2 

L r o 


pd-To 






Jr 




r d r 


+ / 




Jd- 


-ro . 



n — 1 



du 



-Ric g( t )(.X(u),X(u))du 
(d-u) 2 



ft — 1 

m Cg{to) {x(u),x{u))) 



du. 



7(1 
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Rearranging the terms yields 



< 



Ric g (t )(X(u),X(u))du 



+ 



+ 



{mc g{to) (X(u),X(u))) + 



n 



d-ro 



Since 



d{k{l)) 



dt 



t=t 



(d - 



d_ 

dt 



{Ric g(to) (X(u),X(u))) + 



du 



n 



du. 



y/(X(u),X(u))dt 



1/2- 



\t=t 



^ c g(t )iX(u),X{u))du, 



we have 



dt 



+ 









>-\ 




[( 


t=t 


Jo 





u 



{mc g{to) (x(u),x(u))) + 



n 



1 



{d-uf 



(m Cg{to) (x(u),x(u))) + 



n 



1 



du 



du 



>d-r 

Now, since 1^(^)1 = 1, by the hypothesis of the proposition we have the estimate 
Ric 9 (£ ) (X(u), X(u)) < (n — 1)K on the regions of integration on the right-hand side 
of the above inequality. Thus, 



dt 



□ 
□ 



This completes the proof of Claim 13.241 

Claims [3.231 and 13.241 together prove the proposition 

Corollary 3.25. Let to £ K and let (M,g(t)) be a Ricci flow defined for t in an 
interval containing to and with (M,g(t)) complete for every t in this interval. Fix a 
constant K < oo. Suppose that Ric(x,to) < (n — 1)K for all x S M. Then for any 
points xo,xi S M we have 

d(d t (x ,xi)) 



dt 



,2K 

> -4 (n- 1 )\ 

t=t ~ K 1 3 



in the sense of forward difference quotients. 

Proof. There are two cases: Case(i): d to (xo,xi) > <J~^ and Case (ii) dt (xo, x\) < 
In Case (i) we take ro = y / 3/2K in Proposition 13.211 and we conclude that 



the liminf at to of the difference quotients for dt(xo,x\) is at most — 4(n — l)y^-. 
In Case (ii) w let ^(u) be any minimal <?(to)-geodesic from xq to x\ parameterized 
by arc length. Since 

d f 

-j^(£t(l))\t=t = - Ric gito) {j\u),~f'(u))du, 
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we see that 

d 



dt (4(7))l*=*o > "(« " l)Ky/E/K = -(n- 1)V6K. 

By Claim 13.231 this implies that the liminf of the forward difference quotient of 
d t (x ,xi) at t = t is at least -(n - 1)V6K > -4(n - l) v / 2K/3. □ 

Corollary 3.26. Let (M,g(t)), a < t < b, be a Ricci flow with (M,g(t)) 
complete for every t G [0,T). Fix a positive function K(t), and suppose that 
HiCgM (x, t) < (n — l)K(t) for all x G M and all t G [a, b]. Let xq,x± be two 
points of M. Then 



rb /2K(t) 

d a (xo,xi) < db(x ,xi) + 4(ra- 1) / \ — - — dt. 



PROOF. By Corollary 13.251 we have 



(3.16) ^dt( x o,xi)\t=t> > -4(n - 1)' ' 2A U ' ] 



dt v yi - 'V 3 

in the sense of forward difference quotients. Thus, this result is an immediate con- 
sequence of Lemma 12.221 □ 



7. Shi's derivative estimates 

The last 'elementary' result we discuss is Shi's result controlling all derivatives in 
terms of a bound on curvature. This is a consequence of the parabolic nature of the 
Ricci flow equation. More precisely, we can control all derivatives of the curvature 
tensor at a point p G M and at a time t provided that we have an upper bound for 
the curvature on an entire backward parabolic neighborhood of (p, t) in space-time. 
The estimates become weaker as the parabolic neighborhood shrinks, either in the 
space direction or the time direction. 

Recall that for any K < oo if (M,g) is a Riemannian manifold with |Rm| < K 
and if for some r < tt/^/K the metric ball B(p,r) has compact closure in M, then 
the exponential mapping exp p is defined on the ball B(0, r) of radius r centered at 
the origin of T p M and exp p : B(0,r) — > M is a local diffeomorphism onto B(p,r). 

The first of Shi's derivative estimates controls the first derivative of Rm. 

Theorem 3.27. There is a constant C = C(n), depending only on the dimension 
n, such that the following holds for every K < oo, for every T > 0, and for every 
r > 0. Suppose that (U,g(t)), < t < T, is an n-dimensional Ricci flow with 
|Rm(x,t)| < K for all x G U and t G [0, T\. Suppose that p G U has the property 
that B(p,0,r) has compact closure in U. Then 

|VRm(p,i)| <CK[\ + \+K 
\r A t 

For a proof of this result see Chapter 6.2, starting on page 212, of |14j . 
We also need higher derivative estimates. These are also due to Shi, but they 
take a slightly different form. (See Theorem 6.9 on page 210 of |14| .) 
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Theorem 3.28. (Shi's Derivative Estimates) Fix the dimension n of the Ricci 
flows under consideration. Let K < oo and a > be positive constants. Then for 
each non-negative integer k and each r > there is a constant Ck = Ck(K,a,r,n) 
such that the following holds. Let (U, g(t)), < t < T, be a Ricci flow with T < a/K. 
Fix p G U and suppose that the metric ball B(p,0,r) has compact closure in U. If 

\Rm(x,t)\<K for all (x, t) G P(x, 0, r, T), 

then 

|V fc (Rm(y,t))| < < k 



t k/2 

for all y G B(p, 0, r/2) and all t G (0, T) . 

For a proof of this result see Chapter 6.2 of [14J where these estimates are proved 
for the first and second derivatives of Rm. The proofs of the higher derivatives follow 
similarly. Below, we shall prove a stronger form of this result below including the 
proof for all derivatives. 

We shall need a stronger version of this result, a version which is well-known 
but for which there seems to be no good reference. The stronger version takes as 
hypothesis C fc -bounds on the initial conditions and produces a better bound on the 
derivatives of the curvature at later times. The argument is basically the same as 
that of the result cited above, but since there is no good reference for it we include 
the proof, which was shown to us by Lu Peng. 

Theorem 3.29. Fix the dimension n of the Ricci flows under consideration. Let 
K < oo and a > be given positive constants. Fix an integer I > 0. Then for each 
integer k > and for each r > there is a constant CjL , = C, AK, a, r, n) such that 
the following holds. Let (U,g(t)), < t < T, be a Ricci flow with T < a/K. Fix 
p G U and suppose that the metric ball B(p,0,r) has compact closure in U. Suppose 
that 

\Rm(x,t)\ <K for all x G U and all t G [0,T], 



V 13 Rm 0, 0) 



< K for all x £ U and all (3 < I. 



Then 



V k Rm (y,t) 



< 



£max{fc-Z,0}/2 

for all y G B(p,0,r/2) and all t G (0,T]. In particular if k < I, then for y G 
B(p,Q,r/2) and t G (0, T] we have 



V fc Rm (y,t) 



k,l- 



Remark 3.30. Clearly, the case I = of Theorem [3.291 is Shi's theorem (Theo- 
rem EST]). 

Theorem 13.291 leads immediately to the following: 

Corollary 3.31. Suppose that (M,g(t)), < t < T, is a Ricci flow with 
(M,g(t)) being complete and with T < oo. Suppose that Rm(x,0) is bounded in 
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the C°° -topology independent of x £ M and suppose that |Rm(x,t)| is bounded in- 
dependent of x £ M and t £ [0, T]. Then the operator Hm(x,t) is bounded in the 
C°° -topology independent of (x,t) £ M x [0, T]. 

For a proof of Theorem 13.281 see |65L I66j . We give the proof of a stronger result, 
Theorem E29) 

Proof. The first remark is that establishing Theorem 13.291 for one value of 
r immediately gives it for all r' > 2r. The reason is that for such r' any point 
y £ B(p, 0, r'/2) has the property that B(y,0,r) C B(p,0,r') so that a curvature 
bound on B(p,0,r') will imply one on B(y,0,r) and hence by the result for r will 
imply the higher derivative bounds at y. 

Thus, without loss of generality we can suppose that r < ir/2y/~K. We shall 
assume this from now on in the proof. Since B(p, 0, r) has compact closure in M, 
for some r < r' < tt/^/K the ball B(p,0,r') also has compact closure in M. This 
means that the exponential mapping from the ball of radius r' in T p M is a local 
diffeomorphism onto B(p,0,r'). 

The proof is by induction: We assume that we have established the result for 
k = 0, . . . ,m, and then we shall establish it for k = m + 1. The inductive hypothesis 
tells us that there are constants Aj, < j < m, depending on (1, K,a,r,n) such 
that for all (x,t) £ B(p,0,r/2) x (0, T] we have 



(3.17) \V j Rm(x,t)\ < Ajf 



-max{j-/,0}/2 



Even better, applying the inductive result to B(y,0,r/2) with y £ B(p,Q,r/2) we 
see, after replacing the Aj by the larger constants associated with (l,K,a,r/2,n), 
that we have the same inequality for all y £ B(x, 0, 3r/4). 
We fix a constant C > max(4j4^, 1) and consider 

F m (x,t) = (c + t ma ^ m - 1 ^ \V m Rm(x,t)\ 2 ) tmax{ m +i-«,o} I V m+1 Rm(x, t) | 2 . 



Notice that bounding F m above by a constant (C' m+1 1 ) 2 will yield 

|V m+1 Rm(x,t)| 2 < ^ftVm ' 

and hence will complete the proof of the result. 

Bounding F m above (assuming the inductive hypothesis) is what is accomplished 
in the rest of this proof. The main calculation is the proof of the following claim 
under the inductive hypothesis. 

Claim 3.32. With F m as defined above and with C > max(4^4^, 1), there are 
constants c\ and Co, C\ depending on C as well as K,a, A\, . . . , A m for which the 
following holds on B(p,0,3r /4) x (0, T]: 

(fit ~ F m{x,t) < -^{ max { m _ /+10 }} {F m (x,t) - C ) + £ S {max{m-i+l,0}} ' 



NO 
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where 

' +1 ifn>0 
s(n) = < ifn = 
-1 ifn<0. 

Let us assume this claim and use it to prove Theorem 13.291 We fix C = 
max{4i^,l}, and consider the resulting function F m . The constants c\,Cq,C\ 
from Claim [37321 depend only on K, a, and A\, . . . ,A m . Since r < ir/2\fK, and 
B(p,0,r) has compact closure in U, there is some r' > r so that the exponential 
mapping exp p : B(0, r') — > U is a local diffeomorphism onto B(p, 0, r'). Pulling back 
by the exponential map, we replace the Ricci flow on U by a Ricci flow on -6(0, r') 
in T p M. Clearly, it suffices to establish the estimates in the statement of the propo- 
sition for B(0,r/2). This remark allows us to assume that the exponential mapping 
is a diffeomorphism onto B(p, 0, r). Bounded curvature then comes into play in the 
following crucial proposition, which goes back to Shi. The function given in the next 
proposition allows us to localize the computation in the ball B(p, 0,r). 

Proposition 3.33. Fix constants < a and the dimension n. Then there is 
a constant C 2 = C' 2 (a,n) and for each r > and K < oo there is a constant 
C*2 = C2{K,a,r,n) such that the following holds. Suppose that (U,g(t)), < t < 
T, is an n- dimensional Ricci flow with T < a/K. Suppose that p £ U and that 
B(p,0,r) has compact closure in U and that the exponential mapping from the ball 
of radius r in T p U to B(p,0,r) is a diffeomorphism. Suppose that |Rm(x,0)| < K 
for all x £ B(p, 0, r). There is a smooth function r)\ B(p, 0, r) — ► [0, 1] satisfying the 
following for all t E [0, T] : 

(1) rj has compact support in B(p, 0,r/2) 

(2) The restriction of r\ to B(p, 0, r/4) is identically 1. 

(3) \A g(t)V \ <C 2 (K,a,r,n). 

(4) |V??l «w < (<*.") 

For a proof of this result see Lemma 6.62 on page 225 of [14|. 

We can apply this proposition to our situation, because we are assuming that 
r < tt/2^/K so that the exponential mapping is a local diffeomorphism onto B(p, 0, r) 
and we have pulled the Ricci flow back to the ball in the tangent space. 

Fix any y G B(p, 0, r/2) and choose rj as in the previous proposition for the 
constants C 2 {a,n) and C' 2 (K, a, r/4, n). Notice that B(y, 0,r/4) C B(p,0, 3r/4) 
so that the conclusion of Claim \3.32\ holds for every (z,t) with z £ B(y,Q,r/4) and 
i £ [0, T]. We shall show that the restriction oinF m to P(y, 0, r/4, T) is bounded by a 
constant that depends only on K, a, r, n, A\, . . . , A m . It will then follow immediately 
that the restriction of F m to P(y,0,r/8,T) is bounded by the same constant. In 
particular, the values of F m (y,t) are bounded by the same constant for all y £ 
5(>,0, r/2) and t £ [0,T]. 

Consider a point (x,t) £ B(y, 0, r/2) x [0, T] where r?-F m achieves its maximum; 
such a point exists since the ball B(y,0,r/2) C B(p,0,r), and hence B(y,0,r /2) 
has compact closure in ?7. If t = 0, then rjF m is bounded by (C + K 2 )K 2 which is 
a constant depending only on K and A m . This, of course, immediately implies the 
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result. Thus we can assume that the maximum is achieved at some t > 0. When 
s {max {to + 1 — 1, 0}} — 0, according to the Claim we have 



- A ) F m < - Cl (F m - C7 ) 2 + ( V 



We compute 







^ - AJ ( v F m ) < V [-ci {F m -c ? + Cij -A V -F m - 2Vr? • VF m . 

Since (x, t) is a maximum point for r]F m and since t > 0, a simple maximum 
principle argument shows that 

d \ 

— -AjrjF m (x,t)>0. 
Hence, in this case we conclude that 

< (^" A ) (v(x)F m (x,t)) <ri(x)(- Cl (F m (x,t)-C ) 2 + C^ 
-Arj(x) ■ F m (x,t) - 2Vr](x) ■ VF m (x,t). 

Hence, 

c lV (F m (x,t) - C ) 2 < r/(x)Ci - A v {x) ■ F m (x,t) - 2Vrj(x) • VF m (x,t), 

Since we are proving that F m is bounded, we are free to argue by contradiction and 
assume that F m (x,t) > 2Co, implying that F m (x,t) — Cq > F m (x,t)/2. Using this 
inequality yields 

" w(F - (i - () - c °» tMt> - ^ - j^ktj v,,w • VFmix - t] 

ciCo ci c\F m \x,t) 
Since (x, t) is a maximum for r]F m we have 

= V(rj(x)F rn {x,t)) = V7](x)F m (x,t) + r]{x)VF m {x,t), 

so that 

T](x) F m (x,t) 

Plugging this in gives 

?](x)F m (j;, t) < — h 4 — — + rjC . 

ciC ci cir/(a;) 

Of course, the gradient and Laplacian of r\ are taken at the point (x, t). Thus, 
because of the properties of r] given in Proposition 13.331 it immediately follows that 
rjF m (x,t) is bounded by a constant depending only on K, n, a,r, c\, Cq, C\, and as 
we have already seen, c\, Co, C\ depend only on K, a, A\, . . . , A m . 

Now suppose that s {max {to — / + 1, 0}} = 1. Again we compute the evolution 
inequality for r\F m . The result is 

- a) ( V F m ) <v(-j{F m - C ) 2 + ^j-Ar ] -F m - 2V V ■ VF m . 
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Thus, using the maximum principle as before, we have 

d 



dt 



A V F m (x,t) > 0. 



Hence, 



v(x) Cl (F m (x,t) - Co) 2 ^ 7/(x)C; 



< 



A V {x)F m (x,t) - 2Vrj(x) ■ VF m {x,t). 



Using the assumption that F m (x,t) > 2Cq as before, and rewriting the last term as 
before, we have 

A(x , t , < sm, - + + , Co . 



ciC 



Cl 



ClT](x) 



The right-hand side is bounded by a constant depending only on K, n, a, r, c\, Co, C\. 
We conclude that in all cases r]F m is bounded by a constant depending only on 
K, n, a, r, ci, Co, C\, and hence on ET, n, a, r, Ai, . . . , A m . 

This proves that for any y G B(p,0,r /2), the value rjF m {x,t) is bounded by a 
constant -A m +i depending only on (m + l,l,K,n,a,r) for all (x,t) G B(y,0,r/2) x 
[0, T]. Since ry(y) = 1, for all < i < T we have 

t max {m+ l-*,0}| vm+ l Rm(y)t) |2 < = rj(y) Fm (y jt ) < A m+1 . 

This completes the inductive proof that the result holds for k = m + l and hence 
establishes Theorem 13.291 modulo the proof of Claim 13.321 □ 

Now we turn to the proof of Claim 13.321 

Proof. In this argument we fix (x, t) G B(p, 0, 3r/4) x (0, T] and we drop (x, t) 
from the notation. Recall that by Equations (7.4a) and (7.4b) on p. 229 of [13j we 
have 



(3.18) 

d_ 

dt 



V 1 Rm 



< A 



V £ Rm 



V f+1 Rm 



i=0 



V e ~ { Rm 



V'Rm 



where the constants C£j depend only on t and j. 

Hence, setting m/ = max {to + 1 — 1,0} and denoting c m+ \^ by q, we have 

(J^f 1 ' |V m+1 Rm| 2 ) < A (t rni |V m+1 Rm| 2 ) - 2t mi |V m+2 Rm| 2 

m+l 

+t mi Ci | V* Rm| | V m+1 ^ Rm| | V m+1 Rm| + to^™^ 1 | V m+1 Rm| 2 
i=0 

< A (t m < | V m+1 Rm| 2 ) - 2t m; | V m+2 Rm| 2 + (q, + c m+1 )t mi |Rm| | V m+1 Rm| 2 

m 

+t m ' |V*Rm| |V m+1 ^Rm| |V m+1 Rm| +TO i t mi ~ 1 |V m+1 Rm| 2 . 



8=1 
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Using the inductive hypothesis, Inequality (|3.17j) . there is a constant A < oo 
depending only on K, a, A\, . . . , A m such that 



jV^Rmj |V m+1_i Rm| < Ai- 



nu /2 



Also, let c = Co + c m+ i and define a new constant B by 

B = c(a + K) + m t . 
Then, since t < T < a/K and m; > 0, we have 

Bt m ' 

((co + 'c-m+i)t |Rm| + mi)t mi ~ < 
Putting this together allows us to rewrite Inequality f)3. 19j) as 

(t mi |V m+1 Rm| 2 ) <A (t mi |V m+1 Rm| 2 ) - 2t mi |V m+2 Rm| 2 

+ At™ 1 ' 2 |V m+1 Rm| + (ct |Rm| + mi) t mi ~ l | V m+1 Rm| 
<A (t mi |V m+1 Rm| 2 ) - 2t mi |V m+2 Rm| 2 

+ -^—t mi I V m+1 Rml 2 + At mi/2 I V m+1 Rml . 



Completing the square gives 

' r t mi |V m+1 Rml 2 ") < A (t mi |V m+1 Rm| 2N l - 2t m ' |V m+2 Rml 2 



at 



+ (B + i)t"n-«fo) |v m+1 Rm| 2 + — t s{ - mi \ 



Let m; = max{m — /,0}. From (|3.18|) and the induction hypothesis, there is a 
constant D, depending on K, a, Ai, . . . , A m such that 



8 



t™' | V m Rm| 2 ) < A (t rh > | V m Rm| 2 ) - 2t™' | V m+1 Rm| 2 



dt 

+m l & l - 1 \V m Rm\ 2 + D. 
Now, defining new constants B = B + 1 and A = A 2 /4 we have 



g-A)F m =(l-A 
dt \dt 



C + t ™ l | V m Rm| 2 t m < I V m+1 Rm 



< 



C + t mi |V m Rm| z ) I -2i m ' |V m+2 Rm| 2 + -^ T t OTi |V m+1 Rm| 2 + At s{mi) 



fs{mi\ 

+ f-2i*« |V m+1 Rm| 2 + mit™'- 1 |V m Rm| 2 + d) t mi |V m+1 Rm 
_ 2t mi+m lv Jj v m Rm |2^j . v /| v m+l Rm |2^j _ 



2 



Since C > 4i™ ! |V m Rm| 2 , this implies 
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(3.20) (J^ — A^j F m < -lQt^+ m ' |V m Rm| 2 |V m+2 Rm| 2 

_ 8f n ;+m; | V m Rm | | V m+1 Rm| 2 |V m+2 Rm| - 2& l+rni |V m+1 Rm| 
+ [C + & l |V m Rm| 2 ) (Bt mi ~ s{mi) |V m+1 Rm| 2 + At s(mi ^ 
+ (rnit^- 1 |V m Rm| 2 + d) t mi |V m+1 Rm| 2 . 



Now we can write the first three terms on the right-hand side of Inequality (13.201) 

as 

(3.21) 

_fh l +m l (yio|v m+2 Rm| |V m Rm| + | V m+1 Rm| 2 ^ - ^t rfli+m; | V m+1 Rm| 4 . 
In addition we have 

(3.22) C + & 1 |V m Rm| 2 < C + A 2 m . 
Let us set D = m&x(a/K, 1)D. If rhi = 0, then 

(3.23) m^- 1 |V™Rm| 2 + D = D < ^ = rh x A 2 m + D< 1 ^ . 
On the other hand, if rhi > 0, then s{rhi) = s{mi) = 1 and hence 

■M**" 1 l vm Rm > 2 + d < j^mAl + D < 

Since rhi = mj — s(raj), Inequalities (13.211) . (13. 22ft . and (|3.23p then allow us rewrite 
Inequality (|3.20|) as 

I- - A Vm < 2 -r-,t 2 ^ |V m+1 Rml 4 

+(C + A 2 m ) ( -^t mi |V m+1 Rml 2 + At< m ^ | + miA ™ + D t mi |V m+1 Rm| 2 . 
Setting 

B' = (C + A 2 m )B + (miA 2 m + D), 
and A' = A{C + A 2 ^) we have 

■I- - A ] F m < 5-^ f t m; |V m+1 Rml 



+ JL. t "»i |v m+1 Rml 2 + A't s( - m 'l 



We rewrite this as 



^- — A) F m < ^ ( t mi |V m+1 Rm| 2 - ^ 



5(B') 2 

8t s ( m i) 
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and hence 

° — a \ F m < 2 -- ( t mi I V m+1 Rml 2 - 5 ,A 2 ! " 



dt J ~ 5t s ( m ') V 1 1 / t s (™0 

where the constants B" and A" are defined by B" = 5B' /4 and 

A" = (max{a/K, l}) 2 + 5(B') 2 /8. 
(Recall that t <T < a/K.) Let 

Y= {C + t™ 1 |V m Rm| 2 ). 
(Notice that Y is not a constant.) Of course, by definition 

F m = Yt m ' | V m+1 Rm| 2 . 

Then the previous inequality becomes 

r) \ 9 / i \ 2 A" 



A F m < ^-^r Yt mi |V m+1 Rml - + 



dt J ~ 5t s ( m 0Y 2 V 1 1 / £*("»i) 

Since C < Y < 5C/4 we have 

At any point where F m > 5CB" /4, the last inequality gives 

At any point where F m < 5CB"/4, since F m > and < 5"y < bCB" '/4, we have 
(F m - £"Y) 2 < 25C 2 ( J B") 2 /16, so that 

32 X - 5CS74) 2 > -2(£") 2 /5^ mi ). 



125t s ( m ')C 2 
Thus, in this case we have 

9 a\f < A " < 32 (F ^rB»u) 2 + A " + 2{B " )2/5 



These two cases together prove Claim [3~. 32 i □ 

8. Generalized Ricci flows 

In this section we introduce a generalization of the Ricci flow equation. The 
generalization does not involve changing the PDE that gives the flow. Rather it 
allows for the global topology of space-time to be different from a product. 
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8.1. Space-time. There are two basic ways to view an n-dimensional Ricci 
flow: (i) as a one-parameter family of metrics g(t) on a fixed smooth n-dimensional 
manifold M, and (ii) as a partial metric (in the horizontal directions) on the (n + 1)- 
dimensional manifold M x I. We call the latter (n + l)-dimensional manifold space- 
time and the horizontal slices are the time- slices. In defining the generalized Ricci 
flow, it is the second approach that we generalize. 

Definition 3.34. By space-time we mean a smooth (n + l)-dimensional manifold 
M (possibly with boundary), equipped with a smooth function t: M — ► M, called 
time and a smooth vector field \ subject to the following axioms: 

(1) The image of t is an interval I (possibly infinite) and the boundary of M 
is the preimage under t of dl. 

(2) For each x E M there is an open neighborhood U C M of x and a diffeo- 
morphism /: V x J — ► U, where V is an open subset in IR n and J is an 
interval with the property that (i) t is the composition of / _1 followed by 
the projection onto the interval J and (ii) \ ls the image under / of the 
unit vector field in the positive direction tangent to the foliation by the 
lines {v} x J of V x J. 

Notice that it follows that %(t) = 1. 

Definition 3.35. The time-slices of space-time are the level sets t. These form 
a codimension-one foliation of M. For each t £ I we denote by Mt C M the t time- 
slice, that is to say t _1 (i). Notice that each boundary component of M is contained 
in a single time-slice. The horizontal distribution, TLTM is the distribution tangent 
to this foliation. A horizontal metric on space-time is a smoothly varying positive 
definite inner product on HTM. 

Notice that a horizontal metric on space-time induces an ordinary Riemannian 
metric on each time-slice. Conversely, given a Riemannian metric on each time-slice 
Mt, the condition that they fit together to form a horizontal metric on space-time 
is that they vary smoothly on space-time. We define the curvature of a horizontal 
metric G to be the section of the dual of the symmetric square of A 2 HTM whose 
value at each point x with t(x) = t is the usual Riemannian curvature tensor of the 
induced metric on M t at the point x. This is a smooth section of Sym 2 (A 2 WT*.M). 
The Ricci curvature and the scalar curvature of a horizontal metric are given in the 
usual way from its Riemannian curvature. The Ricci curvature is a smooth section 
of Sym 2 (HT*M) while the scalar curvature is a smooth function on M. 

8.2. The generalized Ricci flow equation. Because of the second condition 
in the definition of space-time, the vector field \ preserves the horizontal foliation 
and hence the horizontal distribution. Thus, we can form the Lie derivative of a 
horizontal metric with respect to \- 

Definition 3.36. An n-dimensional generalized Ricci flow consists of a space- 
time M that is (n + l)-dimensional and a horizontal metric G satisfying the gener- 
alized Ricci flow equation: 

C X (G) = -2Ric(G). 
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Remark 3.37. Let (M,G) be a generalized Ricci flow and let x G M. Pulling 
G back to the local coordinates V x J defined near any point gives a one-parameter 
family of metrics (V,g(t)), t £ J, satisfying the usual Ricci flow equation. It follows 
that all the usual evolution formulas for Riemannian curvature, Ricci curvature, and 
scalar curvature hold in this more general context. 

Of course, any ordinary Ricci flow is a generalized Ricci flow where space-time is 
a product M x I with time being the projection to / and x being the unit vector 
field in the positive /-direction. 

8.3. More definitions for generalized Ricci flows. 

Definition 3.38. Let M be a space-time. Given a space C and an interval 
/ C R we say that an embedding C x / — > Ai is compatible with the time and the 
vector field if: (i) the restriction of t to the image agrees with the projection onto 
the second factor and (ii) for each c £ C the image of {c} x / is the integral curve for 
the vector field x- If m addition C is a subset of M t we require that t £ / and that 
the map C x {t} — ► Mt be the identity. Clearly, by the uniqueness of integral curves 
for vector fields, two such embeddings agree on their common interval of definition, 
so that, given C C M t there is a maximal interval Iq containing t such that such an 
embedding, compatible with time and the vector field, is defined on C x /. In the 
special case when C = {x} for a point x £ Mt we say that such an embedding is the 
flow line through x. The embedding of the maximal interval through x compatible 
with time and the vector field x is called the domain of definition of the flow line 
through x. For a more general subset C C Mt there is an embedding Cxi compatible 
with time and the vector field x if an only if for every x £ C, I is contained in the 
domain of definition of the flow line through x. 

Definition 3.39. We say that t is a regular time if there is e > and a diffeo- 
morphism M t x (t — e,t + e) — > t _1 ((t — e, t + e)) compatible with time and the vector 
field. A time is singular if it is not regular. Notice that if all times are regular, then 
space-time is a product Mt x I with t and x coming from the second factor. If the 
image t(M) is an interval / bounded below, then the initial time for the flow is the 
greatest lower bound for /. If / includes (-co, A] for some A, then the initial time 
for the generalized Ricci flow is — oo. 

Definition 3.40. Suppose that (M,G) is a generalized Ricci flow and that Q > 
is a positive constant. Then we can define a new generalized Ricci flow by setting 
G' = QG, t' = Qt and x' = Q It is easy to see that the result still satisfies 
the generalized Ricci flow equation. We denote this new generalized Ricci flow by 
(Q M , QG) where the changes in t and x are denoted by the factor of Q in front of 
M. 

It is also possible to translate a generalized solution {M., G) by replacing the time 
function t by t' = t + a for any constant a, leaving G and x unchanged. 

Definition 3.41. Let (Ai,G) be a generalized Ricci flow and let x be a point 
of space-time. Set t = t(x). For any r > we define B(x,t,r) C M t to be the 
metric ball of radius r centered at x in the Riemannian manifold (Mt,g(t)). For any 
At > we say that P(x,t,r, At), respectively, P(x,r,t, —At), exists in M if there 
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is an embedding B(x,t,r) x [t,t + At], respectively, B(x,t,r) x [t — At,t], into M. 
compatible with time and the vector field. When this embedding exists, its image 
is defined to be the forward parabolic neighborhood P(x, t, r, At), respectively the 
backward parabolic neighborhood P(x, t, r, — At). See FlG. El 




Figure 3. Parabolic neighborhoods 



CHAPTER 4 



The maximum principle 

Recall that the maximum principle for the heat equation says that if h is a solution 
to the heat equation 



on a compact manifold and if h(x, 0) > for all x G M, then h(x,t) > for all 
(x,t). In this chapter we discuss analogues of this result for the scalar curvature, 
the Ricci curvature, and the sectional curvature under Ricci flow. Of course, in all 
three cases we are working with quasi-linear versions of the heat equation so it is 
important to control the lower order (non-linear) terms and in particular show that 
at zero curvature they have the appropriate sign. Also, in the latter two cases we are 
working with tensors rather than with scalars and hence we require a tensor version 
of the maximum principle, which was established by Hamilton in |35j . 

As further applications of these results beyond just establishing non-negativity, we 
indicate Hamilton's result that if the initial conditions have positive Ricci curvature 
then the solution becomes singular at finite time and as it does it becomes round 
(pinching to round). We also give Hamilton's result showing that at points where the 
scalar curvature is sufficiently large the curvature is pinched toward positive. This 
result is crucial for understanding singularity development. As a last application, 
we give Hamilton's Harnack inequality for Ricci flows of non-negative curvature. 

The maximum principle is used here in two different ways. The first assumes 
non- negativity of something (e.g., a curvature) at time zero and uses the maximum 
principle to establish non- negativity of this quantity at all future times. The second 
assumes non-negativity of something at all times and positivity at one point, and 
then uses the maximum principle to establish positivity at all points and all later 
times. In the latter application one compares the solution with a solution to the 
linear heat equation where such a property is known classically to hold. 

1. Maximum principle for scalar curvature 

Let us begin with the easiest evolution equation, that for the scalar curvature, 
where the argument uses only the (non-linear) version of the maximum principle. 
This result is valid in all dimensions: 

Proposition 4.1. Let (M,g(t)), < t < T, be a Ricci flow with M a compact n- 
dimensional manifold. Denote by R m i n (t) the minimum value of the scalar curvature 
of(M,g(t)). Then: 

• Rmin(t) is a non- decreasing function oft. 
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• IfRam(0) > 0, then 
in particular, 

T < 



T7-Rmin(0) 



2i?min(0) 

IfRn&M <0, tten 

^ Rrr\\r\ 



Raan(t) > 



2t\R min {0)\ + n 

Proof. According to Equation (|3.7p . the evolution equation for R is 
d 

q^R(x, t) = AR(x, t) + 2|Ric(x, t)| 2 . 

Since M is compact, the function R m i n (t) is continuous but may not be C 1 at points 
where the minimum of the scalar curvature is achieved at more than one point. 
The first thing to notice is the following: 

Claim 4.2. If R(x,t) = R min (t) then (dR/dt)(x,t) > ^R 2 (x,t). 

Proof. This is immediate from the evolution equation for R, the fact that if 
R(x,t) = R m i n (t), then AR(x,t) > 0, and the fact that R is the trace of Ric which 
implies by the Cauchy-Schwarz inequality that |ii| 2 < n|Ric| 2 . □ 

Now it follows that: 

Claim 4.3. 

^(-Rmin(i)) > -^minW; 

where, at times t where fim in (t) is not smooth, this inequality is interpreted as an 
inequality for the forward difference quotients. 

Proof. This is immediate from the first statement in Proposition 12.231 □ 

If follows immediately from Claim 14^31 and Lemma 12.221 that R m i n (t) is a non- 
decreasing function of t. This establishes the first item and also the second item in 
the case when i? m i n (0) = 0. 

Suppose that i? m i n (0) ^ 0. Consider the function 

m v -1 2t 1 

S (t) = ~r> 7I\ + 



Rmin(t) n -Rmin(O) 

Clearly, S(0) = and S'(t) > (in the sense of forward difference quotients), so 
that by Lemma 12.221 we have S(t) > for all t. This means that 

(4.1) -J— < - J » 

Rmm(t) -Rmin(O) H 

provided that R m in is not ever zero on the interval [0, t\. If Rm- m (0) > 0, then by 
the first item, R m i n (t) > for all t for which the flow is defined, and the inequality 
in the second item of the proposition is immediate from Equation (|4.ip . The third 
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inequality in the proposition also follows easily from Equation (14.11) when R m i n (t) < 
0. But if -R m in(i) > 0, then the third item is obvious. □ 

2. The maximum principle for tensors 

For the applications to the Ricci curvature and the curvature tensor we need a 
version of the maximum principle for tensors that is due to Hamilton; see [30J . 

Suppose that V is a finite-dimensional real vector space and Z C V is a closed 
convex set. For each z in the frontier of Z we define the tangent cone to Z at z, 
denoted T Z Z, to be the intersection of all closed half-spaces H of V such that z G dH 
and Z C H. For z G iivtZ we define T Z Z = V. Notice that v ^ T Z Z if and only if 
there is a affine linear function t vanishing at z non-positive on Z and positive on v. 

Definition 4.4. Let Z be a closed convex subset of a finite-dimensional real 
vector space V. We say that a smooth vector field ip defined on an open neighborhood 
U of Z in V preserves Z if for every z £ Z we have ip{z) G T Z Z. 

It is an easy exercise to show the following; see Lemma 4.1 on page 183 of [30 : 

Lemma 4.5. Let Z be a closed convex subset in a finite dimensional real vector 
space V. Let ip be a smooth vector field defined on an open neighborhood of Z in 
V. Then ip preserves Z if and only if every integral curve 7: [0, a) — * V for ip with 
7(0) G Z has j(t) G Z for all t G [0, a). Said more informally, ip preserves Z if and 
only if every integral curve for ip that starts in Z remains in Z . 

2.1. The global version. The maximum principle for tensors generalizes this 
to tensor flows evolving by parabolic equations. First we introduce a generalization 
of the notion of a vector field preserving a closed convex set to the context of vector 
bundles. 

Definition 4.6. Let ir: V — > M be a vector bundle and let Z C V be a closed 
subset. We say that Z is convex if for every x G M the fiber Z x of Z over x is a 
convex subset of the vector space fiber V x of V over x. Let ip be a fiberwise vector 
field on an open neighborhood U of Z in V. We say that ip preserves Z if for each 
x G M the restriction of ip to the fiber U x of U over x preserves Z x . 

The following global version of the maximum principle for tensors is Theorem 4.2 
of [30] . 

Theorem 4.7. (The maximum principle for tensors) Let (M, g) be a com- 
pact Riemannian manifold. Let V — > M be a tensor bundle and let Z C V be a closed, 
convex subset invariant under the parallel translation induced by the Levi-Civita con- 
nection. Suppose that ip is a fiberwise vector field defined on an open neighborhood 
of Z in V that preserves Z. Suppose that T(x,t), < t < T, is a one-parameter 
family of sections of V that evolves according to the parabolic equation 

If T{x, 0) is contained in Z for all x G M , then T(x, t) is contained in Z for all 
x G M and for all0<t<T. 



92 



4. THE MAXIMUM PRINCIPLE 



For a proof we refer the reader to Theorem 4.3 and its proof (and the related 
Theorem 4.2 and its proof) in [30J . 

There is a slight improvement of this result where the convex set Z is allowed to 
vary with t. It is proved by the same argument; see Theorem 4.8 on page 101 of 

Theorem 4.8. Let (M,g) be a compact Riemannian manifold. Let V — ► M be 
a tensor bundle and let Z C V x [0, T] be a closed subset with the property that 
for each t £ [0, T] the time-slice Z(t) is a convex subset of V x {t} invariant under 
the parallel translation induced by the Levi-Civita connection. Suppose that ip is a 
fiberwise vector field defined on an open neighborhood of Z inVx [0, T] that preserves 
the family Z(t) in the sense that any integral curve j(t), to < t < t\, for ip with 
the property that j(to) £ Z(to) has j(t) £ Z(t) for every t £ [to,ti\. Suppose that 
T(x,t), <t <T, is a one-parameter family of sections ofV that evolves according 
to the parabolic equation 

&T 

IfT(x,0) is contained in Z(0) for all x £ M, then T(x,t) is contained in Z(t) for 
all x £ M and for allO<t<T. 

2.2. The local version. Here is the local result. It is proved by the same 
argument as given in the proof of Theorem 4.3 in [30J. 



Theorem 4.9. Let (M, g) be a Riemannian manifold. Let U C M be a compact, 
smooth, connected, codimension-0 submanifold. Let V — > M be a tensor bundle 
and let Z C V be a closed, convex subset. Suppose that tp is a fiberwise vector field 
defined on an open neighborhood of Z inV preserving Z. Suppose that Z is invariant 
under the parallel translation induced by the Levi-Civita connection. Suppose that 
T(x,t), <t <T, is a one-parameter family of sections ofV that evolves according 
to the parabolic equation 

LfT(x,0) is contained in Z for all x £ U and ifT{x,t) £ Z for all x £ dU and all 
< t < T , then T(x, t) is contained in Z for all x £ U and all <t <T. 



3. Applications of the maximum principle 

Now let us give some applications of these results to Riemann and Ricci curvature. 
In order to do this we first need to specialize the above general maximum principles 
for tensors to the situation of the curvature. 

3.1. Ricci flows with normalized initial conditions. As we have already 
seen, the Ricci flow equation is invariant under multiplying space and time by the 
same scale. This means that there can be no absolute constants in the results about 
Ricci surgery. To break this gauge symmetry and make the constants absolute we 
impose scale fixing (or rather scale bounding) conditions on the initial metrics of 
the flows that we shall consider. The following definition makes precise the exact 
conditions that we shall use. 
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Definition 4.10. We say that a that a Ricci flow (M, g(t)) has normalized initial 
conditions if is the initial time for the flow and if the compact Riemannian manifold 
(M n ,g(0)) satisfies: 

(1) |Rm(»,0)| < 1 for all x £ M. 

(2) Let LO n be the volume of the ball of radius 1 in n -dimensional Euclidean 
space. Then Vol(B(x, 0, r)) > (uj n /2)r n for any p £ M and any r < 1. 

We also use the terminology (M, <?(0)) is normalized to indicate that it satisfies these 
two conditions. 

The evolution equation for the Riemann curvature and a standard maximum 
principle argument show that if (M,g(0)) has an upper bound on the Riemann 
curvature and a lower bound on the volume of balls of a fixed radius, then the flow 
has Riemann curvature bounded above and volumes of balls bounded below on a 
fixed time interval. Here is the result in the context of normalized initial condition. 

Proposition 4.11. There is kq > depending only on the dimension n such 
that the following holds. Let (M n , g(t)), < t < T, be a Ricci flow with bounded 
curvature, with each (M,g(t)) being complete, and with normalized initial conditions. 
Then |Rm(x, t)\ < 2 for all x £ M and all t £ [0, min(T, 2~ 4 )]. Furthermore, for any 
t £ [0, min(T, 2 -4 )] and any x £ M and any r < 1 we have VolB(x,t,r) > KQr n . 

Proof. The bound on the Riemann curvature follows directly from Lemma 6.1 
on page 207 of |14] and the definition of normalized initial conditions. Once we 
know that the Riemann curvature is bounded by 2 on [0, 2 -4 ], there is an < ro 
depending on n such that for every x £ M and every r < ro we have B{x, 0, r$r) C 
B(x,t,r) C B{x, 0, 1). Also, from the bound on the Riemann curvature and the 
evolution equation for volume given in Equation (|3.7|) . we see that there is A < oo 
such that Voh (B(x, 0, s)) > ^4 _1 Volo (B(x, 0, s)). Putting this together we see that 



3.2. Extending flows. There is one other consequence that will be important 
for us. For a reference see |14| Theorem 6.3 on page 208. 

Proposition 4.12. Let (M,g(t)), < t < T < oo, be a Ricci flow with M 
a compact manifold. Then either the flow extends to an interval [0, T") for some 
T' > T or |Rm| is unbounded on M x [0, T). 

3.3. Non-negative curvature is preserved. We need to consider the tensor 
versions of the maximum principle when the tensor in question is the Riemann or 
Ricci curvature and the evolution equation is that induced by the Ricci flow. This 
part of the discussion is valid in dimension three only. We begin by evaluating the 
expressions in Equation f)3. 19|) in the 3-dimensional case. Fix a symmetric bilinear 
form S on a 3-dimensional real vector space V with a positive definite inner product. 
The inner product determines an identification of A 2 V with V* . Hence, A 2 S* is 
identified with a symmetric automorphism of V, denoted by SK 



Voh (B(x,t,r 



)>A-\LO n /2)r%r n . 



This proves the result. 



□ 
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Lemma 4.13. Let (M,g) be a Riemannian 3-manifold. Let T e Sym 2 (A 2 T*M) 
be the curvature operator written with respect to the evolving frame as in Proposi- 
tion \3.1{h Then the evolution equation given in Proposition \3.1& is: 

dT 

- = AT + *(T) 

where 

In particular, in an orthonormal basis in which 

f\ 

r = o n o 

\0 v 

with A > [i > v, the vector field is given by 

f\ 2 + nv 
^(T)=T 2 +T tt = n 2 + Xv 

\ v 2 + X{i 

Corollary 4.14. Let (M,g(t)), < t < T, be a Ricci flow with M a compact, 
connected 3-manifold. Suppose that Rm(:r, 0) > for all x £ M . Then Rm(x, t) > 
for all x € M and all t £ [0, T]. 

Proof. Let v x : Sym 2 (A 2 T*M) — > R associate to each endomorphism its small- 
est eigenvalue. Then v x (T) is the minimum over all lines in f\ 2 T x M of the trace of 
the restriction of T to that line. As a minimum of linear functions, v x is a convex 
function. In particular, Z x = u~ ([0,oo)) is a convex subset. We let Z be the 
union over all x of Z x . Clearly, Z is a closed convex subset of the tensor bundle. 
Since parallel translation is orthogonal, Z is invariant under parallel translation. 
The expressions in Lemma [4.131 show that if T is an endomorphism of A 2 T*M with 
i/(7") > 0, then the symmetric matrix ip(T) is non-negative. This implies that v x is 
non-decreasing in the direction i^{T) at the point T. That is to say, for each x 6 M, 
the vector field ip(T) preserves the set {v~ l (\c, oo))} for any c > 0. The hypothesis 
that Rm(j;, 0) > means that Rm(x, 0) S Z for all x £ M. Applying Theorem 14.71 
proves the result. □ 

Corollary 4.15. Suppose that (M,g(t)), < t <T, is a Ricci flow with M a 
compact, connected 3-manifold with Ric(x, 0) > for all x S M. Then Ric(x, t) > 
for all t > 0. 

Proof. The statement that Ric(x, t) > is equivalent to the statement that for 
every two-plane in f\ 2 T x M the trace of the Riemann curvature operator on this plane 
is > 0. For T G Sym 2 (A 2 T*M), we define s(T) as the minimum over all two-planes 
P in A 2 TM of the trace of T on P. The restriction s x of s to the fiber over x is the 
minimum of a collection of linear functions and hence is convex. Thus, the subset 
5 = s -1 ([0,oo)) is convex. Clearly, s is preserved by orthogonal isomorphisms, 
so S is invariant under parallel translation. Let A > fx > v be the eigenvalues of 
T. According to Lemma 14.131 the derivative of s x at T in the ^(T)-direction is 
O 2 + Xu) + O 2 + Xfj,) = (/x 2 + v 2 ) + \((m + v). The condition that s(T) > 0, is the 
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condition that v + [i > 0, and hence n > 0, implying that A > 0. Thus, if s(7~) > 0, 
it is also the case that the derivatifve of s x in the ^(T) -direction is non-negative. 
This implies that ip preserves S. Applying Theorem 14.71 gives the result. □ 

4. The strong maximum principle for curvature 

First let us state the strong maximum principle for the heat equation. 

Theorem 4.16. Let U be a compact, connected manifold, possibly with boundary. 
Let h(x,t), < t < T, be a solution to the heat equation 

^^ = Ah(x,t). 

Suppose that h has Dirichlet boundary conditions in the sense that h(x, t) = for 
all (x,t) G dU x [0,T]. If h(x,0) > for all x G V, then h{x,t) > for all 
(x,t) G U x [0,T]. If, in addition, there is y £ U with h(y,0) > 0, then h(x,t) > 
for all (x,t) G mt(U) x (0,T]. 

We shall use this strong maximum principle to establish an analogous result for 
the curvature tensors. The hypotheses are in some ways more restrictive - they are 
set up to apply to the Riemann and Ricci curvature. 

Proposition 4.17. Let (M,g) be a Riemannian manifold and let V be a tensor 
bundle. Suppose that U is a compact, connected, smooth codimension-0 submanifold 
of M. Consider a one-parameter family of sections T(x,t), < t < T, of V. 
Suppose that T evolves according to the equation 

for some smooth, fiberwise vector field ip(T) defined on V. Suppose that s: V — * M. 
is a function satisfying the following properties: 

(1) For each x G M the restriction s x to the fiber V x of V over x is a convex 
function. 

(2) For any A satisfying s x (A) > the vector ip(A) is contained in the tangent 
cone of the convex set {y\s x (y) > s x (A) at the point A. 

(3) s is invariant under parallel translation. 

Suppose that s(T(x,0)) > for all x £ U and that s(T(x,t)) > for all x G dU 
and all t G [0, T]. Suppose also that there is xq G int(f7) with s(T(xq,0)) > 0. Then 
s(T(x,t)) > for all (x,t) G int(C7) x (0,T]. 

PROOF. Let h: U x {0} — > R be a smooth function with h(x, 0) = for all 
x G dU and with s(T(x,0)) > h(x,0) > for all x G U. We choose h so that 
h(xo,0) > 0. Let h(x,t), < t < do, be the solution to the heat equation on U 

m= Ah 

with Dirichlet boundary conditions h(x, t) = for all x G dU and all t > and with 
the given initial conditions. 

Consider the tensor bundle V © R over M . We define 

Z x = {(T, h) G V x © R\s x (T) >h>0}. 
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The union over all x £ M of the Z x defines a closed convex subset Z C V © K which 
is invariant under parallel translation since s is. We consider the family of sections 
(T(x, t), h(x, t)), < t < T, of V © R. These evolve by 

d(T(x,t),/i(x,t)) = (Ar(X; t) ; t))+ ^ (r(x; t) ^ t)) 

where ip(T,h) = (tp(T),0). Clearly, by our hypotheses, the vector field ip preserves 
the convex set Z. Applying the local version of the maximum principle (Theo- 
rem [479]), we conclude that T(x,t) > h(x,t) for all (x,t) £~Ux [0, T}. 

The result then follows immediately from Theorem 14,161 □ 

4.1. Applications of the strong maximum principle. We have the follow- 
ing applications of the strong maximum principle. 

Theorem 4.18. Let (U,g(t)), < t < T, be a 3- dimensional Ricci flow with 
non-negative sectional curvature with U connected but not necessarily complete and 
with T > 0. // R(p, T) = for some p £ U, then (U, g(t)) is flat for every t S [0, T] . 

Proof. We suppose that there is p £ U with R(p, T) = 0. Since all the metrics 
in the flow are of non-negative sectional curvature, if the flow does not consist 
entirely of flat manifolds then there is (q, t) £ U x [0, T] with R(q, t) > 0. Clearly, 
by continuity, we can assume t < T. By restricting to the time interval [t, T] and 
shifting by —t we can arrange that t = 0. Let V be a compact, connected smooth 
submanifold with boundary whose interior contains q and p. Let h(y, 0) be a smooth 
non-negative function with support in V, positive at q, such that R(y, 0) > h(y, 0) 
for all y £ V. Let h(y,t) be the solution to the heat equation on V x [0,T] that 
vanishes on dV . Of course, h(y,T) > for all y £ int(V). Also, from Equation (|3.7p 
we have 

d 

—(R-h) = A(R -h)+ 2|Ric| 2 , 

so that (R - h)(y, 0) > on (V x {0}) U (dV x [0, T]). It follows from the maximum 
principle that (R — h) > on all of V x [0, T}. In particular, R(p,T) > h(p,T) > 0. 
This is a contradiction, establishing the theorem. □ 

Corollary 4.19. Fix T > 0. Suppose that (U,g(t)), < t < T, is a Ricci 
flow such that for each t, the Riemannian manifold (U,g(t)) is a (not necessarily 
complete) connected, 3-manifold of non-negative sectional curvature. Suppose that 
(U,g(0)) is not flat and that for some p £ M the Ricci curvature at (p,T) has a 
zero eigenvalue. Then for each t £ (0,T] the Riemannian manifold (U,g(t)) splits 
locally as a product of a surface of positive curvature and a line, and under this local 
splitting the flow is locally the product of a Ricci flow on the surface and the trivial 
flow on the line. 

Proof. First notice that it follows from Theorem 14. 181 that because (U, <?(0)) is 
not flat, we have R(y,t) > for every (y,t) £U X (0, T]. 

We consider the function s on Sym 2 (A 2 T*C/) that associates to each endomor- 
phism the sum of the smallest 2 eigenvalues. Then s y is the minimum of the traces 
on 2-dimensional subsets in A 2 T y U. Thus, s is a convex function, and the subset 
S = s _1 ([0,oo)) is a convex subset. Clearly, this subset is invariant under parallel 
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translation. By the computations in the proof of Corollary 14. 151 it is invariant under 
the vector field ip(T). The hypothesis of the corollary tells us that s(p,T) = 0. 
Suppose that s(q, t) > for some (q, t) G U x [0, T]. Of course, by continuity we can 
take t < T. Shift the time parameter so that t = 0, and fix a compact connected, 
codimension-0 submanifold V containing p, q in its interior. Then by Theorem 14.171 
s(y,T) > for all y G int(y) and in particular s(p,T) > 0. This is a contradiction, 
and we conclude that s(q,t) = for all (q,t) G U X [0,T]. 

Since we have already established that each R(y,t) > for all (y,t) G U x (0,T], 
so that Rm(y,t) is not identically zero, this means that for all y G U and all t G 
(0, T] that the null space of the operator Rm(y, t) is a 2-dimensional subspace of 
f\ 2 T y U . This 2-dimensional subspace is dual to a line in T X M. Thus, we have a 
one-dimensional distribution (a line bundle in the tangent bundle) T> in U x (0, T] 
with the property that the sectional curvature Rm(y, t) vanishes on any 2-plane 
containing the line T>(y,t). The fact that the sectional curvature of g(t) vanishes 
on all two-planes in T y M containing V(y, t) means that its eigenvalues are {A, 0, 0} 
where A > is the sectional curvature of the <7(t)-orthogonal 2-plane to T>(y,t). 
Hence K(V(y,t), ■,-,■) = 0. 

Locally in space and time, there is a unique (up to sign) vector field V(y,t) that 
generates V and satisfies \V(y, t)\^u) = ^' ^ e w i sn to show that this local vector 
field is invariant under parallel translation and time translation; cf. Lemma 8.2 in 
|30j . Fix a point x G M, a direction X at x, and a time t. Let V(y,t) be a parallel 
extension of V(x,t) along a curve C passing through x in the X-direction, and let 
W(y, t) be an arbitrary parallel vector field along C. Since the sectional curvature 
is non-negative, we have TZ(V , W, V, W) (y) > for all y G C; furthermore, this 
expression vanishes at x. Hence, its first variation vanishes at x. That is to say 

V (n(V,W,V,W)\ (x,t) = (VK){V,W,V,W) 

vanishes at (x,t). Since this is true for all W, it follows that the null space of the 
quadratic form X71Z(x,t) contains the null space of TZ(x,t), and thus 

(VTZ)(V(x,t),;;-)=0. 

Now let us consider three parallel vector fields W\, W2, and W3 along C. We compute 
= V x (n(V(y,t),W 1 (y,t),W 2 (y,t),W 3 (y,t))y (Notice that while the W { are 

parallel along C, V(y, t) is defined to be the vector field spanning V(y, t) rather 
than a parallel extension of V(x,t).) Given the above result we find that 

= 2H(V x V(x, t) , W 1 (x, t), W 2 (x,t),W 3 (x,t)). 

Since this is true for all triples of vector fields Wi(x,t), it follows that VxV(x,t) 
is a real multiple of V[x,t). But since \V(y, t)\^, t \ = 1, we see that VxV(x,t) is 
orthogonal to V(x,t). We conclude that S/xV(x,t) = 0. Since x and X are general, 
this shows that the local vector field V(x,t) is invariant under the parallel translation 
associated to the metric g{t). 
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It follows that locally (M,g(t)) is a Riemannian product of a surface of positive 
curvature with a line. Under this product decomposition, the curvature is the pull- 
back of the curvature of the surface. Hence, by Equation (13. 5p . under Ricci flow 
on the 3-manifold, the time derivative of the curvature at time t also decomposes 
as the pullback of the time derivative of the curvature of the surface under Ricci 
flow on the surface. In particular, (&JZ/dt)(V, •, •, •) = 0. It now follows easily that 
dV{x,t)/dt = 0. 

This completes the proof that the unit vector field in the direction T>(x,t) is 
invariant under parallel translation and under time translation. Thus, there is a local 
Riemannian splitting of the 3-manifold into a surface and a line, and this splitting 
is invariant under the Ricci flow. This completes the proof of the corollary. □ 

In the complete case, this local product decomposition globalizes in some cover; 
see Lemma 9.1 in [30J. 

Corollary 4.20. Suppose that (M,g(t)), <t <T, is a Ricci flow of complete, 
connected Riemannian 3-manifolds with Rm(x, t) > for all (x, t) and with T > 0. 
Suppose that (M,g(0)) is not flat and that for some x € M the endomorphism 
Rm(x, T) has a zero eigenvalue. Then M has a cover M such that, denoting the 
induced family of metrics on this cover by g(t), we have that (M,g(t)) splits as a 
product 

(N,h(t)) x (R,ds 2 ) 

where (N,h(t)) is a surface of positive curvature for all < t <T. The Ricci flow 
is a product of the Ricci flow (N, h(t)), < t < T, with the trivial flow on M. 

Remark 4.21. Notice that there are only four possibilities for the cover required 
by the corollary. It can be trivial, or a normal Z-cover or it can be a two-sheeted 
cover or a normal infinite dihedral group cover. In the first two cases, there is a unit 
vector field on M parallel under g{t) for all t spanning the null direction of Ric. In 
the last two cases, there is no such vector field, only a non-orientable line field. 

Let (N, g) be a Riemannian manifold. Recall from Definition 11.141 that the open 
cone on (iV, g) is the space N x (0, oo) with the Riemannian metric g(x, s) = s 2 g(x) + 
ds 2 . An extremely important result for us is that open pieces in non-flat cones cannot 
arise as the result of Ricci flow with non-negative curvature. 

Proposition 4.22. Suppose that (U,g(t)), < t < T, is a ^-dimensional Ricci 
flow with non-negative sectional curvature, with U being connected but not neces- 
sarily complete and T > 0. Suppose that (U, g(T)) is isometric to a non-empty 
open subset of a cone over a Riemannian manifold. Then (U,g(t)) is flat for every 
te[0,T\. 

Proof. If (U,g(T)) is flat, then by Theorem \ZTE\ for every t £ [0,T] the Rie- 
mannian manifold (U,g(t)) is flat. 

We must rule out the possibility that (U, g(T)) is non-flat. Suppose that (U, g(T)) 
is an open subset in a non-flat cone. According to Proposition |1.15| for each x £ U 
the Riemann curvature tensor of (U,g(T)) at x has a 2-dimensional null space in 
A 2 T X U. Since we are assuming that (U,g(T)) is not flat, the third eigenvalue of 
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the Riemann curvature tensor is not identically zero. Restricting to a smaller open 
subset if necessary, we can assume that the third eigenvalue is never zero. By the 
computations in Proposition II . 151 the non-zero eigenvalue is not constant, and in fact 
it scales by s~ 2 in the terminology of that proposition, as we move along the cone 
lines. Of course, the 2-dimensional null-space for the Riemann curvature tensor 
at each point is equivalent to a line field in the tangent bundle of the manifold. 
Clearly, that line field is the line field along the cone lines. Corollary 14.191 says 
that since the Riemann curvature of (U,g(T)) has a 2-dimensional null-space in 
A 2 T X U at every point x £ U, the Riemannian manifold (U,g(T)) locally splits as 
a Riemannian product of a line with a surface of positive curvature, and the 2- 
dimensional null-space for the Riemannian curvature tensor is equivalent to the line 
field in the direction of the second factor. Along these lines the non-zero eigenvalue 
of the curvature is constant. This is a contradiction and establishes the result. □ 

Lastly, we have Hamilton's result (Theorem 15.1 in [29]) that compact 3-manifolds 
of non-negative Ricci curvature become round under Ricci flow: 

Theorem 4.23. Suppose that (M,g(t)), < t <T, is a Ricci flow with M being 
a compact 3- dimensional manifold. If Ric(x, 0) > for all x £ M, then either 
Ric(x,£) > for all (x,t) £ M x (0,T) or Ric(x,t) = for all (x,t) £ M X [0,T). 
Suppose that Ric(x, t) > for some (x, t) and that the flow is maximal in the sense 
that there is no T' > T and an extension of the given flow to a flow defined on the 
time interval [0,T'). For each (x,t), let X(x,t), resp. v(x,t), denote the largest, resp. 
smallest, eigenvalue of Km(x,t) on A 2 T X M. Then as t tends to T the Riemannian 
manifolds (M,g(t)) are becoming round in the sense that 

hm t ^r— 7 — 77" = 1. 

Furthermore, for any x £ M the largest eigenvalue \(x,t) tends to oo as t tends 
to T, and rescaling (M,g(t)) by X(x,t) produces a family of Riemannian manifolds 
converging smoothly as t goes to T to a compact round manifold. In particular, 
the underlying smooth manifold supports a Riemannian metric of constant positive 
curvature so that the manifold is diffeomorphic to a 3- dimensional spherical space- 
form. 

Hamilton's proof in [29j uses the maximum principle and Shi's derivative esti- 
mates. 

4.2. Solitons of positive curvature. One nice application of this pinching 
result is the following theorem. 

Theorem 4.24. Let (M, g) be a compact 3- dimensional soliton of positive Ricci 
curvature. Then (M, g) is round. In particular, (M, g) is the quotient of S 3 with 
a round metric by a finite subgroup of 0(4) acting freely; that is to say, M is a 
3- dimensional spherical space-form. 

Proof. Let (M,g(t)), < t < T, be the maximal Ricci flow with initial man- 
ifold (M,g). Since Ric(x,0) > for all x € M, it follows from Theorem 0T23] that 
T < oo and that as t tends to T the metrics g(t) converge smoothly to a round 
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metric. Since all the manifolds (M,g(t)) are isometric up to diffeomorphism and 
a constant conformal factor, this implies that all the g(t) are of constant positive 
curvature. 

The last statement is a standard consequence of the fact that the manifold has 
constant positive curvature. □ 

Remark 4.25. After we give a stronger pinching result in the next section, we 
shall improve this result, replacing the positive Ricci curvature assumption by the 
a priori weaker assumption that the soliton is a shrinking soliton. 

5. Pinching toward positive curvature 

As the last application of the maximum principle for tensors we give a theorem 
due to R. Hamilton (Theorem 4.1 in |36j) and T. Ivey |41j which shows that, in 
dimension three, as the scalar curvature gets large, the sectional curvatures pinch 
toward the positive. Of course, if the sectional curvatures are non-negative, then 
the results in the previous section apply. Here, we are considering the case when the 
sectional curvature is not everywhere positive. The pinching result says roughly the 
following: At points where the Riemann curvature tensor has a negative eigenvalue, 
the smallest (thus negative) eigenvalue of the Riemann curvature tensor divided by 
the largest eigenvalue limits to zero as the scalar curvature grows. This result is 
central in the analysis of singularity development in finite time for a 3-dimensional 
Ricci flow. 

Theorem 4.26. (Pinching toward positive curvature) Let (M,g(t)), < 
t < T, be a Ricci flow with M a compact 3-manifold. Assume at for every x S M, 
the eigenvalues, A(x,0) > /u(x,0) > u(x,0), of Rm(x,t) are all at least —1. Set 
X(x,t) = max(— u(x, t), 0). Then we have: 

(1) R{x,t) > and 

(2) for all (x, t) for which < X(x, t) 

R(x, t) > 2X(x, t) (logX(x, t) + log(l + 1) - 3) . 

For any fixed t, the limit as X goes to from above of A(log(A) + log(l + 1) — 3) 
is zero, so that it is natural to interpret this expression to be zero when X = 0. Of 
course, when X(x,t) = all the eigenvalues of Rm(x,t) are non-negative so that 
R(x,t) > as well. Thus, with this interpretation of the expression in Part 2 of the 
theorem, it remains valid even when X(x,t) = 0. 

Remark 4.27. This theorem tells us, among other things, that as the scalar 
curvature goes to infinity then absolute values of all the negative eigenvalues (if 
any) of Rm are arbitrarily small with respect to the scalar curvature. 

We proof we give below follows Hamilton's original proof in [36J very closely. 

Proof. First note that by Proposition 14.11 if ii m i n (0) > 0, then the same is 
true for R m i n (t) for every t > and thus the first inequality stated in the theorem is 
clearly true. If i? m i n (0) < 0, the first inequality stated in the theorem follows easily 
from the last inequality in Proposition I4.H 
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We turn now to the second inequality in the statement of the theorem. Consider 
the tensor bundle V = Sym 2 (A 2 T*M). Then the curvature operator written in the 
evolving frame, T(x, t), is a one-parameter family of smooth sections of this bundle, 
evolving by 

<9T 

We consider two subsets of V. There are two solutions to x(log(x) + (log(l + t) — 3) = 
-3/(1 + t). One is x = 1/(1 + t); let £(t) > 1/(1 + t) be the other. We set 
S(T) = tr(T), so that R = 25, and we set X(T) = max(-v(T), 0). Define 

Z x {t) = {TGV|S(T)>-^y} 

Z 2 (t) = {T€V\S(T)>f t (X(T)) } if X(T)>at)}, 
where ft(x) = x(logx + log(l + t) — 3). Then we define 

z(t) = z 1 (t)nz 2 (t). 

Claim 4.28. For each x G M and each t > 0, the fiber Z(x, t) of Z(t) over x is 
a convex subset o/Sym 2 (A 2 T*M). 

Proof. First consider the function ft(x) = x(log(x) + log(l + 1) — 3) on the 
interval [£(i),oo). Direct computation shows that f'(x) > and f"{x) > on 
this interval. Hence, for every t > the region C{t) in the S-X plane defined by 
S > —3/(1 + 1) and S > ft(X) when X > £(t) is convex and has the property that 
if (S,X) E C(t) then so is (S,X') for all X' < X. (See FlG. QJ. By definition an 
element T € V is contained in Z(t) if and only if (S(T),X(T) £ C(t). Now fix 
t > and suppose that T\ and T 2 are elements of Sym 2 (A 2 T*M x ) such that setting 
Si = tr(7i) and Xi = X{%) we have [Si,Xi) S C(t) for % = 1,2. Then we consider 
T = sT x + (1 - s)T 2 for some s G [0, 1]. Let 5 = tr(T) and X = X(T). Since C(t) is 
convex, we know that {sS\ + (1 — s)^, sXi + (1 — s)X 2 ) G C(t), so that T G 
Clearly, S = sS± + (1 — s)S 2 , so that we conclude that (S, (sXi + (1 — s)X 2 )) G C(t). 
But since v is a convex function, X is a concave function, i.e., X < sXi + (1 — s)X 2 . 
Hence (S,X) G C(t). □ 



Claim 4.29. T(x,0) G Z(x,0) /or a// x G M. 

Proof. Note that by the hypothesis of the theorem we have 

u(x, 0) + fi(x, 0) + A(x, 0) > -3 

so (S(x,0),X(x,0)) G C(0) for all x G M. On the other hand, if < X(x,0), then 
since X(x, 0) < 1 we have 5"(x,0) > — 3X(x, 0) > X(logX — 3). This completes the 
proof that T(x, 0) G C(0) for all x G M. □ 

Claim 4.30. The vector field ip(T) = T 2 + T$ preserves the family Z(t) of convex 
sets. 

Proof. Fix x G M and suppose that we have an integral curve j(t), to < t < T, 
for i\) with 7(to) G ■Z(2 ; ) io)- We wish to show that j(t) G Z(x,t) for all £ G [to,T]. 
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Figure 1. Curvature convex set 

The function S(t) = Sfrfy)) satisfies 

^ = \ 2 + H 2 + v 2 + + \v + liv 
at 

By Cauchy-Schwarz we have 



((A + ^) 2 + (A + z,) 2 + ( M + z,) 2 ). 



(A + ^) 2 + (A + ,) 2 + (^ + ,) 2 )>^>^. 

Since 7(to) £ Z(x,to) we have S(to) > —3/(1 + to)- It then follows that 

(4.2) S(t) > -3/(1 + t) for all t > t . 

Now let us consider the evolution of X(t) = X(j(t)). Assume that we are at a 
point t for which X(t) > 0. For this computation we set Y = —fx. 

dX dv 2 
~df ~ ~~dt ~ ~ U ~ M 
dS _ d{u + [i + A) 

~dt ~ dt 

= X 2 + Y 2 + A 2 + XY - X(X + Y). 



-X 2 + YX, 
v 2 + ii 2 + A 2 + fi\ + v\ + ufi 



Putting this together yields 
(4.3) 

where / = XY 2 + XY(Y - X) + X' 2 (X - Y). 
Claim 4.31. I > 0. 

Proof. First we consider the case when Y < 0. This means that fi > and 
hence that A > 0. Since by definition X > 0, we have X > Y. This immediately 
gives / > 0. Now let us consider the case when Y > which means that v < /x < 0. 
In this case, we have 

/ = Y 3 + (X - Y)(A 2 -XY + Y 2 )>0 
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since X > Y and A 2 - \Y + Y 2 



(A-^) 2 + ^>0. 



□ 




(4.5) 




Now suppose that j(t) G" Z(x,t) for some t G [to,T]. Let t\ < T be maximal 
subject to the condition that ^(t) G Z(x,t) for all to < t < tx- Of course, 7(ti) G 
dZ(x,ti) which implies that (S (ti) , X (tx)) G dC(ti). There are two possibilities: 
either S(i x ) = -3/(1 + h) and X(ti) < or > > 1/(1 + *i) and 

5(t x ) = / tl (X(i!)). But Equation (JOD implies that S(t) > -3/(1 + i) for all t. 
Hence, if the first case holds then j(t) G Z(x,t) for t in some interval [io,i'i] with 
t'i > tx- This contradicts the maximality of t\. Thus, it must be the case that 
X(ti) > C(*i)- But then X(t) > for all t sufficiently close to t\. Hence, by 
Equation (j4.5j) we have 



for all t sufficiently close to t\. Also, since S(t\) = ft x (X(t\)), we have W{t\) = 
(log(l + t x ) - 3). It follows immediately that W(t) > (log(l + 1) - 3) for all i > t x 
sufficiently close to tx- This proves that S*(t) > ft(X(t)) for all t > tx sufficiently 
close to tx, again contradicting the maximality of tx- 

This contradiction proves that ip preserves the family Z(t). □ 

By Theorem l4,81 the previous three claims imply that T{x, t) G 2(t) for all x G M 
and all t G [0,T). That is to say, S(x,t) > -3/(1 + t) and 5(x,t) > f t (X(x,t)) 
whenever X(x,t) > £(t). For X G [1/(1 + *),€(*)] we have ft(X) < -3/(1 + 1), and 
thus in fact S(x,t) > ft(X(x,t)) as long as X(x,t) > 1/(1 + t). On the other hand, 
if < X(x,t) < 1/(1 + t) then f t (X(x,t)) < -3X(x,t) < S(x,t). On the other 
hand, since X(x,t) is the negative of the smallest eigenvalue of T(x,t) and S(x,t) 
is the trace of this matrix, we have S(x,t) > —3X(x,t). Thus, S(x,t) > ft(X(x,t)) 
in this case as well. This completes the proof of Theorem 14.261 □ 

Actually, the proof establishes a stronger result which we shall need. 

Theorem 4.32. Fix a > 0. Let (M,g(t)), a < t < T, be a Ricci flow with M 
a compact 3-manifold. Suppose the eigenvalues of Rm(x, t) are \(x, t) > fj,(x, t) > 
u(x,t) and set X(x,t) = max(— v(x, t), 0). Assume that for every x G M we have 



R(x, a) > 



-6 



- 4a +1 



and 



R{x, a) > 2X(x, a) (logX(x, a) + log(l + a) - 3) , 
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where the second inequality holds whenever X(x, a) > 0. Then for all a < t < T we 
have: 

(4.6) R(x,t) > 

v ' v 1 ~ 4t + l 

(4.7) R(x,t) > 2X(x,t)(logX(x,t) + log(l + 1) -3), 
whenever X(x,t) > 0. 

Once again it is natural to interpret the right-hand side of the inequalities relating 
R and X to be zero when X(x, t) = 0. With this convention the result remains true 
even when X(x, t) = 0. 

Corollary 4.33. Fix a > 0. Suppose that (M,g(t)), a <t <T, is a Ricci flow 
with M a compact 3-manifold, and suppose that the two hypotheses of the previous 
theorem hold. Then there is a continuous function (ft such that for all Rq < oo, if 
R(x,t) < R then |Rm(x,t)| < <ft(Ro). 

Proof. Fix Rq > e 4 sufficiently large, and suppose that R(x,t) < Rq. If 
X(x,t) = 0, then \Rm(x,t)\ < R(x,t)/2. If X(x,t) > 0, then by Theorem 
it is bounded by Rq. Thus, X(x, t) < 3Rq. Thus, we have an upper bound on X(x, t) 
and a lower bound on v(x, t) in terms of Rq. □ 

This theorem leads to a definition. 

Definition 4.34. Let G) be a generalized Ricci flow whose domain of defi- 
nition is contained in [0, oo). Then we say that G) has curvature pinched toward 
positive if for every x £ M. the following two conditions hold: 

(1) 

-6 

R(x) > —r 4- — 
v ' ~ 4t(a:) + 1 

(2) 

R(x) > 2X(x) {logX{x) + log(l + t(x)) - 3) , 
whenever < X(x) 



where, as in the statement of Theorem 14.26} X(x) is the maximum of zero and the 
negative of the smallest eigenvalue of Rm(x). 

The content of Theorem [02] is that if (M,g(t)), < a < t < T, is a Ricci flow 
with M a compact 3-manifold and if the curvature of (M,g(a)) is pinched toward 
positive, then the same is true for the entire flow. 

5.1. Application of the pinching result. As an application of this pinching 
toward positive curvature result we establish a strengthening of Theorem 14.241 

Theorem 4.35. Let (M,g) be a compact 3- dimensional shrinking soliton, i.e., 
there is a Ricci flow (M,g(t)), < t < T, so that for each t £ [0, T) there is a 
constant c(t) with lim£_>Tc(£) = and with the property that there is an isometry 
from (M,g(t)) to (M,c(t)g). Then (M,g) is round. 
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Proof. By rescaling we can assume that for all x G M all the eigenvalues of 
Rm(x, 0) have absolute value < 1. This implies that (M,g(0)) satisfies the hy- 
pothesis of Theorem 14.261 Our first goal is to show that Rm(x, 0) > for all 
x £ M. Suppose that this is not true; then there is a point x with X(x,0) > 0. 
Consider A = X(x, 0)/R(x, 0). For each t < T let xt € M be the image of x 
under the isometry from (M,g(0)) to (M, c(t)g{t)). Then X(x t ,t) = c _1 (t)X(a;, 0) 
and X(xt,t)/ R(x t ,t) = A. Since c(t) tends to as t approaches T, this contra- 
dicts Theorem 14.261 Now, according to Theorem 14. 141 either all (M,g(t)) are flat or 
Rm(x, t) > for all (x, t) £ M x (0, T). But if the (M, g(t)) are all flat, then the flow 
is trivial and hence the diameters of the (M, g{t)) do not go to zero as t approaches 
T, contradicting the hypothesis. Hence, Rm(x,i) > for all (x,t) E M x (0,T). 
According to Theorem 14.231 this means that as the singularity develops the metrics 
are converging to round. By the shrinking soliton hypothesis, this implies that all 
the metrics (M,g(t)), < t < T, are in fact round. Of course, it then follows that 
(M, g) is round. □ 



The following more general result was first given by T. Ivey 

Theorem 4.36. Any 3- dimensional compact Ricci soliton go is Einstein. 

Since we do not need this result, we do not include a proof. 

5.2. The Harnack inequality. The last consequence of the maximum princi- 
ple that we need is Hamilton's version of the Harnack inequality for Ricci flows, see 
Theorem 1.1 and Corollary 1.2 of 



Theorem 4.37. Suppose that (M,g(t)) is a Ricci flow defined for (Tq,T\) with 
(M,g(t)) a complete manifold of non-negative curvature operator with bounded cur- 
vature for each t £ (Tq,Tx). Then for any time- dependent vector field x( x ,t) on M 
we have: 

dR{^tl + |(M2 + t)yR{x ^ t)) + 2Ric(X) t)U{x ^ t)) > Q 

In particular, we have 

8R(x,t) R(x,t) 
dt t-T ~ 

Remark 4.38. Notice that the second result follows from the first by taking 

x = o. 

Corollary 4.39. // (M,g(t)) is a Ricci flow defined for —oo < t < with 
(M,g(t)) a complete manifold of bounded, non-negative curvature operator for each 
t, then 

dR(x,t) >Q 
dt 

Proof. Apply the above theorem with x( x >t) = f° r an ( x )t) an d for a se- 
quence of To — ► — oo. □ 

The above is the differential form of Hamilton's Harnack inequality. There is also 
the integrated version, also due to Hamilton; see Corollary 1.3 of |32j . 
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Theorem 4.40. Suppose that (M,g(t)) is a Ricci flow defined for h < t < t 2 
with (M,g(t)) a complete manifold of non-negative, bounded curvature operator for 
all t £ [ti,t 2 ]. Let x\ and x 2 be two points of M. Then 

, ( R(x 2 ,t 2 ) \ 

° g \R(x 1 ,t 1 )J ~ 2 (t 2 -h) ■ 

Proof. Apply the differential form of the Harnack inequality to x = — V(logi2)/2 
-VR/2R, and divide by R. The result is 



R~\dR/dt) - \V(\ogR)\ 2 + 
Since Ric(A,A)/R < \A\ 2 , it follows that 



Ric(V(logfl),V(logfl)) 
2R 



> 0. 



| (i„ gJJ) _ i v "°^>i 2 > 0. 

<9r ; 2 

Let d be the g(ti)-distance from 37 to x 2 and let 7: [ii,^] -> M be a 9(h)- 
geodesic from x\ to X2, parameterized at speed d/(t 2 — 1±). Then let fx(t) = (j(t), t) 
be a path in space-time. We compute 



log 



( R(x 2 ,t 2 ) 

\R(xi,h) 



ti 



t2 ^log(i?(/x(t))di 



= / 

> jf" \\V(\ogR)(^t))\ 2 ~ |V(lo gj R)(/,(t))| 
~ 2Jt, 



c#7 



dt 



dt 



where the last inequality comes form completing the square. Since Ric(x,t) > 0, 
\ d ll dt \ 9 (t) < \dl/dt\ g{tl) , thus 



log 



R(x 2 ,t 2 ) 
R(x 1 ,h) 



> -- 



ti 



c?7 



dt 



dt. 



3(h) 



Since 7 is a <7(ii)-geodesic, this latter integral is 

ld 2 g{tl) (xi,x 2 ) 



t 2 -h 



□ 



CHAPTER 5 



Convergence results for Ricci flow 

The most obvious notion of smooth convergence of Riemannian manifolds is the 
(7°°-version of Cheeger-Gromov compactness: We have a sequence of Riemannian 
metrics g n on a fixed smooth manifold M converging uniformly on compact subsets 
of M in the C°°-topology to a limit metric g^. There is also a version of this 
compactness for based, complete Riemannian manifolds. The most common starts 
with a sequence of based complete Riemannian manifolds (M n , g n , x n ), typically of 
unbounded diameter. Then a geometric limit is a based complete (M^, g^, Xqo) 
so that for every R < oo the metric balls B(x n ,R) C M n converge uniformly in 
the C°°-topology to the metric ball B(x OCl ,R) C M^. This allows the topology to 
change - even if all the M n are diffeomorphic, can have a different topological 
type; for example the M n could all be compact and could be non-compact. 

But we also need to be able to deal with incomplete limits. In the case of in- 
complete limits, the basic idea remains the same, but it requires some care to give a 
definition of a geometric limit that makes it unique up to canonical isometry. One 
must somehow impose conditions that imply that the limit eventually fills up most 
of each of the manifolds in the sequence. 

1. Geometric convergence of Riemannian manifolds 

Above we referred to filling up 'most' of the manifold. The measure of most of 
the manifold is in terms of the 5-regular points as defined below. 

Definition 5.1. Let (U,g) be a Riemannian manifold. Let 5 > be given. We 
say that p G U is a 5-regular point if for every r' < 6 the metric ball B(p,r') has 
compact closure in U. Equivalently, p is 5-regular if the exponential mapping at p 
is defined on the open ball of radius 5 centered at the origin in T P U, i.e., if each 
geodesic ray emanating from p extends to a geodesic defined on [0,5). We denote 
by Reg 5 (U,g) the subset of 5-regular points in (U,g). For any x G Reg (5 (L r , g) we 
denote by Reg s (U,g,x) the connected component of Reg s (U,g) containing x. 

Intuitively, the 5-regular points of (U, g) are at distance at least 5 from the bound- 
ary on U. 

Lemma 5.2. Reg^Cf, g) is a closed subset ofU. 

Proof. Suppose that p n converges to p as n tends to oo and suppose that 
p n € Regs{U,g) for all n. Fix r' < 5 and consider the ball B(p,r'). For all n 
sufficiently large, this ball is contained in B(p n , (5 + r')/2), and hence has compact 
closure. □ 
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Now we are ready for the basic definition of geometric convergence of Riemannian 
manifolds. 

Definition 5.3. For each k let (Uk,gk,Xk) be a based, connected Riemannian 
manifold. A geometric limit of the sequence {Uk, gk, Xk}kLo is a based, connected 
Riemannian manifold (U^o, g^o, Xqo) with the extra data: 

(1) An increasing sequence Vk C Uoo of connected open subsets of Uoo whose 
union is Uoo and which satisfy the following for all k: 

(a) the closure Vk is compact, 

(b) V k C Vfc+i, 

(c) Vfc contains Xoo- 

(1) For each k > a smooth embedding ip^: (V^Xoo) — ► (Uk,Xk) with the 
properties that: 

(a) limfc^oo^^fc = g^, where the limit is in the uniform C°°-topology on 
compact subsets of Uoo- 

(b) For any 5 > and any R < oo for all k sufficiently large, Xk € 
Reg s (Uk, gk) and for any £ > k the image <pg(Vk) contains B(xe,R) n 
Regs(Ug,gg,xg). 

We also say that the sequence converges geometrically to (Uoo, goo-, Xoo) if there 
exist (Vk,ifk) as required in the above definition. We also say that (Uoo, goo, ^oo) is 
the geometric limit of the sequence. 

More generally, given (Uoo, goo, Xoo), a sequence of open subsets and {Vjfc}?^ 
satisfying (1) above, and smooth maps ifk'- Vk — ► Uk satisfying (2a) above, we say 
that (Uoo, goo, Xoo) is a partial geometric limit of the sequence. 

Remark 5.4. Conditions (1) and (2a) in the definition above also appear in the 
definition in the case of complete limits. It is Condition (2b) that is extra in this 
incomplete case. It says that once k is sufficiently large then the image <pg(Vk) 
contains all points satisfying two conditions: they are at most a given bounded 
distance from xg, and also they are at least a fixed distance from the boundary of 
Ug. 

Notice that if the (Uk,gk) have uniformly bounded volume by, say, V, then any 
geometric limit has volume < V. 

Lemma 5.5. The geometric limit of a sequence {Uk,9k, x k) i- s unique up to based 
isometry. 

Proof. Suppose that we have two geometric limits (Uoo, goo, Xoo) and (U^, g'oo, x 'oo)- 
Let {Vk,ifk} and {Vl,(p' k } be the sequences of open subsets and maps as required 
by the definition of the limit. 

Fix k. Since Vk is connected and has compact closure, there are R < oo and S > 
such that Vk C B(x 00 ,R) n Heg$(Uoo, goo, x oo)- Let x be contained in the closure 
of Vk- Then by the triangle inequality the closed ball B(x,S/3) is contained in 
B(xoo,R + S)nReg s/2 (Uoo , goo, Xoo)- Since the union of these closed balls as x ranges 
over Vk is a compact set, for all t sufficiently large, the restriction of ip^gg to the union 
of these balls is close to the restriction of goo to the same subset. In particular, for all 
£ sufficiently large and any x G Vk we see that ipg (B(x, 6/3)) contains B(ipg(x),8/4). 
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Thus, for all £ sufficiently large ipg(Vk) C B(x£,R + 25) n Regg/ 4 (U£, g£,xi). This 
implies that, for given k, for all £ sufficiently large ipe(V k ) C (p' e (V[). Of course, 
(<^) -1 o ipe(xoo) = x'qq. Fix k and pass to a subsequence of £, such that as I — > oo, 
the compositions (y*) -1 ° (^|v fe ) : ^4 — * converge to a base-point preserving 
isometric embedding of V k into U^. Clearly, as we pass from k to k' > k and take a 
further subsequence of £ these limiting isometric embeddings are compatible. Their 
union is then a base-point preserving isometric embedding of Uoo into U'^. 

The last thing we need to see is that the embedding of Uoo into U'^ constructed 
in the previous paragraph is onto. For each n we have V n C V' l+1 . Since V n is 
compact and connected, it follows that there are R < oo and 6 > (depending on 
n) such that V n C B(x' O0 ,R)r\Reg s iy n+ i,g' O0 ,x' O0 ). Since V^ +1 has compact closure 
in U'qq, as I tends to oo the metrics ((p'p)*gt converge uniformly on V n +i to g l 00 \v n+ \- 
This means that there are R' < oo and 5' > (depending on n) such that for all £ 
sufficiently large, <p e {V n ) C B(x k ,R f ) n Reg 5 /(C/£, a^). This implies that for all A; 
sufficiently large and any I > k the image ^(V^) is contained in the image of <fe(V k ). 
Hence, for all k sufficiently large and any £ > k we have C (<^) -1 (<^(Vjt)). Hence, 
the isometric embedding Uoo — ► U^ constructed above contains V^. Since this is 
true for every n, it follows that this isometric embedding is in fact an isometry 

Uoo - U'o,. □ 

Here is the basic existence result. 

Theorem 5.6. Suppose that <7fc,£fc)}jfcLi is a sequence of based, connected, 
n- dimensional Riemannian manifolds. In addition, suppose the following: 

(1) There is 5 > such that x k £ Reg$(U k , g k ) for all k. 

(2) For each R < oo and 5 > i/tere is a constant V(R, 5) < oo suc/i t/iat 
Vol(i?(xfc, i?) n Reg^C/fc, Xfe)) < V(i?, 5) for all k sufficiently large. 

(3) For each non-negative integer i, each 6 > 0, and each R < oo, there is a 
constant C(£,S,R) such that for every k sufficiently large we have 

\V e Rm(g k )\ < C(£,S,R) 

on all of B(x k , R) nReg s (U k , g k ). 

(4) For every R < oo there are ro > and k > such that for every k 
sufficiently large, for every 5 < ro and every x £ B(x k , R)nReg s (U k , g k , x k ) 
the volume of the metric ball B(x, 5) C U k is at least n5 n . 

Then, after passing to a subsequence, there exists a based Riemannian manifold 
(Uoo, 9oo, Xoo) that is a geometric limit of the sequence {(U k , g k , £fc)}fcLi- 

Before giving the proof of this result, we begin with a standard lemma. 

Lemma 5.7. Suppose that we have a sequence of n- dimensional balls (B k ,h k ) 
of radius r in Riemannian n-manifolds. Suppose that for each £ there is a constant 
C(£) such that for every k, we have |V Rm.(h k )\ < C(£) throughout B k . Suppose also 
that for each n the exponential mapping from the tangent space at the center of B k 
induces a diffeomorphism from a ball in the tangent space onto B k . Then choosing 
an isometric identification of the tangent spaces at the central points of the B k with 
W 1 and pulling back the metrics h k via the exponential mapping to metrics h k on 
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the ball B of radius r in M n gives us a family of metrics on B that, after passing to 
a subsequence, converge in the C°° -topology, uniformly on compact subsets of B, to 
a limit. 

The basic point in proving this lemma is to 'find the right gauge,' which in this 
case means find local coordinates so that the metric tensor is controlled by the 
curvature. The correct local coordinates are the Gaussian coordinates centered at 
the center of the ball. 

PROOF, (of the theorem). Fix R < oo and 5 > 0. Let 

X(S,R) = B(x k ,R) DReg 2S (U k ,g k ,x k ). 

From the non-collapsing assumption and the curvature bound assumption if follows 
from Theorem 11.361 that there is a uniform positive lower bound (independent of k) 
to the injectivity radius of every point in X(5,R). Fix < 5' < min(ro,<5/2) much 
less than this injectivity radius. We also choose 8' > sufficiently small so that any 
ball of radius 28' in B(x k , R + 5) n Reg$(U k , g k , x k ) is geodesically convex. (This is 
possible because of the curvature bound.) We cover X(5, R) by balls B^, . . . , B' N of 
radii <5'/2 centered at points of X(8, R) with the property that the sub-balls of radius 
8' /4 are disjoint. We denote by B\ C Bi C Bi the metric balls with the same center 
and radii 5' /2, 5' , and 25' respectively. Notice that each of the balls Bi is contained in 
B(x k , R+8)r\Reg s (U k , g kl x k ). Because 5' < ro, because Vol B (x k , R+ 5) is bounded 
independent of k, and because the concentric balls of radius 8' /A are disjoint, there 
is a uniform bound (independent of k) to the number of such balls. Passing to 
a subsequence we can assume that the number of balls in these coverings is the 
same for all k. We number them B\, . . . , B^. Next, using the exponential mapping 
at the central point, identify each of these balls with the ball of radius 25' in W l . 
By passing to a further subsequence we can arrange that the metrics on each Bi 
converge uniformly. (This uses the fact that the concentric balls of radius 25 > 45' 
are embedded in the U k by the exponential mapping.) Now we pass to a further 
subsequence so that the distance between the centers of the balls converges, and so 
that for any pair Bi and Bj for which the limiting distance between their centers is 
less than 4<5', the overlap functions in the U k also converge. The limits of the overlap 
functions defines a limiting equivalence relation on \J i B{ . 

This allows us to form a limit manifold Uoq. It is the quotient of the disjoint 
union of the Bi with the limit metrics under the limit equivalence relation. We set 
(Uoc(8, R) , goo(5, R) , x oc (5, R)) equal to the submanifold of Uoo that is the union of 
the sub-balls Bi C Bi of radii 8'. A standard argument using partitions of unity and 
the geodesic convexity of the balls Bi shows that, for all k sufficiently large, there are 
smooth embeddings ip k (5,R): Uoo(5,R) — > B{x k ,R + 5) n Reg 5 (U k , g k , x k ) sending 
Xoo(5, R) to x k and converging as k — ► oo, uniformly in the C°°-topology on each Bi, 
to the identity. Furthermore, the images of each of these maps contains B(x k ,R) n 
Reg 2 s(U k , g k , x k ); compare [6]. Also, the pull backs under these embeddings of the 
metrics g k converge uniformly to g^ (5, R) . 



1. GEOMETRIC CONVERGENCE OF RIEMANNIAN MANIFOLDS 111 

Repeat the process with R replaced by 2R and 5 = 8± replaced by 82 < 8%/2. 
This produces 

(Uoo (82 , 2R) , 5oo (5 2 , 2R) , Xoo (8 2 , 2R) ) 
and, for all k sufficiently large, embeddings (pk($2, 2R) of this manifold into 

B(x k , 2R + 8 2 ) n Reg 52 ([/fc, g k , x k ). 

Hence, the image of these embeddings contains the images of the original embed- 
dings. The compositions (pkifa, ip k (8,R) converge to an isometric embed- 
ding 

(Uoo(8,R), 9oo (5,R), xoo (8, R) ) - (U^ (8 2 , 2R) , goo (82 , 2R) , Xoo (<5 2 , 2R) ) . 

Repeating this construction infinitely often produces a manifold {Uoo-,gooi x oo) which 
is written as an increasing union of open subsets V k = U oc (Sk,2 k R) 1 where the 8 k 
tend to zero as k tends to 00. For each k the open subset V k has compact closure 
contained in Vk+i ■ By taking a subsequence of the original sequence we have maps 
<Pk '■ Vk —> Uk so that (2a) in the definition of geometric limits holds. Condition (2b) 
clearly holds by construction. □ 

Now let us turn to complete Riemannian manifolds, where the result is the di- 
version of the classical Cheeger-Gromov compactness. 

Lemma 5.8. Suppose that (Uk, gk,Xk) is a sequence of based Riemannian man- 
ifolds and that there is a partial geometric limit {Uoo, goo, £00) that is a complete 
Riemannian manifold. Then this partial geometric limit is a geometric limit. 

Proof. Since the balls B(x OQ ,R) have compact closure in Uoo and since 

Reg (5 ([/ 00 ,g 00 ,x 00 ) = Uoo 

for every 8 > 0, it is easy to see that the extra condition, (2b), in Definition 15.31 is 
automatic in this case. □ 

Now as an immediate corollary of Theorem 15.61 we have the following. 

Theorem 5.9. Let {(M^, g^, £fc)}/?Li be a sequence of connected, based Riemann- 
ian manifolds. Suppose that: 

(1) For every A < 00 the ball B(xk,A) has compact closure in M/% for all k 
sufficiently large. 

(2) For each integer I > and each A < 00 there is a constant C = C(t,A) 
such that for each E B(xk,A) we have 



V e Rm(g k )(y k 



< C 



for all k sufficiently large. 
(3) Suppose also that there is a constant 8 > such that injn^ fffc \(a?fc) > 8 for 
all k sufficiently large. 

Then after passing to a subsequence there is a geometric limit which is a complete 
Riemannian manifold. 
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Proof. By the curvature bounds, it follows from the Bishop- Gromov theorem 
(Theorem ll.34p that for each A < oo there is a uniform bound to the volumes of 
the balls B(xk,A) for all k sufficiently large. It also follows from the same result 
that the uniform lower bound on the injectivity radius at the central point implies 
that for each A < oo there is a uniform lower bound for the injectivity radius on the 
entire ball B(xk,A), again for k sufficiently large. Given these two facts, it follows 
immediately from Theorem 15.61 that there is a geometric limit. 

Since, for every A < oo, the B(xk,A) have compact closure in for all k 
sufficiently large, it follows that for every A < oo the ball B(xoo,A) has compact 
closure in M^. This means that {M^^g^) is complete. □ 

Corollary 5.10. Suppose that {(M^, gj., Xk)}k*Li is a sequence of based, con- 
nected Riemannian manifolds. Suppose that the first two conditions in Theorem \5.9\ 
hold and suppose also that there are constants k > and 5 > such thatVol gk B(xk, 8) > 
n5 n for all k. Then after passing to a subsequence there is a geometric limit which 
is a complete Riemannian manifold. 

Proof. Let A = max(5 -2 , C(0, 5)), where C(0, S) is the constant given in the 
second condition in Theorem 15.91 Rescale, replacing the Riemannian metric g% by 
Agk- Of course, the first condition of Theorem 15.91 still holds as does the second 
with different constants, and we have \Km.A 9k (yk)\ < 1 for all yk G BA gk (xk, VA5). 
Also, Vol BA gk (xk, y/AS) > K(\/A6) n . Thus, by the Bishop-Gromov inequality (The- 
orem [LM]), we have Vo\A gk B(xk, 1) > k/Q. where 

(VA5) n V(l)' 

where V(a) is the volume of the ball of radius a in hyperbolic re-space (the simply 
connected re-manifold of constant curvature —1). Since y/A8 > 1, this proves that for 
the rescaled manifolds the absolute values of the sectional curvatures on BA gk (xk, 1) 
are bounded by 1 and the VolAg k B(xk, 1) are bounded below by a positive constant 
independent of k. According to Theorem 11.361 the lower bound on the volume of 
the ball of radius 1 and the curvature bound on the ball of radius 1 yield a uniform 
positive lower bound r > for the injectivity radius of the rescaled manifolds at Xk- 
Hence, the injectivity radii at the base points of the original sequence are bounded 
below by S/yA. This means that the original sequence of manifolds satisfies the 
third condition in Theorem 15.91 Invoking this theorem gives the result. □ 

1.1. Geometric convergence of manifolds in the case of Ricci flow. As 

the next theorem shows, because of Shi's theorem, it is much easier to establish the 
geometric convergence manifolds in the context of Ricci flows than in general. 

Theorem 5.11. Suppose that (A4&, Gk, Xk) is a sequence of based generalized n- 
dimensional Ricci flows with t(xk) = 0. Let (Mk,gk) be the time-slice of (Mk, Gk)- 
Suppose that for each A < oo there are constants C(A) < oo and 6(A) > such that 
for all k sufficiently large the following hold: 

(1) the ball B(xk,0, A) has compact closure in Mk, 
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(2) there is an embedding B(xk,0,A) x (S(A),0] — ► Mk compatible with the 
time function and with the vector field, 

(3) |Rm| < C(A) on the image of the embedding in the Item (2), and 

(4) there is ro > and n > such that Vol B(xk, 0, ro) > /or a// suj^t- 
ciently large. 

Then, after passing to a subsequence, there is a geometric limit (Moo , , Xoo ) of the 
time-slices (Mk,gk,Xk)- T/iis Zimit is a complete Riemannian manifold. 

Proof. The first condition in Theorem 15.91 holds by our first assumption. It is 
immediate from Shi's theorem (Theorem I3.28j) that the second condition of Theo- 
rem 15.91 holds. The result is then immediate from Corollary 15.101 □ 

2. Geometric convergence of Ricci flows 

In this section we extend this notion of geometric convergence for based Riemann- 
ian manifolds in the obvious way to geometric convergence of based Ricci flows. Then 
we give Hamilton's theorem about the existence of such geometric limits. 

Definition 5.12. Let {(Mk, Gf., Xfc)}fcLi be a sequence of based generalized Ricci 
flows. We suppose that t(xk) = for all k and we denote by (Mk,gk) the time-slice of 
(Mk, Gk)- For some < T < do, we say that a based Ricci flow (Moo, goo(t), {xoo> 0)) 
defined for t S (— T, 0] is a partial geometric limit Ricci Bow if: 

(1) There are open subsets G Vi C V2 C • • • C satisfying (1) of 
Definition 15.31 with in place of Uqo , 

(2) there is a sequence < t\ < £2 < • • • with \\m.k-+ootk = T, 

(3) and maps 

&k - (Vji. x [-t k ,0]) -> M k 
compatible with time and the vector field 
such that the sequence of horizontal families of metrics ^p%Gk converges uniformly 
on compact subsets of x (— T, 0] in the C°°-topology to the horizontal family of 
metrics goo(t) on x (— T, 0]. 

Notice that the restriction to the time-slices of a partial geometric limit of 
generalized Ricci flows is a partial geometric limit of the time-slices. 

Definition 5.13. For < T < 00, if (Moo, 9oo(t), x oo), —T < t < 0, is a partial 
geometric limit Ricci flow of the based generalized Ricci flows (Aik,Gk,Xk) an d 
if (Mqo j floo (0) , Xoo ) is a geometric limit of the time-slices, then we say that the 
partial geometric limit is a geometric limit Ricci flow defined on the time interval 
(-T,0]. 

Again Shi's theorem, together with a computation of Hamilton, allows us to 
form geometric limits of generalized Ricci flows. We have the following result due 
originally to Hamilton [33j . 

PROPOSITION 5.14. Fix constants —00 <T'<0<T<oo and suppose that 
T' < T. Let {(Mk: Gk, ^ e a sequence of based generalized Ricci flows. 

Suppose that t(xk) = for all k, and denote by (Mk,gk) the time-slice of (Mk, Gk)- 
Suppose that there ) for the (Mk, gk,Xk) with 
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open subsets {V k C M^} and maps tpt'-Vk^ M k as in Definition ] 5. 31 Suppose that 
for every compact subset K C and every compact interval I C (T", T) containing 
0, for all k sufficiently large, there is an embedding p k {K, I)'- Kxl — > «Mfc compatible 
with time and the vector field and extending the map (p k on the time-slice. Suppose 
in addition that for every k sufficiently large there is a uniform bound (independent 
of k) to the norm of Riemann curvature on the image of cp k (K, I) . Then after 
passing to a subsequence the flows ^p\G k converge to a partial geometric limit Ricci 
flow goo(t) defined for t G (T',T). 

Proof. Suppose that we have a partial geometric limit of the time-zero slices 
as stated in the proposition. Fix a compact subset K C and a compact sub- 
interval I C (T',T). For all k sufficiently large we have embeddings (pk(K,I) as 
stated. We consider the flows g k {K,I)(t) on K x I defined by pulling back the 
horizontal metrics G k under the maps ip^{K, I). These of course satisfy the Ricci 
flow equation on K X I. Furthermore, by assumption the flows g k (K, T)(t) have 
uniformly bounded curvature. Then under these hypothesis, Shi's theorem can 
be used to show that the curvatures of the g k (K,I) are uniformly bounded C°°- 
topology. The basic computation done by Hamilton in [33] shows that after passing 
to a further subsequence, the Ricci flows gk(K,I) converge uniformly in the C°°- 
topology to a limit flow on K x I. A standard diagonalization argument allows us 
to pass to a further subsequence so that the pullbacks <f* k G k converge uniformly in 
the C°°-topology on every compact subset of M m x (T',T). Of course, the limit 
satisfies the Ricci flow equation. □ 

This 'local' result leads immediately to the following result for complete limits. 

Theorem 5.15. Fix -oo ^T'^O^T^oo with V < T. Let {{M k , G k , x k )}^ =l 
be a sequence of based generalized Ricci flows. Suppose that t(x k ) = for all k, and 
denote by (M k ,g k ) the time-slice of (A4).,G k ). Suppose that for each A < oo and 
each compact interval I C (T',T) containing there is a constant C(A,I) such that 
the following hold for all k sufficiently large: 

(1) the ball B gk {x k , 0, A) has compact closure in M k , 

(2) there is an embedding B gk (x k , 0, A) x I — » M k compatible with time and 
with the vector field, 

(3) the norms of the Riemann curvature of G k on the image of the embedding 
in the previous item are bounded by C(A,I), and 

(4) there is ro > and k > with Vol B(x k , 0, ro) > Krfi for all k sufficiently 
large. 

Then after passing to a subsequence there is a flow (Moo, 9<x>(t), (xqo, 0)) which is the 
geometric limit. It is a solution to the Ricci flow equation defined for t € (T',T). 
For every t G (T',T) the Riemannian manifold (Moo, 9<x>(t)) * s complete. 

Proof. By Theorem 15.111 there is a geometric limit (Mx>, <?oo(0)) of the time- 
slices, and the limit is a complete Riemannian manifold. Then by Proposition 15.141 
there is a geometric limit flow defined on the time interval (T',T). Since for every 
t £ (T',T) there is a compact interval I containing and t, it follows that the 
Riemann curvature of the limit is bounded on x I. This means that the metrics 
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^00(0) and goc(t) are commensurable with each other. Since ffoo(O) is complete so is 

000 (tj. □ 

Corollary 5.16. Suppose that (U,g(t)), < t < T < 00, is a Ricci flow. 
Suppose that \Rm(x,t)\ is bounded independent of (x,t) G U X [0, T). Then for any 
open subset V C U with compact closure in U , there is an extension of the Ricci 
flow (V,g(t)\v) past time T. 

Proof. Take a sequence t n — > T and consider the sequence of Riemannian 
manifolds (V,g(t n )). By Shi's theorem and the fact that V has compact closure in 
U, the restriction of this sequence of metrics to V has uniformly bounded curvature 
derivatives. Hence, this sequence has a convergent subsequence with limit (V, cfoo); 
where the convergence is uniform in the C°°-topology. Now by Hamilton's result |33j 
it follows that, passing to a further subsequence, the flows (V, g(T + t — t n ), (p, 0)) 
converge to a flow (V, g<x>(t), (p, 0)) defined on (0, T]. Clearly, for any < t < T 
we have gooif) = g(t)- That is to say, we have extended the original Ricci flow 
smoothly to time T. Once we have done this, we extend it to a Ricci flow on [T, T\) 
for some T\ > T using the local existence results. The extension to [T, Ti) fits 
together smoothly with the flow on [0, T] by Proposition 13.121 □ 

3. Gromov-Hausdorff convergence 

Let us begin with the notion of the Gromov-Hausdorff distance between based 
metric spaces of finite diameter. Let Z be a metric space. We define the Haus- 
dorff distance between subsets of Z as follows: dfj(X,Y) is the infimum of all 
5 > such that X is contained in the 5-neighborhood of Y and Y is contained 
in the ^-neighborhood of X. For metric spaces X and Y we define the Gromov- 
Hausdorff distance between them, denoted Dqh(X,Y), to be the infimum over 
all metric spaces Z and isometric embeddings /: X — > Z and g: Y — > Z of the 
Hausdorff distance between f{X) and g(Y). For pointed metric spaces (X,x) and 
(Y, y) of finite diameter, we define the Gromov-Hausdorff distance between them, 
denoted D GH ((X,x), (Y,y)), to be the infimum of D%(f(X),g(Y)) over all triples 
((Z, z), f, g) where (Z,z) is a pointed metric space and /: (X, x) — ► (Z,z) and 
g: (Y,y) — > (Z,z) are base-point preserving isometries. 

To see that Dqh is a distance function we must establish the triangle inequality. 
For this it is convenient to introduce 5-nets in metric spaces. 

Definition 5.17. A 5-net in (X,x) is a subset L of X containing x whose 6- 
neighborhood covers X and for which there is some 8' > with d{l\,l2) > 5' for all 
t x + h in L. 

Clearly, the Gromov-Hausdorff distance from a based metric space (X, x) to a 
5-net (L, x) contained in it is at most 5. Furthermore, for every 5 > the based 
space (X,x) has a <5-net: Consider subsets L C X containing x with the property 
that the <5/2-balls centered at the points of L are disjoint. Any maximal such subset 
(with respect to the inclusion relation) is a 5-net in X. 

Lemma 5.18. The Gromov-Hausdorff distance satisfies the triangle inequality. 
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PROOF. Suppose that D GH ((X,x), (Y,y)) = a and D GH ((Y,y), (Z,z)) = b. Fix 
any S > 0. Then there is a metric d\ on X V Y such that d\ extends the metrics on 
X, Y and the (a + <5)-neighborhood of X is all of X VY as is the (a + 5)-neighborhood 
of Y. Similarly, there is a metric g?2 on Y V Z with the analogous properties (with b 
replacing a). Take a 5-net (L,y) C (Y,y), and define 

d{x', z') = mi eeL d(x',£) + d{£, z'). 

We claim that d(x' , z') > unless x' = z' is the common base point. The reason is 
that if mfe(zLd(x', £) = 0, then by the triangle inequality, any sequence of £ n £ L with 
d(x',£ n ) converging to zero is a Cauchy sequence, and hence is eventually constant. 
This means that for all n sufficiently large, x' = £ n £ L n X and hence x' is the 
common base point. Similarly for z'. 

A straightforward computation shows that the function d above, together with 
the given metrics on X and Z, define a metric on X V Z with the property that the 
(a + b + 3<5)-neighborhood of X is all ofXVZ and likewise for Z. Since we can do 
this for any 5 > 0, we conclude that Dgh({X, x), (Z, z)) < a + b. □ 

Thus, the Gromov-Hausdorff distance is a pseudo-metric. In fact, the restriction 
of the Gromov-Hausdorff distance to complete metric spaces of bounded diameter is 
a metric. We shall not establish this result, though we prove below closely related 
results about the uniqueness of Gromov-Hausdorff limits. 

Definition 5.19. We say that a sequence of based metric spaces (X k ,x k ) of 
uniformly bounded diameter converges in the Gromov-Hausdorff sense to a based 
metric space (1", y) of finite diameter if 

lim fc _ KXJ D G ij-((X fc ,a;fc), (Y,y)) = 0. 

Thus, a based metric space (X, x) of bounded diameter is the limit of a sequence of 
5 n -nets L n C X provided that 5 n — > as n — > oo. 

Example 5.20. A sequence of compact n-manifolds of diameter tending to zero 
has a point as Gromov-Hausdorff limit. 

Definition 5.21. Suppose that {(Xk,Xk)}k converges in the Gromov-Hausdorff 
sense to (Y,y). Then a realization sequence for this convergence is a sequence of 
triples ((Zk, Zk), fk, 9k) where, for each k, the pair (Z^^Zk) is a based metric space, 

f k : (X k ,x k ) -> (Z k ,z k ) and g k : (Y,y) -»■ (Z k ,z k ) 

are isometric embeddings and DQH{f k {X k ), g k (Y)) — > as k — > oo. Given a real- 
ization sequence for the convergence, we say that a sequence £ k S X k converges to 
£ G Y (relative to the given realization sequence) if d(f k (£ k ), g k {£)) —>■ as i — ► oo. 

Notice that, with a different realization sequence for the convergence, a sequence 
£ k £ Afc can converge to a different point of Y. Also notice that, given a realization 
sequence for the convergence, every ?/ G 7 is the limit of some sequence x k £ -X^, 
a sequence x k £ ^fe has at most one limit in Y, and if Y is compact then every 
sequence x k £ X k has a subsequence converging to a point of Y. Lastly, notice that 
under any realization sequence for the convergence, the base points x k converge to 
the base point y. 
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Lemma 5.22. Let (Xk,Xk) be a sequence of metric spaces whose diameters are 
uniformly bounded. Then the (Xi*,Xk) converge in the Gromov-Hausdorff sense to 
(X, x) if and only if the following holds for every 5 > 0. For every 6 -net L C X, for 
every n > 0, and for every k sufficiently large, there is a (5 + n)-net Lf. C X^ and 
a bisection Lk — > L sending Xk to x so that the push forward of the metric on Lk 
induced from that of Xk is (1 + r\)-bi-Lipschitz equivalent to the metric on L induced 
from X . 

For a proof see Proposition 3.5 on page 36 of |25j. 

Lemma 5.23. Let [X^xj^j be a sequence of based metric spaces whose diameters 
are uniformly bounded. Suppose that (Y,y) and (Y',y') are limits in the Gromov- 
Hausdorff sense of this sequence and each of Y and Y' are compact. Then (Y, y) is 
isometric to (Y',y'). 

Proof. By the triangle inequality for Gromov-Hausdorff distance, it follows 
from the hypothesis of the lemma that DcH((Y,y), (Y',y')) = 0. Fix 6 > 0. Since 
Dgh((Y, y), (Y' , y')) = 0, for any n > and finite 1/n-net L n C Y containing y there 
is an embedding ip n : L n —* Y' sending y to y' such that the image is a 2/n-net in Y 1 
and such that the map from L n to its image is a (l + <5)-bi-Lipschitz homeomorphism. 
Clearly, we can suppose that in addition the L n are nested: L n C L n +i C ■ • ■ . 
Since Y' is compact and L n is finite, and we can pass to a subsequence so that 
limfc-xx^fclx^ converges to a map tp n : L n — > Y' which is a (1 + <5)-bi-Lipschitz map 
onto its image which is a 2/n net in Y' . By a standard diagonalization argument, 
we can arrange that Vn+ilin = VV). f° r an n - The {VVi} then define an embedding 
U n L n — * Y 1 that is a (1 + 5)-bi-Lipschitz map onto its image which is a dense 
subset of Y' . Clearly, using the compactness of Y' this map extends to a (1 + <5)-bi- 
Lipschitz embedding tpg : (Y, y) — > (Y 1 , y') onto a dense subset of Y'. Since Y is also 
compact, this image is in fact all of Y' . That is to say, tps is a (1 + <5)-bi-Lipschitz 
homeomorphism (Y,y) — > (Y',y'). Now perform this construction for a sequence 
of 5 n — * and (1 + <5 n )-bi-Lipschitz homeomorphisms tps n : (Y,y) — > (Y',y'). These 
form an equicontinuous family so that by passing to a subsequence we can extract 
a limit tp: (Y,y) — > (Y',y'). Clearly, this limit is an isometry. □ 

Now let us consider the more general case of spaces of not necessarily bounded 
diameter. It turns out that the above definition is too restrictive when applied to 
such spaces. Rather one takes: 

Definition 5.24. For based metric spaces (X^,Xk) (not necessarily of finite di- 
ameter) to converge in the Gromov-Hausdorff sense to a based metric space (Y, y) 
means that for each r > there is a sequence 5^ — > such that the sequence of 
balls B(xk,r + 5k) in [X^xj.) converges in the Gromov-Hausdorff sense to the ball 
B(y, r) in Y. 

Thus, a sequence of cylinders S'" 1 ^ 1 x R with any base points and with the radii 
of the cylinders going to zero has the real line as Gromov-Hausdorff limit. 

Lemma 5.25. Let (Xk,Xk) be a sequence of locally compact metric spaces. Suppose 
that (Y,y) and (Y',y') are complete, locally compact, based metric spaces that are 
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limits of the sequence in the Gromov-Hausdorff sense. Then there is an isometry 
(Y,y)^(Y>,y>). 

Proof. We show that for each r < oo there is an isometry between the closed 
balls B(y,r) and B{y',r). By the local compactness and completeness, these closed 
balls are compact. Each is the limit in the Gromov-Hausdorff sense of a sequence 
B(xk, r + Sk) for some 5k — > as k — ► oo. Thus, invoking the previous lemma we see 
that these closed balls are isometric. We take a sequence r n — > oo and isometries 
ip ri : (B(y,r n ),y) — > (B(y' ,r n ),y'). By a standard diagonalization argument, we 
pass to a subsequence such that for each r < oo the sequence (f n \B(y,r) of isometry 
converges to an isometry tp r : B(y, r) — ► -B(y', r). These then fit together to define a 
global isometry (Y,y) — > (Y',y'). □ 

If follows from this that if a sequence of points G X/% converges to f 6 7 under 
one realization sequence for the convergence and to £' G Y under another, then there 
is an isometry of (Y, y) to itself carrying I to £'. 

Example 5.26. Let (M n , g n ,x n ) be a sequence of based Riemannian manifolds 
converging geometrically to (Moo, 9oo, <Eoo)> Then the sequence also converges in the 
Gromov-Hausdorff sense to the same limit. 

3.1. Precompactness. There is a fundamental compactness result due to Gro- 
mov. We begin with a definition. 

Definition 5.27. A length space is a connected metric space (X, d) such that 
for any two points x,y there is a rectifiable arc 7 with endpoints x and y and with 
the length of 7 equal to d(x, y). 

For any based metric space (X, x) and constants 5 > and R < 00 let N(5, R, X) 
be the maximal number of disjoint (5-balls in X that can be contained in B{x,R). 

Theorem 5.28. Suppose that {X^x^) is a sequence of based length spaces. Then 
there is a based length space (X, x) that is the limit in the Gromov-Hausdorff sense 
of a subsequence of the {Xf,, x^) if for every 5 > and R < 00 there is an N < 00 
such that N(5, R, X^) < N for all k. On the other hand, if the sequence (X&,a;&) 
has a Gromov-Hausdorff limit, then for every 5 > and R < 00 the N(5, R, Xj.) are 
bounded independent of k. 

For a proof of this result see Proposition 5.2 on page 63 of |25j. 

3.2. The Tits cone. Let (M, g) be a complete, non-compact Riemannian man- 
ifold of non-negative sectional curvature. Fix a point p G M, and let 7 and \i be 
minimal geodesic rays emanating from p. For each r > let 7(7") and fj,(r) be the 
points along these geodesic rays at distance r from p. Then by Part 1 of Theorem l2.4l 
we see that 

%,M,r) = d(7(r) ' M(r)) 
r 

is a non-increasing function of r. Hence, there is a limit £(7, u.) > of £(7, //, r) as 
r — ► 00. We define the angie at infinity between 7 and /i, < #00(7, A*) < tt, to be 
the angle at 6 of the Euclidean triangle a,b,c with side lengths |a6| = |6c| = 1 and 
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\bc\ = £("f, fj), see Fig. [0 If v is a third geodesic ray emanating from p, then clearly, 



Definition 5.29. Now we define a metric space whose underlying space is the 
quotient space of the equivalence classes of minimal geodesic rays emanating from 
p, with two rays equivalent if and only if the angle at infinity between them is zero. 
The pseudo-distance function 8^ descends to a metric on this space. This space is 
a length space [4]. Notice that the distance between any two points in this metric 
space is at most it. We denote this space by S^M^p). 

Claim 5.30. Soo(M,p) is a compact space. 

PROOF. Let {[7 n ]}n be a sequence of points in S oc (M,p). We show that there 
is a subsequence with a limit point. By passing to a subsequence we can arrange 
that the unit tangent vectors to the 7„ at p converge to a unit tangent vector r, 
say. Fix d < 00, and let x n be the point of 7„ at distance d from p. Then by 
passing to a subsequence we can arrange that the x n converge to a point x. The 
minimizing geodesic segments \p, x n ] on 7 n then converge to a minimizing geodesic 
segment connecting p to x. Performing this construction for a sequence of d tending 
to infinity and then taking a diagonal subsequence produces a minimizing geodesic 
ray 7 from p whose class is the limit of a subsequence of the { [7J } □ 





Figure 1. Angles at infinity 
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We define the Tits cone of M at p, denoted T(M, p) , to be the cone over Soo (M, p) , 
i.e., the quotient of the space Soo(M, p) x [0, oo) where all points (x, 0) are identified 
together (to become the cone point). The cone metric on this space is given as 
follows: Let (x±,ai) and (a^,^) be points of Soo(M,p) x [0,oo). Then the distance 
between their images in the cone is determined by 

d 2 ([xi,ai], [x 2 ,a 2 ]) = a? + a| - 2aia 2 cos(6 , 00 (xi, x 2 )). 

It is an easy exercise to show that the Tits cone of M at p is in fact independent 
of the choice of p. From the previous claim, it follows that the Tits cone of M is 
locally compact and complete. 

Proposition 5.31. Let (M,g) be a non-negatively curved, complete, non-compact 
Riemannian manifold of dimension k. Fix a point p £ M and let {x n }^ =1 be a se- 
quence tending to infinity in M. Let X n = d 2 (p,x n ) and consider the sequence of 
based Riemannian manifolds (M,g n ,p), where g n = A" 1 ^. Then there is a sub- 
sequence converging in the Gromov-Hausdorff sense. Any Gromov-Hausdorff limit 
(X, goo,Xoo) of a subsequence (X, g^) is isometric to the Tits cone T(M,p) with 
base point the cone point. 

Proof. Let c be the cone point of T(M,p), and denote by d the distance func- 
tion on T(M,p). Consider the ball B(c,R) C T(M,p). Since Soo(M,p) is the 
metric completion of the quotient space of minimal geodesic rays emanating from 
p, for any 5 > there is a 5-net L C B(c,R) consisting of the cone point together 
with points of the form ([7],t) where 7 is a minimal geodesic ray emanating from 
p and t > 0. We define a map from ip n : L — > (M, g n ) by sending the cone point 
to p and sending ([7],*) to the point at ^-distance t from p along 7. Clearly, 
i/j n (L) is contained in B gn (p,R). From the second item of Theorem 12.41 and the 
monotonicity of angles it follows that the map ijj n : L — > (M,g n ) is a distance non- 
decreasing map; i.e., tp^(g n \ip n (L)) > d\L- On the other hand, by the monotonicity, 
" l Pn+i(.9n+i\4 , n+i(L)) < ip^(g n \ip n (L)) and this non-increasing sequence of metrics 
converges to d\i- This proves that for any 5 > for all n sufficiently large, the 
embedding ip n is a (1 + (J)-bi-Lipschitz homeomorphism. 

It remains to show that for any n > the images i^ n {L) are eventually 5 + ??-nets 
in B gn (p, R). Suppose not. Then after passing to a subsequence, for each n we have 
a point x n G B gn (p,R) whose distance from tp n (L) is at least 5 + rj. In particular, 
dg n (x n ,p) > 5. Consider a sequence of minimal geodesic rays fi n connecting p to the 
x n . Since the g- length of fi n is at least n5, by passing to a further subsequence, we 
can arrange that the /U n converge to a minimal geodesic ray 7 emanating from p. By 
passing to a further subsequence if necessary, we arrange that d gn (x n ,p) converges 
to r > 0. Now consider the points x n on 7 at ^-distance V^nT from p. Clearly, from 
the second item of Theorem 12.41 and the fact that the angle at p between the \x n and 
\i tends to zero as n — > 00 we have d gn (x n , x n ) — ► as n — > 00. Hence, it suffices to 
show that for all n sufficiently large, x n is within 5 of ipn(L) to obtain a contradiction. 
Consider the point z = ([//], r) E T(M,p). There is a point £ = ([7],^) £ L within 
distance 6 of z in the metric d. Let y n G M be the point in M at g-distance ^/X^t' 
along 7. Of course, y n = ip n (£). Then d gn (x n ,y n ) — > d(£,z) < 5. Hence, for all n 
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sufficiently large, d gn (x n ,y n ) < 5. This proves that for all n sufficiently large x n is 
within 5 of ift n (L) and hence for all n sufficiently large x n is within 6 + rj of ijj n (L). 

We have established that for every 5, rj > and every R < oo there is a finite 5-net 
L in (T(M,p),c) and for all n sufficiently large an (1 + <5)-bi-Lipschitz embedding 
ip n of L into (M,g n ,p) with image a 5 + //-net for (M,g n ,p). This proves that the 
sequence (M,g n ,p) converges in the Gromov-Hausdorff sense to T(M,p),c)). □ 

4. Blow-up limits 

Here we introduce a type of geometric limit. These were originally introduced 
and studied by Hamilton in [34 , where, among other things, he showed that 3- 
dimensional blow-up limits have non-negative sectional curvature. We shall use 
repeatedly blow-up limits and the positive curvature result in the arguments in the 
later sections. 

Definition 5.32. Let (Aik, Gfc, x^) be a sequence of based generalized Ricci 
flows. We suppose that t(xk) = for all n. We set Qk equal to R(xk). We denote 
by (Qk-M-k,QkGk,Xk) the family of generalized flows that have been rescaled so 
that RQ k c k (xk) = 1. Suppose that liuik^ocQk = oo and that after passing to a 
subsequence there is a geometric limit of the sequence (QkMk,QkGk,Xk) which is 
a Ricci flow defined for —T < t < 0. Then we call this limit a blow-up limit of 
the original based sequence. In the same fashion, if there is a geometric limit for a 
subsequence of the zero time-slices of the (Qk-Mk, QkGk, %k), then we call this limit 
the blow-up limit of the time-slices. 

The significance of the condition that the generalized Ricci flows have curvature 
pinched toward positive is that, as Hamilton originally established in |34j . the latter 
condition implies that any blow-up limit has non-negative curvature. 

Theorem 5.33. Let (M^, G^, x^) be a sequence of generalized 3- dimensional 
Ricci flows, each of which has time interval of definition contained in [0, oo) and 
each of which has curvature pinched toward positive. Suppose that = R{x] t ) 
tends to infinity as k tends to infinity. Let t^ = t(xi i .) and let (Ai' k ,G' k ,Xk) be the 
result of shifting time by —t^ so that t' (x^) = 0. Then any blow-up limit of the 
sequence (.M/^G^, x^) has non-negative Riemann curvature. Similarly, any blow-up 
limit of the zero time-slices of this sequence has non-negative curvature. 

Proof. Let us consider the case of the geometric limit of the zero time-slice first. 
Let (Mqo, 5oo(0), Xoo) be a blow-up limit of the zero time-slices in the sequence. Let 
Vk C Mqo and fk : Vk — > (Mfc)o be as in the definition of the geometric limit. Let 
y £ .Moo be a point and let X(y) > > v(y) be the eigenvalues of the Riemann 
curvature operator for g^ at y. Let {yk} be a sequence in QkM.' k converging to y, 
in the sense that y^ = (fk(y) for all k sufficiently large. Then 

X(y) = lim n _ +00 Q fc 1 A(y fc ) 

Kv) = hm^ooQ^: V(yfc) 

v(y) = \\m. n ^ 00 Q~ k 1 v(y k ) 
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Since by Equation (|4.6I) we have R{yk) > —6 for all k and since by hypothesis 
Qk tends to infinity as n does, it follows that R(y) > 0. Thus if A(y) = 0, then 
Rm(y) = and the result is established at y. Hence, we may assume that A(y) > 0, 
which means that \(yk) tends to infinity as k does. If v(yk) remains bounded 
below as k tends to infinity, then Q7 v{yk) converges to a limit which is > 0, and 
consequently Q^ 1 ^(yk) > Q^^iVk) nas a non-negative limit. Thus, in this case the 
Riemann curvature of g^ at y is non-negative. On the other hand, if v(yk) goes 
to — oo as k does, then according to Equation (|4.7p the ratio of X(yk) / R(yk) goes 
to zero. Since R(yk) converges to the finite limit R(y), the product Q^ 1 X(yk) 
converges to zero as k goes to infinity. This means that v(y) = and consequently 
that > 0. Thus, once again we have non-negative curvature for g^ at y. 

The argument in the case of a geometric limit flow is identical. □ 

Corollary 5.34. Suppose that (Mk, gk(t)) is a sequence of Ricci flows each 
of which has time interval of definition contained in [0, oo) with each Mk being a 
compact 3-manifold. Suppose further that, for each k, we have |Rm(pfc,0)| < 1 for 
allpk £ Mfc. Then any blow-up limit of this sequence of Ricci flows has non-negative 
curvature. 

Proof. According to Theorem 14.261 the hypotheses imply that for every k the 
Ricci flow (Mk, gk(t)) has curvature pinched toward positive. From this, the corollary 
follows immediately from the previous theorem. □ 

5. Splitting limits at infinity 

In our later arguments we shall need a splitting result at infinity in the non- 
negative curvature case. Assuming that a geometric limit exists, the splitting result 
is quite elementary. For this reason we present it here, though it will not be used 
until Chapter [9j 

The main result of this section gives a condition under which a geometric limit 
automatically splits off a line; see Fig. [2j 

Theorem 5.35. Let (M,g) be a complete, connected manifold of non-negative 
sectional curvature. Let {x n } be a sequence of points going off to infinity, and 
suppose that we can find scaling factors A n > such that the based Riemannian 
manifolds (M,\ n g,x n ) have a geometric limit (M^, g^jXoo). Suppose that there 
is a point p £ M such that X n d 2 (p, x n ) — > oo as n — » oo. Then, after passing to 
a subsequence, minimizing geodesic arcs 7 n from x n to p converge to a minimizing 
geodesic ray in . This minimizing geodesic ray is part of a minimizing geodesic 
line £ in M^. In particular, there is a Riemannian product decomposition = 
N x R with the property that £ is {x} x R for some x £ N . 

Proof. Let d n be the distance from p to x n . Consider minimizing geodesic arcs 
7„ from p to x n . By passing to a subsequence we can assume that tangent directions 
at p of these arcs converge. Hence, for every < S < 1 there is N such that for all 
n,m > N the angle between 7 n and 7 m at p is less than 5. For any n we can choose 
m(n) such that d m t n )) > d n (l + 1/5). Let \i n be a minimizing geodesic from x n to 
x m(n) ■ Now applying the Toponogov comparison (first part of Theorem \2A\i and the 
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limit as n tends to infinity 

Figure Splitting 2. at infinity. 

usual law of cosines in Euclidean space, we see that the distance d from x n to x m ( n ) 
satisfies 



d m ( n ) -d n <d< Jd 2 + d 2 ml<n) - 2d n d m ( n )Cos(6). 

Let 6 n = Z x ' n of the Euclidean triangle A(x' n ,p', x' m(n) ) with \s x t nP >\ = d n , \s x ' n x' I = 
d and |s„v I = d m i n \. Then for any a < d n and /3 < d let x and y be the points 

1 m(n) ^ ' 

on s r „ I) and on s Xn x ( \ &t distances and /5 respectively from x n . Given this, 
according to the Toponogov comparison result (first part of Theorem 12. 4p , we have 



d(x, y) > yja 2 + P 2 -2a(3co S (6 n ). 



The angle 9 n satisfies: 
Thus, 



d 2 n + d 2 - 2d n dcos(9 n ) = d 2 



m(n) ' 



cos(6 r , 



a n + a a m(n) 

2d n d 

72 



< 



2d 2 n - 2d n d m{n) cos(5) 



2d n d 

dn ^m(n) 



d d COS(5) 

< 5-{l-5)cos(5). 

Since 5 — > as n — » oo, it follows that given any 5 > 0, for all n sufficiently large, 
1 + cos((9 n ) < 5. 

We are assuming that the based Riemannian manifolds {(M, X n g, x n )}^ =1 con- 
verge to a geometric limit (M^, g^, £oo)- Also, by assumption, d\ n9n {p, x n ) — > oo as 
n — > oo, so that the lengths of the 7„ tend to infinity in the metrics \ n 9n- This also 
means that the lengths of measured in the metrics X n g n , tend to infinity. Thus, 
by passing to a subsequence we can assume that each of these families, {7^} and 
{// n }, of minimizing geodesic arcs converges to a minimizing geodesic arc, which we 
denote 7 and Ji, respectively, in M m emanating from x^. The above computation 
shows that the angle between these arcs is it and hence that their union is a geodesic, 
say I. The same computation shows that t is minimizing. 
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The existence of the minimizing geodesic line I together with the fact that the 
sectional curvatures of the limit are > implies by Lemma 12.141 that the limit 
manifold is a Riemannian product AfxKin such a way that t is of the form {x} x R 
for some x £ N. □ 



CHAPTER 6 



A comparison geometry approach to the Ricci flow 

In this section we discuss Perelman's notions, introduced in [53j . of the £-length 
in the context of generalized Ricci flows. This is a functional defined on paths 
in space-time parameterized by backward time, denoted r. The £-length is the 
analogue in this context of the energy for paths in a Riemannian manifold. We 
derive the associated Euler-Lagrange equation for the £-length; the critical paths 
are then £-geodesics. Using £-geodesics we define the ^-exponential mapping. We 
derive the £-Jacobi equation and relate £-Jacobi fields to the differential of the C- 
exponential mapping. There is the analogue of the interior of the cut locus. It is the 
open subset, depending on the parameter r, of the tangent space of initial vectors for 
£-geodesics which are minimizing out to time r and at which the £-geodesic map is 
a local diffeomorphism at time r. The difference between this situation and that of 
geodesies in a Riemannian manifold is that there is such an open set in the tangent 
space for each positive r. The analogue of the fact that, for ordinary geodesies, the 
interior of the cut locus in the tangent space is star-shaped from the origin is that 
the open set of 'good' initial conditions at r is contained the open subset of 'good' 
initial conditions at time r' for any r' < r. All of these results are local and are 
established in the context of generalized Ricci flows. In the next section we consider 
the case of ordinary Ricci flows, where we are able to extend our results over the 
entire manifold. 

There are two applications of this theory in our study. In Section [8] we use the 
theory of £-geodesics and the associated notion of reduced volume to establish non- 
collapsing results. These are crucial when we wish to take blow-up limits in studying 
singularities in Ricci flows and Ricci flows with surgery. The second application will 
be in Section to K-solutions (ancient, K-non-collapsed solutions of bounded non- 
negative curvature). Here the second-order inequalities on the length function that 
we establish in this section are used to prove the existence of an asymptotic soliton 
for any K-solution. This asymptotic soliton is important for giving qualitative results 
on K-solutions. 

1. £-length and £-geodesics 

The running assumption throughout this section is that we have an n-dimensional 
generalized Ricci flow (M, G). In particular, the space-time M is a smooth manifold 
of dimension n + 1 whose boundary lies at the initial and final times (if they exist). 
Recall that its tangent bundle naturally decomposes as the direct sum of the sub- line 
bundle spanned by the vector field \ an d the horizontal tangent bundle, denoted 
TCTA4. We also fix a time T in the time interval of definition of the flow distinct 
from the initial time. 
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Definition 6.1. Let < t\ < r 2 be given and let 7: [t\, t 2 ] — > M be a continuous 
map. We say that 7 is parameterized by backward time provided that 7(7-) 6 Mt~ t 
for all r G [ri, t 2 ] 

Throughout this section the paths 7 that we consider shall be parameterized by 
backward time. We begin with the definition of £-length of such a path. 

Definition 6.2. Let 7: [ti,t 2 ] — > .A/f, < ri < r 2 , be a C 1 -path parameterized 
by backward time. We define X~{t) to be the horizontal projection of the tangent 
vector d^{r)/dT, so that d^/dr = —\ + X 7 (t) with Xy(r) G HTM.. We define the 
C-length of 7 to be: 

£(7) = £ (R(i(t)) + |X 7 (r)| 2 ) dr, 

where the norm of Xj(t) is measured using the metric Gt-t on TCTM. When 7 is 
clear from the context, we write X for X^; see Fig. [5] from the Introduction. 

With a view toward better understanding the properties of the paths that are 
critical points of this functional, the so-called £-geodesics, especially near r = 0, it 
is helpful to introduce a convenient reparameterization. We set s = y/r. We use 
the notation A(s) to denote the horizontal component of the derivative of 7 with 
respect to the variable s. One sees immediately by the chain rule that 

(6.1) A(s 2 ) = 2sX(s 2 ) or A{r) = 2^X(t). 
With respect to the variable s, the /^-functional is 

(6.2) £(7) = 1^ (^\A(s)\ 2 + 2R( 7 (s))s 2 ^ ds. 
Let's consider the simplest example. 

Example 6.3. Suppose that our generalized Ricci flow is a constant family of 
Euclidean metrics on M n x [0, T\. That is to say, g(t) = go is the usual Euclidean 
metric. Then we have R(j(t)) = 0. Using the change of variables s = y/r, we have 

1 9 
£(7) = « / \A(s)\ 2 ds, 

which is the standard energy functional in Riemannian geometry for the path 7(s). 
The minimizers for this functional are the maps s 1— > (a(s),T — s 2 ) where a(s) is a 
straight line in lR n parameterized at constant speed. Written in the r variables the 
minimizers are 

7 (r) = (x + V^v,T-t), 
straight lines parameterized at speed varying linearly with \fr. 

1.1. £-geodesics. 

Lemma 6.4. The Euler- Lagrange equation for critical paths for the C-length is 

(6.3) V X X - ^VR + ^-X + 2Ric(X, •)* = 0. 

z It 
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Remark 6.5. Ric(X, •) is a horizontal one-form along 7 and its dual Ric(X, •)* 
is a horizontal tangent vector field along 7. 

Proof. First, let us suppose that the generalized Ricci flow is an ordinary Ricci 
flow (M, g(t)). Let 7«(r) = 7(7-, u) be a family of curves parameterized by backward 
time. Let 

Then X(t,u) = X^ u (t,u) and Y(t,u) are the coordinate vector fields along the 
surface obtained by taking the projection of 7(7-, u) into M. Thus, [X,y] = 0. We 
denote by X and Y the restrictions of X and Y, respectively to 70. We have 



u=0 



= / I ^((VR,F> + 2((VKX)|„ = „,X))(iT 

On the other hand, since dg/dr = 2Ric and since [-X", y] = 0, we have 
2 ^(^(Y,X) g(T _ T) ) = -L(Y,X) + 2^(V X Y,X) + 2V^(Y,V X X) 

+4^Ric(y, X) 
= -^(Y,X) + 2^T((V Y X)\ U=0 ,X) + 2^(Y,V X X) 

+4^Ric(y, X) 

Using this we obtain 

+v / ^((Vi?,y) -2(Y,V X X) - 4Ric(X, y)))dr 
= 2SF{Y,X)\% 

(6.4) + I 2 y/f{Y, (VR --X- 2V X X - 4Ric(X, -)*))dr. 

Now we drop the assumption that the generalized Ricci flow is an ordinary Ricci 
flow. Still we can partition the interval [77, T2] into finitely many sub-intervals with 
the property that the restriction of 70 to each of the sub-intervals is contained in a 
patch of space-time on which the generalized Ricci flow is isomorphic to an ordinary 
Ricci flow. The above argument then applies to each of the sub- intervals. Adding 
up Equation (|6.4p over these sub-intervals shows that the same equation for the first 
variation of length for the entire family j u holds. 

We consider a variation 7(77 u) with fixed endpoints, so that Y(t\) = Y{t2) = 0. 
Thus, the condition that 7 be a critical path for the £-length is that the integral 
expression vanish for all variations Y satisfying Y(t\) = Y{j2) = 0. Equation (|6.4p 
holds for all such Y if and only if 7 satisfies Equation (|6.3p . □ 
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Remark 6.6. In the Euler-Lagrange equation, Vi? is the horizontal gradient, 
and the equation is an equation of horizontal vector fields along 7. 

Definition 6.7. A curve 7, parameterized by backward time, that is a criti- 
cal point of the £-length is called an C-geodesic. Equation (|6.3|) is the C-geodesic 
equation. 

Written with respect to the variable s = \fr the £-geodesic equation becomes 

(6.5) V A(s) A(s) - 2s 2 VR + 4sRic(A(s), •)* = 0. 

Notice that in this form the ODE is regular even at s = 0. 

Lemma 6.8. Let 7: [0,T2] — > M be an C-geodesic. Then lim T ^Q^/TX^(T) ex * s ^ s - 
The C-geodesic 7 is completely determined by this limit (and by T2). 

Proof. Since the ODE in Equation (|6.5|) is non-singular even at zero, it follows 
that A(s) is a smooth function of s in a neighborhood of s = 0. , The lemma follows 
easily by the change of variables formula, A(t) = 2y / rX 7 (r). □ 

Definition 6.9. An £-geodesic is said to be minimizing if there is no curve 
parameterized by backward time with the same endpoints and with smaller £-length. 

1.2. The £-Jacobi equation. Consider a family 7(7", it) of £-geodesics param- 
eterized by u and defined on [71, T2] with < t\ < t<i- Let Y(t) be the horizontal 
vector field along 7 defined by 

d 

Lemma 6.10. Y(t) satisfies the >C-Jacobi equation: 
(6.6) 

V x VxY+K(Y,X)X-lv Y (VR) + 1 l-VxY+2(V Y mc)(X,-y + 2Ri C (VxY,-y = 0. 

z It 

This is a second-order linear equation for Y . Supposing that T\ > 0, there is a 
unique horizontal vector field Y along 7 solving this equation vanishing at 17 with a 
given first-order derivative along 7 at 77. Similarly, there is a unique solution Y to 
this equation vanishing at 72 and with a given first-order derivative at t-i. 

Proof. Given a family 7(7", u) of £-geodesics, then from Lemma I6.4I we have 
V^A = ivi?( 7 ) - ^A - 2Ric(A, •)*■ 
Differentiating this equation in the u-direction along the curve u = yields 
VyV^ X\ u=0 = ^Vy(Vi?) - i-Vy(A)| u=0 - 2Vy(Ric(A, •))* U=0- 
Of course, we have 

Vy(Ric(A, O*)| u =0 = (VyRic)(A, •)* + Ric(VyA| u=0 , •)*■ 

Plugging this in, interchanging the orders of differentiation on the left-hand side, 
using VyA = Vj^Y, and restricting to it = yields the equation given in the 
statement of the lemma. This equation is a regular, second-order linear equation 
for all t > 0, and hence is determined by specifying the value and first derivative at 
any r > 0. □ 
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Equation (16. 6p is obtained by applying Vy to Equation (I6.3() and exchanging 
orders of differentiation. The result Equation (|6.6|) is a second-order differential 
equation for Y that makes no reference to an extension of 7(1") to an entire family 
of curves. 

Definition 6.11. A field Y(t) along an £-geodesic is called an C-Jacobi field 
if it satisfies the £-Jacobi equation, Equation (|6.6[) . and if it vanishes at t\. For 
any horizontal vector field Y along 7 we denote by Jac(y) the expression on the 
left-hand side of Equation (|6,6p . 

In fact, there is a similar result even for t\ = 0. 

Lemma 6.12. Let 7 be an C-geodesic defined on [0, 72] and let Y(t) be an C-Jacobi 
field along 7. Then 

linv^ov^Vx^ 

exists. Furthermore, Y{t) is completely determined by this limit. 

Proof. We use the variable s = y/r, and let A(s) be the horizontal component 
of dj/ds. Then differentiating the £-geodesic equation written with respect to this 
variable we see 

VaVaY = -K(Y, A) A + 2s 2 Vy (Vi?) - 4s(V y Ric)(A, •) - AsRic{V A Y, ■). 

Hence, for each tangent vector Z, there is a unique solution to this equation with 
the two initial conditions Y(0) = and VaY(0) = Z. 

On the other hand, from Equation (|6.1|) we have Vx(Y) = a(Y), so that 

v^Vx(Y) = \v A (Y). 

□ 

1.3. Second order variation of C. We shall need the relationship of the 
£-Jacobi equation to the second-order variation of C This is given in the next 
proposition. 

Proposition 6.13. Suppose that 7 is a minimizing C-geodesic. Then, for any 
vector field Y along 7, vanishing at both endpoints, and any family j u of curves 
parameterized by backward time with 70 = 7 and with the u-derivative of the family 
at u = being the vector field Y along 7, we have 

-^£(7«)U=o = - f 2 2^(J aC (Y),Y)dT. 

This quantity vanishes if and only ifY is an C-Jacobi field. 

Let us begin the proof of this proposition with the essential computation. 

Lemma 6.14. Let 7 be an C-geodesic defined on [71,75], and let Y\ and Y2 be 
horizontal vector fields along 7 vanishing at t\. Suppose that 7 UljU2 is any family 
of curves parameterized by backward time with the property that 70,0 = 7 and the 
derivative of the family in the U{- direction at u\ = U2 = is Y{. Let Y{ be the image 
of d/dui under 7u 1)M2 an d ^ X be the image of the horizontal projection of d/dr 
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under this same map, so that the restrictions of these three vector fields to the curve 
7o,o = 7 ore Y\ , Y 2 and X respectively. Then we have 

d d ~ 

-£(7«i,« 2 )Ui=«2=o = ^V^i(r2){Y2{T2,u 1 ,0),X{T2,ui,0))\ Ul= o 



dui du2 

' 2 2^F(Jac(ri), Y 2 )dr. 



Tl 



Proof. According to Equation (|6.4p we have 

d — ■ — * 

- — £(7)(ui,w 2 ) = 2^/r^(y 2 (T2, Ul, W2),^(T2,Ml,M2)) 

r2 _ ~ ~ 

2t/t(EL(X(t, ui,u 2 ),Y 2 (t, u 1 ,u 2 ))dT, 

i 

where EL(X(t,ui,u 2 )) is the Euler-Lagrange expression for geodesies, i.e., the left- 
hand side of Equation (|6.3|) . Differentiating again yields: 

^7-^-£(7«i,« 2 )k=«2=o = 2v^i(r 2 )(F2(r 2 ,'Ui ! 0) ! X(r2,wi,0))| Ui=0 
(6.7) - [{V Yl EL{X),Y 2 ) + (EL(X),V Yl Y 2 )) (r,0,0)dr. 

Since 70,0 = 7 is a geodesic, the second term in the integrand vanishes, and since 
[X, Yi] = 0, we have V Yi EL(X(t, 0, 0)) = Jac(Yi)(r). This proves the lemma. □ 

Remark 6.15. Let j(t,u) be a family of curves as above with 7(7", 0), 77 < 
r < T , being an £-geodesic. It follows from Lemma 16.141 and the remark after the 
introduction of the £-Jacobi equation that the second-order variation of length at 
u = of this family is determined by the vector field Y{t) = d^f/du along 7(-,0) 
and by the second-order information about the curve 7(7, it) at u = 0. 

Corollary 6.16. Let 7 be an C-geodesic and let Y\,Y 2 be vector fields along 7 
vanishing at 77. Suppose Y\ (r 2 ) = 12(72) = 0. Then the bilinear pairing 

2 v / 7 T (Jac(Yi), Y 2 )dr 

Tl 

is a symmetric function of Y\ and Y 2 . 

Proof. Given Y% and Y 2 along 7 we construct a two-parameter family of curves 
parameterized by backward time as follows. Let 7(7", u%) be the value at u\ of the 
geodesic through 7(7*) with tangent vector Y\{r). This defines a family of curves 
parameterized by backward time, the family being parameterized by u\ sufficiently 
close to 0. We extend Y\ and X to vector fields on this entire family by defining them 
to be d/dui and the horizontal projection of d/dr, respectively. Now we extend the 
vector field Y 2 along 7 to a vector field on this entire one-parameter family of curves. 
We do this so that Y 2 (t 2 ,ui) = Yi(t 2 ,u\). Now given this extension Y 2 (t, u%) we 
define a two-parameter family of curves parameterized by backward time by setting 
7(7", u±, u 2 ) equal to the value at u 2 of the geodesic through 7(7% u\) in the direction 
Y 2 (t,ui). We then extend Y\, Y 2 , and X over this entire family by letting them 
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r-2 



be d/dui, d/du 2 , and the horizontal projection of d/dr, respectively. Applying 
Lemma 16.141 and using the fact that Y{ (r ) = we conclude that 

d d 
dui du 2 
and symmetrically that 
d d 



£(7)1 / 2V7(Jac(Yi), Y 2 )dr 



n 



/ 2^/T(3ac(Y 2 ),Y 1 )dT. 
1 Jti 



du 2 dui 

Since the second cross partials are equal, the corollary follows. □ 
Now we are in a position to establish Proposition 16.131 

Proof. (Of Proposition 16.13]) From the equation in Lemma 16.141 the equality 
of the second variation of £-length at u = and the integral is immediate from the 
fact that Y(t 2 ) = 0. It follows immediately that, if Y is an £-Jacobi field vanishing 
at t 2 , then the second variation of the length vanishes at u = 0. Conversely, suppose 
given a family 7„ with 70 = 7 with the property that the second variation of length 
vanishes at u = 0, and that the vector field Y = (d'y / du)\ u= o along 7 vanishes at 
the end points. It follows that the integral also vanishes. Since 7 is a minimizing 
£-geodesic, for any variation W, vanishing at the endpoints, the first variation of 
the length vanishes and the second variation of length is non-negative. That is to 
say, 

- J 2 2y/r(3ac(W), W)dr > 

Jti 

for all vector fields W along 7 vanishing at the endpoints. Hence, the restriction to 
the space of vector fields along 7 vanishing at the endpoints of the bilinear form 

"T2 



B{Y U Y 2 ) = - f 2 2V7(Jac(Yi), (Y 2 )dr, 



which is symmetric by Corollary 16.161 is positive semi-definite. Since B(Y,Y) = 0, 
it follows that B(Y, •) = 0; that is to say, Jac(Y) = 0. □ 

2. The /^-exponential map and its first-order properties 

We use £-geodesics in order to define the /^-exponential map. 

For Section [2] we fix t\ > and a point x £ M. with t(x) =T — T\. We suppose 
that T — Ti is greater than the initial time of the generalized Ricci flow. Then, for 
every Z £ T x Mt~ t1 , there is a maximal £-geodesic, denoted jz, defined on some 
positive r-interval, with 7z(ri) = x and with y/T\X(r\) = Z. (In the case t\ = 0, 
this equation is interpreted to mean lim T ^o Vt~X(t) = Z.) 

Definition 6.17. We define the domain of definition of £exp x , denoted T> x , to 
be the subset of T x Mt- Ti x (ti,oo) consisting of all pairs (Z,r) for which r > t% 
is in the maximal domain of definition of 7^ . Then we define Cexp x : T> x — > j\A by 
setting Cexp x (Z,r) = 7z(r) for all (Z,r) G V x . (See Fig. [TJ) We define the map 
L: V x — ► R by L(Z,t) = C [^z\[ti,t])- Lastly, for any r > t\ we denote by £exp£ 
the restriction of -Cexp^, to the slice 

V T X = V x n (T x Mt—tj x {r}) , 
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which is the domain of definition of Cexp x . We also denote by L T the restriction of 
L to this slice. We will implicitly identify V x with a subset of T x Mt- Ti - 




Space-time 



Figure 1. The map Cexp x . 

Lemma 6.18. T> x is an open subset of T x Mt- t1 x ( t i,°o); its intersection with 
each line {Z} x (ji, oo) is a non-empty interval whose closure contains t\. Further- 
more, Cexp x : T> x — > M is a smooth map, and L is a smooth function. 

Proof. The tangent vector in space-time of the £-geodesic 7 is the vector field 
— x + A" 7 (t) along 7, where X 7 (t) satisfies Equation (|6.3p . As above, in the case 
r\ = 0, it is convenient to replace the independent variable r by s = y/r, so that 
the ODE becomes Equation (|6.5p which is regular at 0. With this change, the 
lemma then follows immediately by the usual results on existence, uniqueness and 
C°°-variation with parameters of ODE's. □ 

2.1. The differential of £exp. Now we compute the differential of £exp. 

Lemma 6.19. Let Z £ T> x C T x Mt- Ti - The differential of £exp x at the point 
Z is given as follows: For each W G T x {Mt- Ti ) there is a unique C-Jacobi field 
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Yw(t) along 7^ with the property that y/7\Yw( T i) = an d V^i^ 7 x(Yw)( T i) = W. 
We have 

d z Cexpl(W) = Y w (T). 
Again, in case t\ = 0, both of the conditions on Y\y are interpreted as the limits as 

PROOF. Let Z(u) be a curve in V x with Z(0) = Z. Let j u be the £-geodesic 
starting at x with s/txX 1u {t\) = Z(u). Then, clearly, 

dzCexpl (^(°)\ = ^ (lu(r)) \ u=0 . 

On the other hand, the vector field Y(r) = [&y u (r)/du) \ u =o is an £-Jacobi field 
along 72 . Thus, to complete the proof in the case when t\ > we need only see 
that VxY(t\) = VyX(n). This is clear since, as we have already seen, [X, Y] = 0. 
When T\ = 0, we complete the argument using the following claim. 

Claim 6.20. Z/n = 0, then 

d d 
— (]xm T ^oy/rX (t,u)) \ u=0 = lim T ^ y/r—Y(T). 

Proof. This follows immediately by changing variables, replacing r by s = 
y/f. □ 

This completes the proof of Lemma 16.191 □ 

2.2. Positivity of the second variation at a minimizing £-geodesic. If 

7 is a minimizing £-geodesic, then variations of 7 fixing the endpoints give curves 
whose C- length is no less than that of 7. In fact, there is a second-order version of 
this inequality which we shall need later. 

Corollary 6.21. Let Z £ T x Mx- T1 - Suppose that the associated C-geodesic 
jz minimizes C-length between its endpoints, x and ^iz{j), and that dzCe~x.p T x is an 
isomorphism. Then for any family j u of curves parameterized by backward time with 
Y = [d^f/du)\ u= Q vanishing at both endpoints, we have 

d 2 

^£(7u)|«=o > 0, 

with equality if and only ifY = 0. 

Proof. According to Proposition 16.131 the second variation in the Y-direction 
is non-negative and vanishes if and only if Y is an £-Jacobi field. But since dz£exp x 
is a diffeomorphism, by Lemma [6.191 there are no non-zero £-Jacobi fields vanishing 
at both endpoints of 72 . □ 

2.3. The gradient of L T . Recall that L T is the map from T> x to R that assigns 
to each Z the £-length of 7z|[n,r]- We compute its gradient. 

Lemma 6.22. Suppose that Z e V T X . Then for any Y G T x M T ~ Tl = T Z {V T X ) we 
have 

(VL T ,Y) = 2^{X(T),d z (Cexp T x ) (?)). 
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Proof. Since T> x is an open subset of T x (Mt-t\)i it follows that for any Y G 
T x (Mt-ti) there is a one-parameter family 7«(r') = j(t',u) of £-geodesics, defined 
for n < t' < t, starting at x with 7(-, 0) = 7z and with (^/tiX(ti)) = Y. (Again, 
when n = 0, this equation is interpreted to mean ^\im T i^(\fr' X(t' , u)) = Y .) 
Let Y(t') = ^(7(t', u))\ u= o be the corresponding £-Jacobi field along 7^. Since 
7(t!,u) = x for all u, we have ^(ti) = 0. Since j(-,u) is an £-geodesic for all u, 
according to Equation (|6.4p . and in the case n = 0, using the fact that y / rX(r / ) 
approaches a finite limit as r — > 0, we have 

^(7«)|«=o = 2v^(X(r),y(r)). 

By Lemma f6. 191 we have Y(t) = dzCexp x (Y). Thus, 

(VL\Y) = A-C( lu )\ u=0 = 2^(X(t),Y(t)) = 2^F{X(T),d z {Ce X pl)(Y)). 

□ 



2.4. Local diffeomorphism near the initial r. Now let us use the nature 
of the C- Jacobi equation to study ^Cexp^ for r > t\ but r sufficiently close to t\ . 

Lemma 6.23. For any x in M with t(x) = T — t\ and any Z S T x Mt- Tl , there 
is 5 > such that for any r with T\ < r < t\ + 5 the map Cexp x is a local 
diffeomorphism from a neighborhood of Z in T x Mt~ t1 to Mt~ t - 

Proof. Fix x and Z as in the statement of the lemma. To establish the result 
it suffices to prove that there is 5 > such that d^£exp^ is an isomorphism for all 
T\ < t < r\ + 5. By Lemma f6. 191 it is enough to find a 5 > such that any C- Jacobi 
field Y along 72 with ^/rTV xY ( r i) 7^ does not vanish on the interval (t\,t\ + 5). 
Because the £-Jacobi equation is linear, it suffices to consider the case of £-Jacobi 
fields with |Vx^( r i)| = 1- The space of such fields is identified with the unit sphere 
in T x Mt~ti- Let us consider first the case when t\ 7^ 0. Then for any such tangent 
vector VjF(ri) 7^ 0. Since Y[r\) = 0, it follows that Y(t) 7^ in some interval 
(ti, t\ + 5), where 5 can depend on Y. Using compactness of the unit sphere in the 
tangent space, we see that there is 5 > independent of Y so that the above holds. 

In case when t\ = 0, it is convenient to shift to the s = yfr parameterization. 
Then the geodesic equation and the £-Jacobi equation are non-singular at the origin. 
Also, letting A = d'yz/ds we have V aY = 21im r ^ov /; ' : Vj s :^- In these variables, the 
argument for n = is the same as the one above for t\ > 0. □ 

Remark 6.24. When t% > it is possible to consider the Cexp x defined for 
< r < T\. In this case, the curves are moving backward in r and hence are moving 
forward with respect to the time parameter t. Two comments are in order. First of 
all, for t < n, the gradient of L x is — 2- v /rX(r). The reason for the sign reversal is 
that the length is given by the integral from r to T\ and hence its derivative with 
respect to r is the negative of the integrand. The second thing to remark is that 
Lemma 16.231 is true for r < t\ with r sufficiently close to t\. 
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3. Minimizing £-geodesics and the injectivity domain 

Now we discuss the analogue of the interior of the cut locus for the usual expo- 
nential map of a Riemannian manifold. For Section [3] we keep the assumption that 
x G Ai with t(x) = T — T\ for some t\ > 0. 

Definition 6.25. The injectivity set U x C V x c {T x Mt- t1 x (ji,oo)) is the 
subset of all (Z,t) G T> x with the following properties: 

(1) The map £exp£ is a local diffeomorphism near Z from T x (Mt- Ti ) to Mt—t- 

(2) There is a neighborhood i? of Z in P£ such that for every Z' G Z the £- 
geodesic 7^/ 1 r T1 iT i is the unique minimizing path parameterized by backward 
time for the £-length. That is to say, the £-length of 7z'|[n,r] is l ess than 
the £-length of any other path parameterized by backward time between 
the same endpoints. 

For any r > n, we set U x {t) C T x Mt- t1 equal to the slice of U x at r, i.e., U x (t) is 
determined by the equation 

U x {r) x {r} =U x n {T X M T - T1 x {r}) . 

It is clear from the definition that IA X C T> x is an open subset and hence U x is 
an open subset of T x Mt~ t1 x (ti, 00). Of course, this implies that U x (t) is an open 
subset of P£ for every r > t\. 

Definition 6.26. We set U x C M equal to Cex-p x {U x ). We call this subset of M 
the injectivity domain (of x). For any r > 7"i we set U x (t) = IA X H Mt_ t . 

By definition, for every point q £ U x for any (Z, r) G ^ with Cexp x (Z, r) = (7, 
the £-geodesic 7z|r njT ] is a minimizing £-geodesic to q. In particular, there is a 
minimizing £-geodesic from x to 9. 

Definition 6.27. The function L x : U x — * M assigns to each q in U x the length 
of any minimizing £-geodesic from x to q. For any r > t±, we denote by L£ the 
restriction of L x to the T — r time-slice oilA x , i.e., the restriction of L x . to U x (t). 

This brings us to the analogue of the fact that in Riemannian geometry the restric- 
tion to the interior of the cut locus of the exponential mapping is a diffeomorphism 
onto an open subset of the manifold. 

Proposition 6.28. The map 

£exp x : U x — > M. 

is a diffeomorphism onto the open subset U x of M. The function L: U x — > K t/iat 
associates to each q £ U x the length of the unique minimizing C-geodesic from x to 
q is a smooth function and 

L x o£exp x \ Ux =L\ Ux . 

Proof. We consider the differential of ^Cexp^. at any (Z,t) G U x . By construc- 
tion the restriction of this differential to T x Mt~ Ti is a local isomorphism onto TiTM 
at the image point. On the other hand, the differential of Cexp x in the r direction 
is 7^(t), whose 'vertical' component is — X- By the inverse function theorem this 
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shows that Cexp x is a local diffeomorphism at (Z, r), and its image is an open subset 
of M. The uniqueness in Condition 2, of the definition immediately implies that the 
restriction of Cexp x to IA X is one-to-one, and hence that it is a global diffeomorphism 
onto its image U x . 

Since for every (Z,t) E U x the £-geodesic 7z|[t 1 ,t] is ^-minimizing, we see that 
L x o £exp x .|^ = L\q and that L x : U x — > E is a smooth function. □ 

According to Lemma 16.221 we have: 

Corollary 6.29. At any q E U x (r) we have 

VLl(q) = 2^X(t) 

where X(t) is the horizontal component ofj'ir), where 7 is the unique minimizing 
C-geodesic connecting x to q. (See Fig. in the Introduction.) 

At the level of generality that we are working (arbitrary generalized Ricci flows) 
there is no result analogous to the fact in Riemannian geometry that the image 
under the exponential mapping of the interior of the cut locus is an open dense 
subset of the manifold. There is an analogue in the special case of Ricci flows on 
compact manifolds or on complete manifolds of bounded curvature. These will be 
discussed in Section [7J 

3.1. Monotonicity of the U x (t) with respect to r. Next, we have the 
analogue of the fact in Riemannian geometry that the cut locus is star-shaped. 

Proposition 6.30. Let f' > r. Then U x (t') c U x {t) c T X M T _ T1 . 

Proof. For Z E U x (t'), we shall show that: (i) the £-geodesic jz'\[ Ti ,t] is the 
unique minimizing £-geodesic from x to 72 (r), and (ii) the differential dzCexp x 
is an isomorphism. Given these two conditions, it follows from the definition that 
U x (t') is contained in U x (t). 

We show that the £-geodesic 7z|[ti,t] is the unique minimizing C- geodesic to 
its endpoint. If there is an £-geodesic 71, distinct from 7z|[ti,t]) from x to 7z(r) 
whose £-length is at most that of 7z|[ti,t]i then we can create a broken path 71 * 
r yz\[T,T l ] parameterized by backward time whose £-length is at most that of 72 • 
Since this latter path is not smooth, its £-length cannot be the minimum, which is 
a contradiction. 

Now suppose that dzCex.p x is not an isomorphism. The argument is similar to the 
one above, using a non-zero £-Jacobi field vanishing at both endpoints rather than 
another geodesic. Let be the first r for which dz£exp x is not an isomorphism. 

According to Lemma [6.23[ 77 < t' 2 < r. Since £exp^ 2 is not a local diffeomorphism at 
(Z, T2), by Lemma [6.191 there is a non-zero £-Jacobi field Y along 7z|[ti,t£] vanishing 
at both ends. Since 7#|r ri T '] is ^-minimizing, according to Proposition I6.13[ the 
second variation of the length of jz\ Ti ,t^] m the ^-direction vanishes, in the sense 
that if 7(n, r) is any one-parameter family of paths parameterized by backward time 
from x to 7z(t"2) with (d'y/du)\ u =o = Y then 

d 2 C(lu) 1 

Q u 2 \u=0 U - 
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Extend Y to a horizontal vector field Y along 7^ by setting Y(t) = for all r G 
[t"2,t]. Of course, the extended horizontal vector field Y is not C 2 at t' 2 since y, 
being a non-zero £-Jacobi field, does not vanish to second order there. This is the 
first-order variation of the family 7(14, r) that agrees with "y(u, r) for all r < t 2 and 
has j(u, r) = 7z(t) for ah r £ [ r 2i^]- Of course, the second-order variation of 
this extended family at u = agrees with the second-order variation of the original 
family at u = 0, and hence vanishes. But according to Proposition 16.131 this means 
that Y is an £-Jacobi field, which is absurd since it is not a C 2 -vector field. □ 

We shall also need a closely related result. 

Proposition 6.31. Let 7 be a minimizing C-geodesic defined for [77, r]. Fix 
< 77 < 72 < T, and set q2 = 7(7*2), and Z2 = y/r-zX^fo)- Then, the map £exp„ 2 
is diffeomorphism from a neighborhood of {Z2} X (7*2, r] inT q MT-T 2 x ( r 2,oo) onto 
a neighborhood of the image o/7|(t 2 ,t]- 

Proof. It suffices to show that the differential of £exp^ 2 is an isomorphism for 
all t G (72, t]. If this is not the case, then there is a r' G (t"2,t t ] and a non-zero £- 
Jacobi field Y" along 7z| [t 2 ,t'] vanishing at both ends. We extend Y to a horizontal 
vector field Y along all of 7^ | r T1 >T n by setting it equal to zero on [n , 72] . Since F 
is an £-Jacobi field, the second-order variation of £-length in the direction of Y is 
zero, and consequently the second-order variation of the length of 7z|[ti,t'] vanishes. 
Hence by Proposition 16.131 it must be the case that Y is a £-Jacobi field. This is 
impossible since Y is not smooth at r'. □ 

We finish this section with a computation of the r-derivative of L x . 

Lemma 6.32. Suppose that q G IA X with t{q) = T — r for some f > t\. Let 
7: [ti,t] — ► M be the unique minimizing C-geodesic from x to q. Then we have 

(6.8) -^(q) = 2^TR{q) - (R(q) + \X(r)\ 2 ) . 

Proof. By definition and the Fundamental Theorem of Calculus, we have 

±L x { 1 (t)) = ^{R( 1 (t)) + \X{t)\ 2 ). 

On the other hand since 7' (r) = —d/dt + X(t) the chain rule implies 

^L..(7(r)) = (VL x ,X(r)) + ^( 7 (r)), 



so that 



f)T 

-.( 7 ( T )) = V?(i?( 7 (r)) + |X(r)| 2 ) - <VL x ,X(r)>. 



5r 

Now using Corollary 16.291 and rearranging the terms gives the result. □ 

4. Second-order differential inequalities for L T and L x 

Throughout Section 0] we tix x £ M with x G Mj/_ n . 
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4.1. The second variation formula for L T . Our goal here is to compute the 
second variation of L r in the direction of a horizontal vector field Y(t) along an 
£-geodesic 7. Here is the main result of this subsection. 

Proposition 6.33. Fix < t\ < r. Let 7 be an C-geodesic defined on [17,7] 
and let 7 U = j(t, u) be a smooth family of curves parameterized by backward time 
with 70 = 7. Let Y(t,u) be dj/du and let X be the horizontal component ofdj/dr. 
These are horizontal vector fields along the image 0/7. We set Y and X equal to 
the restrictions ofY and X, respectively, to 7. We assume that Y(t\) = 0. Then 

d 2 

(£( 7 «)) |«=o = 2Vf{V Y{T) Y(T,u)\ u=0 ,X(T)) 

+ ! ^(Ress{R)(Y,Y) + 2{TZ(Y,X)Y,X) - 4(VyRic)(X, F) 

J Tl 

+2(V x mc)(Y,Y) + 2\V x Y\ 2 )dT. 

As we shall see, this is simply a rewriting of the equation in Lemma I6.14I in the 
special case when u\ = U2- 

We begin the proof of this result with the following computation. 

Claim 6.34. Let 7(r) be a curve parameterized by backward time. Let Y be a 
horizontal vector field along 7 and let X be the horizontal component of dj/dr. 
Then 

-^(V X Y,Y) = (VxY,V x Y) + (v x v x y,y) 

+ 2Ric(V x F, 30) + (VxRic)(y, Y)) 

Proof. We can break -^(VxY, Y) into two parts: the first assumes that the 
metric is constant and the second deals with the variation with r of the metric. The 
first contribution is the usual formula 

JL(V X Y,Y) G{T _ T0) = (V X Y,V X Y) G(T _ T0) + (V X V X Y,Y) G(T _ To) . 

This gives us the first two terms of the right-hand side of the equation in the claim. 

We show that the last two terms in that equation come from differentiating the 
metric with respect to r. To do this recall that in local coordinates, writing the 
metric G(T — t) as gij, we have 

(V X Y,Y) = g^duY 1 + r kl X k Y l )Yi. 

There are two contributions coming from differentiating the metric with respect to 
r. The first is when we differentiate g^. This leads to 

2R\c lj {X k d k Y i + r kl X k Y l )Y j = 2Ric(V x ^,y). 

The other contribution is from differentiating the Christoffel symbols. This yields 

g^X^YWK 
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Differentiating the formula T l kl = \g sl {d k g s i + dig sk — d s gki) leads to 

= -2RiCijT)a + gijg sl (d k mc s i + d/Ric sfc - d s Ric ki ) 
= -2RiCy-r^ + d k Ricji + diRic jk - %Ric w . 

Thus, we have 

g .._M X k Y l Yi = (-201^1% + d k m Cjl ))X k Y l Y^ 

= (VxRic)(y,y) 

This completes the proof of the claim. □ 
Now we return to the proof of the second variational formula in Proposition 16,331 
Proof. According to Lemma 16.141 we have 

^£u=o = 2VtY(t)({Y(t,u),X(t,u)))\ u=0 - jH 2^(Jac(Y), Y)dr. 

We plug in Equation 16.61 for Jac(y) and this makes the integrand 

v^(Vy(vii),y> + 2V^(n(Y,x)Y,x) - (2^(v x v x y,y) + -L(v x y,y» 

- V7(VyRic)(X, Y) - 4 v / 7Ric(V x y, Y) 

The first term is y/rH.ess(R)(Y,Y). Let us deal with the third and fourth terms, 
which are grouped together within parentheses. According to the previous claim, 
we have 

^-(2^(V X Y,Y)) = ^=(VxY,Y) + 2^(V x VxY,Y)+2V^(VxY,VxY) 

+4V^Ric(v x y,y) + 2 v / 7(v x Ric)(y,y). 

This allows us to replace the two terms under consideration by 

-^(2v^(V x y, Y )) + 2v^(Vxy, V X Y) + 4v^Ric(V x y, Y) + 2^{V x Ric){Y, Y). 

Integrating the total derivative out of the integrand and canceling terms leaves the 
integrand as 

v^Hess(i?)(Y, Y) + 2^(TZ(Y, X)Y, X) + 2^\V X Y\ 2 
-4 v / 7(V y Ric)(X,y) + 2Vr(v x Ric)(y,y), 

and makes the boundary term (the one in front of the integral) equal to 
2Vt(Y(t)(Y(t,u),X(t,u)}\ u=0 - (VxY(t),Y(t)}) = 2Vt(X(t),V y Y(t,u)\ u= o}. 
This completes the proof of the proposition. □ 
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4.2. Inequalities for the Hessian of I7 X . Now we shall specialize the type of 
vector fields along 7. This will allow us to give an inequality for the Hessian of C 
involving the integral of the vector field along 7. These lead to inequalities for the 
Hessian of L T X . The main result of this section is Proposition 16.371 below. In the end 
we are interested in the case when the t\ = 0. In this case the formulas simplify. 
The reason for working here in the full generality of all 77 is in order to establish 
differential inequalities at points not in the injectivity domain. As in the case of 
the theory of geodesies, the method is to establish weak inequalities at these points 
by working with smooth barrier functions. In the geodesic case the barriers are 
constructed by moving the initial point out the geodesic a small amount. Here the 
analogue is to move the initial point of an £-geodesic from 77 = to a small positive 
77. Thus, the case of general 77 is needed so that we can establish the differential 
inequalities for the barrier functions that yield the weak inequalities at non-smooth 
points. 

Definition 6.35. Let q £ IA x (t) and let 7: [17, r] — ► Ai be the unique minimizing 
£-geodesic from x to q. We say that a horizontal vector field Y(r) along 7 is adapted 
if it solves the following ODE on [77 , r] : 

(6.9) V x Y(t) = -Ric(Y(r), •)* + . r( * 

Direct computation shows the following: 

Lemma 6.36. Suppose that Y{t) is an adapted vector field along 7. Then 

(6.10) -^(Y(t),Y(t)) = 2B3c(Y{t),Y(t)) + 2{VxY(t),Y{t)) 
ar 



1 



•<yM,y(T)>. 



It follows that 



where C= \Y(t)\ 2 . 

Now we come to the main result of this subsection, which is an extremely impor- 
tant inequality for the Hessian of I7 X . 

Proposition 6.37. Suppose that q £ U x (t), that Z E U x (t) is the pre-image of 
q, and that 7^ is the C-geodesic to q determined by Z . Suppose that Y(r) is an 
adapted vector field along jz ■ Then 
(6.11) 

Ress(Ll)(Y(r),Y(r))< ( ) ~ 2v^Ric(y (r), Y(r)) - £ V^H(X, Y)dr, 
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where 

H(X,Y) = -Ress(R)(Y,Y) - 2(TZ(Y, X)Y, X) 
(6.12) -4(V x Ric)(Y,Y) + 4(VyRic)(Y,X) 

-2^p(Y, Y) + 2 |Ric(Y, -)| 2 - -Ric(y, Y), . 

OT T 

We have equality in Equation A6.11\) if and only if the adapted vector field Y is also 
a C-Jacobi field. 

Remark 6.38. In spite of the notation, H(X, Y) is a purely quadratic function 
of the vector field Y along 7^. 

We begin the proof of this proposition with three elementary lemmas. The first 
is an immediate consequence of the definition of U x (r) . 

Lemma 6.39. Suppose that q S U x (t) and that 7: [ti,t] — > M is the minimizing 
C-geodesic from x to q. Then for every tangent vector Y(r) S TqMx-r there is a 
one-parameter family of C-geodesics j(t, u) defined on [t\,t] withj(0,u) = x for all 
u, with 7(7", 0) = 7(7") and d^y(T,0)/du = Y(t). Also, for every Z G T x Mt~ t1 there 
is a family of C-geodesics 7(7", u) such that 7(0, u) = x for all u, 7(7", 0) = 7(7") and 
such that, setting Y(t) = ^7 u (r)| u= o, we have 

v^ (n) y( n ) = z. 

Lemma 6.40. Let 7 be a minimizing C-geodesic from x, and let Y(t) be an C- 
Jacobi field along 7. Then 

2Vt(V x Y(t),Y(t)) = Re SS (L~ x )(Y(r),Y(r)). 

Proof. Let 7(7", u) be a one-parameter family of £-geodesics emanating from x 
with 7(u, 0) being the £-geodesic in the statement of the lemma and with ^7(t, 0) = 
Y(t). We have the extensions of X{t) and Y(t) to vector fields X(t, u) and Y(t, u) 
defined at 7(r, u) for all r and u. Of course, 

2Vt(V y X(t,u)\ u=0 ,Y(t)) 

= Y((2VtX(t,u),Y(t,u)))\ u=0 - {2VtX(t),X7 y Y(t,u)\ u=0 }. 

Then by Corollary 16.291 we have 

2Vt(V y X(t,u)\ u=0 ,Y(t)) = Y(t)((VIZ,Y(t,u)))\ u=0 - (VLI,V y{t) Y(t,u)\ u=0 ) 

= Y(j)(Y(r,u)Ll)\ u=0 - V y(j) Y(t,u)\ u=0 (LZ) 
= Ue SS (Ll)(Y(r),Y(r)). 

□ 

Now suppose that we have a horizontal vector field that is both adapted and 
£-Jacobi. We get: 

Lemma 6.41. Suppose that q G IA x (t), that Z E U x (r) is the pre-image of q, 
and that "fz is the C-geodesic to q determined by Z . Suppose further that Y{t) is a 
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horizontal vector field along 7 that is both adapted and an C-Jacobi field. Then, we 
have 

,2 1 



Y{t)\ Z = —, =He SS (L£)(r(r),y(r)) + Ric(Y(r), Y(r)). 



Proof. From the definition of an adapted vector field Y(r) we have 
Ric(y(r),y(r)) + (V x Y(t),Y(t)) = i {Y (t),Y(t)). 

2 V T W T - vn) 

Since Y(r) is an £-Jacobi field, according to Lemma f6. 40 1 we have 

(V x Y(t),Y(t)) = ^=Re SS (Ll)(Y(r),Y(r)). 
Putting these together gives the result. □ 
Now we are ready to begin the proof of Proposition 16.371 

Proof. Let j(t, u) be a family of curves with 7(7", 0) = jz and with ■§-j(t, u) = 
Y(r,u). We denote by Y the horizontal vector field which is the restriction of Y to 
7o = lz- We denote by q(u) = j(t,u). By restricting to a smaller neighborhood 
of in the it-direction, we can assume that q{u) 6 U x (t) for all u. Then £(7u) > 
L^(q(u)). Of course, LJ(g(0)) = £(7^)- This implies that 

4-LZ(q(v))\ =-f-£( 7u )| n , 

and 

y(r)(y(r,n)(LD)U=o = ^Ll(q(u))\ u=0 < ^(lu)\ u=0 . 
Recall that VL^(g) = 2Vr^(r), so that 

V y{t) Y(t,u)\ u = (LI) = (V Y( r)Y(r,u)\ u=0 ,VL r ) = 2Vt(V y(j) Y(t, U )\ u=0 ,X(t)). 
Thus, by Proposition 16.331 and using the fact that Y(ti) = 0, we have 

Hess(L~)(Y(r), Y(r)) = Y(r) (y(t,u){I7 x )) | u=0 - V y(T) Y(r, u)\ u=0 {Ll) 
< ^C( 7u ) -2Vt(V y{t) Y(t,u)\ u=0 ,X(t)) 
= J VT(Bess(R)(Y,Y) + 2(TZ(Y,X)Y,X) - 4(VyRic)(X, Y) 
+2(V x Ric)(y y) + 2 \V x Y\ 2 )dr. 
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Plugging in Equation (|6.9p . and using the fact that |^(r)| 2 = |F(r)| 2 ^"^L , 
gives 

Hess(L~)(Y(r),Y(r)) 

< / v / ^(Hess(i?)(y,y) + 2(^(y,x)y,x) -4(v y Ric)(x,y) 

J Tl 

+2(V x Ric)(y, y) + 2 |Ric(y, -)| 2 )dr 
|y(r)| 2 2 



+ 



Tl 



Ric(y, y) 



ca- 



using the definition of H(X,Y) given in the statement, Equation (|6.12p . allows us 
to write 

Hess {I7)(Y(t),Y(t)) 
< - ! y/rH(X, Y)dr 

[v^(-2(VxRic)(y,y)-2^-(y,y) + 4|Ric(y,.)| 2 ) 



y(r)| 2 / 2 1 



To simplify further, we compute, using Equation (|6.9p 
j c^Ric 

— (Ric(y(r),y(r))) = — (y,y) + 2Ric(Vxy,y) + (v x Ric)(y,y) 

= ^_(y,y) + (v x Ric)(y,y) 

Consequently, we have 

"(V^cOWM), _ 2v7 («K£ (y . y) + (VxRic)(r , y) _ 2|Rlc(yv)|2 



dr V dr 



Using this, and the fact that Y{t\) = 0, gives 
(6.13)Hess(LD(y(T),y(T))< 

- £ (W, r> - 1 ( 2 vTR ic ,r, r» - dr 

= }5 (r)|2 - 2v^Ric(y(r), y(r)) - VTH(X, Y)cLt. 
v r - 7 n 
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This proves Inequality (I6.11|) . Now we examine when equality holds in this ex- 
pression. Given an adapted vector field Y(r) along 7, let fj,(v) be a geodesic through 
7(t, 0) with tangent vector Y(t). Then there is a one-parameter family fj,(r,v) 
of minimizing £-geodesics with the property that fi(T,v) = fJ,(v). Let Y'(t,v) be 
dfj,(r, v)/dv. It is an £-Jacobi field with Y'(t, 0) = Y(t). Since L x o Cex.p x = L, we 
see that 

d 2 d 2 - 

-^C(fi v )\ v=0 = -^L T x {ji(u))\ u= Q. 

Hence, the assumption that we have equality in (16. lip implies that 

d 2 d 2 

Now we extend this one-parameter family to a two-parameter family /i(r, u, v) so 
that <9/u(r, 0, 0)/dv = Y' and cty/(r, 0, 0)/du = Y(r). Let w be the variable u — v , 
and let W be the tangent vector in this coordinate direction, so that W = Y — Y' . 
We denote by W the restriction of W to 70,0 = 7z- By Remark 16.151 the second 
partial derivative of the length of this family in the it-direction at u = v = agrees 
with the second derivative of the length of the original family 7 in the u-direction. 



Claim 6.42. 



Proof. Of course, the second partial derivatives are equal. According to Lemma fe.MI 
we have 

J^AaOU^o = 2VtY'(t)(W(t),X(t)) - £ 2 y /¥(Jac(Y , ),W)dT. 

Since W(t) = and since Vy,(M / ) = Vw{Y'), we see that the boundary term in the 
above expression vanishes. The integral vanishes since Y' is an £-Jacobi field. □ 

If Inequality (|6.1ip is an equality, then 

8 2 d 2 
—^C{n)\ u=v=0 = -7^£{fj)\u=v=o- 

We write d/du = d/dv + d/dw. Expanding out the right-hand side and canceling 
the common terms gives 

\dv dw dw dv dw 2 ) «-«-o- 

The previous claim tells us that the first two terms on the right-hand side of this 
equation vanish, and hence we conclude 

d 2 

^2^(m)I«=«=o = 

Since W vanishes at both endpoints this implies, according to Proposition 16 . 131 that 
W(t, 0, 0) =0 for all t, or in other words Y(t) = Y'(t, 0, 0) for all r. Of course by 
construction Y'(r, 0,0) is an £-Jacobi field. This shows that equality holds only if 
the adapted vector field Y(t) is also an £-Jacobi field. 
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Conversely, if the adapted vector field Y(t) is also an £-Jacobi field, then in- 
equality between the second variations at the beginning of the proof is an equality. 
In the rest of the argument we dealt only with equalities. Hence, in this case In- 
equality (|6.11|) is an equality. 

This shows that we have equality in (16. lip if and only if the adapted vector field 
Y(t) is also an £-Jacobi field. □ 

4.3. Inequalities for ALJ!. The inequalities for the Hessian of L T X lead to 
inequalities for AL!£ which we establish in this section. Here is the main result. 

Proposition 6.43. Suppose that q e U x (t), that Z e U x (t) is the pre-image of 
q and that jz is the C-geodesic determined by Z . Then 

(6.14) ALl(q) < n - 2V^R(q) - — — A£( 7 z), 



where, for any path 7 parameterized by backward time on the interval [17 , r] taking 
value x at t = ti we define 



KM= [ T Vr~(V^-Vn) 2 H(x)dr, 

J Tl 



with 

dR 1 

(6.15) H(X) = -- R- 2CVR, X) + 2Ric(X, X), 

OT T 

where X is the horizontal projection ofj'^r). Furthermore, Inequality J6', 1J$ is an 
equality if and only if for every Y £ T g (Mr_^=) the unique adapted vector field Y(t) 
along 7 satisfying Y(t) =Y is an C-Jacobi field. In this case 

Ric + -^Hess(LJ) = — — G(T - r). 

Proof. Choose an orthonormal basis {Y a } for T q (MT--)- For each a, extend 
{Y a } to an adapted vector field along the £-geodesic 7^ by solving 

V x Y a = - i — Y a - mc(Y a , •)*. 

As in Equation (|6.1Up . we have 

-^{Y a ,Yp) = (VxY^Yp) + {V x Yp,Y a ) + 2mc(Y a ,Yp) 



By integrating we get 



{Y a ,Yp){T) = -=rO a p- 



To simplify the notation we set 

l(r) = 
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and W a (r) = I(t)Y q (t). Then {W a (T)} a form an orthonormal basis at r. Conse- 
quently, summing Inequality (|6.13|) over a gives 

(6.16) AL T x (q) < U - 2VTR(q) -Vf <fFH(X, Y a )dr. 



To establish Inequality (|6. 14[) it remains to prove the following claim. 
Claim 6.44. 



J2H(X,Y a )= { /l-^} H(X). 



Proof. To prove the claim we sum Equation (|6,12p giving 
I 2 (r)Y,H(X,Y a ) = ^2H{X,W a ) 



-AR + 2Ric(X,X) -4(X7R,X) +4^2(V Wa mc)(W a ,X) 

a 

-2 Ric T (W a , W a ) + 2|Ric| 2 - -R. 



Taking the trace of the second Bianchi identity, we get 
Y,(Vw a Ric)(W a ,X) = hvR,X) 



In addition by (|3.7p . recalling that dR/dr = —dR/dt, we have 



^ = -Ai?-2|Ric 



2 



dr 

On the other hand, 

^ = dtfiRv)/dr = -2|Ric| 2 + Y, ^(W a , W a ), 

a 

and so J2 a ^fr(W a , W a ) = —AR. Putting all this together gives 

l\r)YH(X,Y a ) = H(X). 



□ 



Clearly, Inequality (|6.14p follows immediately from Inequality (|6.16p and the 
claim. The last statement of Proposition [6T4"3l follows directly from the last statement 
of Proposition 16.371 and Lemma 16.411 This completes the proof of Proposition 16.431 

□ 

5. Reduced length 

We introduce the reduced length function both on the tangent space and on 
space-time. The reason that the reduced length l x is easier to work with is that it is 
scale invariant when t\ = 0. Throughout Section[5]we fix x G M with t(x) = T—t\. 
We shall always suppose that T — n is greater than the initial time of the generalized 
Ricci flow. 
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5.1. The reduced length function l x on space-time. 

Definition 6.45. We define the C-reduced length (from x) 

l x '. IA X — 1^ 

by setting 

where t = T — t(q). We denote by V x the restriction of l x to the slice U x (t). 

In order to understand the differential inequalities that l x satisfies, we first need to 
introduce a quantity closely related to the function K7 Tl defined in Proposition 16.431 

Definition 6.46. For any £-geodesic 7 parameterized by [ti,t] we define 

<(7)= f T r^ 2 H(X)dr. 

In the special case when n = we denote this integral by K T (j). 
The following is immediate from the definitions. 

Lemma 6.47. For any C-geodesic 7 defined on [0,r] both JCL (7) and £^(7) are 
continuous in t\ and at t\ = i/tey ta&e t/ie same value. Also, 

' Tl : ) 3/2 ( J R( 7 (r 1 )) + |X(r 1 )| 2 ) 

zs continuous for all t\ > and aas Zimit as ri — > 0. Here, as always, X{t\) is 
the horizontal component of 7' at r = n . 

Lemma 6.48. -Lei g £ U x (t), let Z £ IA X be the pre-image of q and let jz be the 
C-geodesic determined by Z . Then we have 

(6.17) tH l£(7s) = ^ - (*(*) + l*(r)| 2 ) + (^) 3/2 + \X(n)\ 2 ) . 



In the case when t\ = 0, the last term on the right-hand side of Equation (6.11) 
vanishes. 



Proof. Using the £-geodesic equation and the definition of H we have 
-(R{ 1z {t)) + \X(t)\ 2 ) 



A(7? + A"(W 2 1 

= ^(7z(r)) + (VR(j z (t)),X(t)) + 2(V x X(r),X(r)) 



+2Ric(X(r),X(r)) 
K ( 7 z(r)) + 2X(r)(fl) - - \X(r)\ 2 - 2Ric(X(r), X(r)) 



Thus 



<9r 

= - J F/(X(r))-i( J R( 7 z(r) + |X(r)| 2 ). 
A(rl(i?(7^(r) + |X(r)| 2 )) = ~V^R(7z(t) + |X(r)| 2 ) - t!h(X(t)). 
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Integration from t\ to r gives 

r 3 / 2 (R(q)) + \X(r)f) - r^(R( X ) + \X(n)\*) = ^ - K^ z ), 

which is equivalent to Equation (|6.17p . In the case when t\ = 0, the last term on 
the right-hand side vanishes since 

lim T ^ T 3/2 |X(r)| 2 = 0. 

□ 

Now we come to the most general of the differential inequalities for l x that will 
be so important in what follows. Whenever the expression (^) 3//2 (R{x) + |X(ti)| 2 ) 
appears in a formula, it is interpreted to be zero in the case when t\ = 0. 

Lemma 6.49. For any q £ U x (j), let Z £ U x (t) be the pre-image of q and let jz 
be the C- geodesic determined by Z . Then we have 

dlx, , Df v lx{q) . K^(jz) 1 /ti\3/2 , 2 v 
— (q) = R(q)- — + ^ --(-) (R(x) + \X(n)\) 

1 n K^iw 



\Vl x (q)\ 2 = \X{r)\ 2 = ^ ~ ~ R{q) + (4) (R(x) + \X(r 1 



A£(«) = — =AL^(g) < - - ■= —-R(q) 



2 



2VT xK 2Vt{Vt-^) 2Vt(Vt-^] 

Proof. It follows immediately from Equation (|6.8|) that 

^£ = jR _I (jR+ |X| 2 )--^. 
dr 2 V 1 1 ; 2r 

Using Equation (|6.17p this gives the first equality stated in the lemma. It follows 

immediately from Corollary 16.291 that S/l x = X(t) and hence |V/J| 2 = |X(r)| 2 . 

From this and Equation (|6.17p the second equation follows. The last inequality is 

immediate from Proposition 16.431 

When n = 0, the last terms on the right-hand sides of the first two equations 

vanish, since the last term on the right-hand side of Equation (|6.17p vanishes in this 

case. □ 

When t\ = 0, which is the case of main interest, all these formulas simplify and 
we get: 

Theorem 6.50. Suppose that x £ Mt so that t\ = 0. For any q £ U x (t), let 
Z £ U x (t) be the pre-image of q and let jz be the C-geodesic determined by Z. As 
usual, let X(t) be the horizontal projection of Y z (t). Then we have 

|VC( S )I» = |A'W| 2 = £M-^-iS( 9 ) 



2V? " 27 2T 3 ' 2 
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Proof. This is immediate from the formulas in the previous lemma. □ 



Now let us reformulate the differential inequalities in Theorem 16. 501 in a way that 
will be useful later. 

Corollary 6.51. Suppose that x £ Mt so that t\ = 0. Then for q £ IA X we have 
£( fl) + AC( ff )<W^. 

|%) - All(q) + |VC(g)| 2 - 12(g) + ^ > 0. 

2AC(g) - \Vll(q)\ 2 + 12(g) + ™~ - < 0. 



In fact, setting 
then 5 > and 

dl x 



*=^-*(9)--#-AG(fl). 



, yr (g) - A£(g) + \Vll(q)\' - R(q) + — = 6 



2AF x (q) - \VF x (q)\ 2 + R(q) + ^LjL = _ 2(J . 



5.2. The tangential version I of the reduced length function. For any 

path 7 : [tl , r] — > (.M , G) parameterized by backward time we define 

1(7) -5^(7). 

This leads immediately to a reduced length on IA X . 
Definition 6.52. We define I: U x — ► R by 

r(Z,r) = ^^ = I( 7 z|[^). 

At first glance it may appear that the computations of the gradient and r- 
derivatives for l x pass immediately to those for I. For the spatial derivative this 
is correct, but for the r-derivative it is not true. As the computation below shows, 
the r-derivatives of I and l x do not agree under the identification Cexp x . The reason 
is that this identification does not line up the r- vector field in the domain with —d/dt 
in the range. So it is an entirely different computation with a different answer. 



Lemma 6.53. 

m 
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Proof. By the Fundamental Theorem of Calculus 

^L(Z,t) = V^(R(7 z (t)) + \X(t)\ 2 ). 

Thus, 

p(Z,T) = l(R( lz (T)) + \X(r)\>)- 1 -^. 
Corollary 6.54. Suppose that x G Mt so that t\ = 0. Then 



□ 



9 7(7 ^ 
— 1{Z,T) = — . 

or 2t2 

Proof. This is immediate from Lemma 16.531 and Lemma 16.481 (after the latter 
is rewritten using L instead of L x ). □ 

6. Local Lipschitz estimates for l x 

It is important for the applications to have results on the Lipschitz properties 
of l x , or equivalently L x . Of course, these are the analogues of the fact that in 
Riemannian geometry the distance function from a point is Lipschitz. The proof of 
the Lipschitz property given here is based on the exposition in |72j . In Section 
we fix x 6 M T - Tl C M. 



6.1. Statement and corollaries. 



Definition 6.55. Let (Ai,G) be a generalized Ricci flow and let x e Mx- T1 C 
Ai. The reduced length function l x is defined on the subset of Ai consisting of all 
points y £ Ai for which there is a minimizing £-geodesic from x to y. The value 
l x {y) is the quotient of £-length of any such minimizing £-geodesic divided by 2-^/r. 

Here is the main result of this subsection. 

Proposition 6.56. Let (M,G) be a generalized Ricci flow and let x £ Mt- Ti C 
Ai. Let e > be given and let A C M Pi t _1 (— oo,T — n + e). Suppose that 
there is a subset F C Ai on which |Ric| and |Vi?| are bounded and a neighborhood 
v(A) of A contained in F with the property that for every point z E v(A) there is 
a minimizing C- geodesic from x to z contained in F. Then l x is defined on all of 
v{A). Furthermore, there is a smaller neighborhood vo(A) C v{A) of A on which l x 
is a locally Lipschitz function with respect to the Riemannian metric, denoted G, on 
Ai which is defined as the orthogonal sum of the Riemannian metric G on HTA\ 
and the metric dt 2 on the tangent line spanned by x- 

Corollary 6.57. With A and ^(^4) as ^ n Proposition 1 6. 5b\ the restriction of l x 
to vq{A) D Mt~- is a locally Lipschitz function with respect to the metric Gt-t- 
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6.2. The proof of Proposition 16.561 Proposition 16.561 follows from a much 
more precise, though more complicated to state, result. In order to state this more 
technical result we introduce the following definition. 

Definition 6.58. Let y G M. with t(y) = t and suppose that for some e > 
there is an embedding t : B(y, t,r) x (t — e, t + e) — » M that is compatible with time 
and the vector field. Then we denote by P(y, r, e) C M the image of l. Whenever we 
introduce P(y, r,e) CM implicitly we are asserting that such an embedding exists. 

For A C Ai, if P(a,e,e) C M. exists for every a £ A, then we denote by v e {A) 
the union over all a G A of P(a, e, e). 

Now we are ready for the more precise, technical result. 

Proposition 6.59. Given constants e > 0, Tq < oo, Iq < oo, and Co < oo, there 
are constants C < oo and < 5 < e dependiny only the given constants such that the 
following holds. Let (M, G) be a generalized Ricci flow and let x G M be a point with 
t(x) = T — T\. Let y G M be a point with t(y) = t = T — r where t\ + e < r < To- 
Suppose that there is a minimizing C-geodesic 7 from x to y with ^(7) < Iq. Suppose 
that the ball B(y,t,e) has compact closure in M t and that P(y,e,e) C M. exists and 
that the sectional curvatures of the restriction of G to this submanifold are bounded 
by Cq. Lastly, suppose that for every point of the form z G P(y,5,5) there is a 
minimizing C-geodesic from x to z with |Ric| and |Vi?| bounded by Co along this 
geodesic. Then for all (b, t') G B(y, t,S) x (t — 6, t + 6) we have 

My) - Wb,t'))\ < C^dt(y,b) 2 + \t-t'\ 2 . 
Before proving Proposition 16.591 let us show how it implies Proposition 16.561 

Proof, (that Proposition 16.591 implies Proposition 16.561) Suppose given e > 0, 
A, v{A) and F as in the statement of Proposition 16.561 For each y G A there 
is < e' < e and a neighborhood v'(y) with (i) the closure V'{y) of v'(y) being 
a compact subset of v(A) and (ii) for each z G v'{y) the parabolic neighborhood 
P(z, e' , e') exists and has compact closure in v(A). It follows that for every z G V'{A), 
Rmc is bounded on P(z, e' , e') and every point of P(z, e' , e') is connected to x by a 
minimizing £-geodesic in F. Thus, Proposition 16.591 with e replaced by e', applies 
to z. In particular, l x is continuous at z, and hence is continuous on all of v\y). 
Thus, l x is bounded on v'(y). Since we have uniform bounds for the curvature on 
P(z,e',e') according to Proposition 16.591 there are constants C < 00 and < 5 < e' 
such that for any z G v'(y) and any z' G P(z, 5, 5), we have 

\l x (z) - l x {z')\ < C\z - z'\ G{t{z)+dt 2. 

Since we have a uniform bound for the curvature on P(z, e 1 , e') independent of z G 
v'{y), the metrics G = C + dt 2 and G(t(z)) + dt 2 are uniformly comparable on all 
of P(z, 5, 6). It follows that there is a constant C' < 00 such that for all z G v (y) 
and all z' G P(z, 5, 5) we have 

\l x (z)-l x (z')\ <C'\Z-z'\q. 
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We set vq(A) = ^ y eAv' {y)- This is an open neighborhood of A contained in u(A) 
on which l x is locally Lipschitz with respect to the metric G. □ 

Now we turn to the proof of Proposition 16.591 We begin with several preliminary 
results. 

Lemma 6.60. Suppose that 7 is an C-geodesic defined on [ti,t], and suppose that 
for all t G [ti,t] we have |Vi?(7(r))| < Cq and |Ric(7(r))| < Co- Then 

max r (v^|X 7 (r)|) < C im in r (v^|X 7 (r)|) + {Cl ~ ^ V^, 
where C\ = e 2C ° T . 

Proof. The geodesic equation in terms of the variable s, Equation (|6.5p . gives 

= 2(V y(s) 7 , ( S ),7 , (s))+4 S Ric( 7 , ( S ),7 / (s)) 
(6.18) = 4s 2 (Vi?,7'(s)) -4sRic(7 / (s),7 / (s)). 

Thus,, by our assumption on |Vi?| and |Ric| along 7, we have 
d| 7 '(s)| 2 



ds 



<4Co S 2 |7'(s)|+4Co S |7'(s) 



It follows that 

dh'(s)\ 
ds 

and hence that 



< 2C s 2 + 2C s|Y(s)| < 2C r + 2C7 V?|7'(s) 



-2C Vrds < — < 2C Vrds. 



Vt+ |Y(s)| 

Suppose that sq < s\. Integrating from sq to si gives 

< c\i{ SQ )\ + {c-i)^ 
KM < c\ 7 '( Sl )\ + (c-i)Vf 

where 

Q — g2CoVr(si-so) 

Since v / rX 7 (r) = this completes the proof of the lemma. □ 

Corollary 6.61. Given tq < 00, Cq < 00, e > 0, and Iq < 00, there is a 
constant C2 depending only on Cq, Iq, e and tq such that the following holds. Let 7 
be an C-geodesic defined on [ti,t] with t\ + e < r < r and u>i£/i |Vi?(7(r))| < Co 
and |Ric(7(r))| < Co for all r G [71, r]. Suppose also that < Iq. Then, we have 

max r (Vt|X 7 (t)|) < C 2 . 

Proof. From the definition £(7) = f^-(2s 2 R + ||7'(s)| 2 )ds. Because of the 
bound on |Ric| (which implies that \R\ < 3Cq) we have 

\ I " W{ S )\ 2 ds<C{ 1 ) + 2CQf^. 
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Thus, 

(v^- ^T)min(|y( S )| 2 ) < 2£( 7 ) +4C r 3 / 2 . 

The bounds ri+e < r < To, then imply that min|7'(s)| 2 < C" for some C" depending 
on Co,lo,e, and To- Since y/rX^(r) = ^j'(s), we have 

mirv (V7|X 7 (r)|) < C 

for some constant C depending only on Co, lo, e and tq. The result is now immediate 
from Lemma 16.601 □ 

Now we are ready to show that, for z sufficiently close to y, the reduced length 
l x (z) is bounded above by a constant depending on the curvature bounds, on l x (y), 
and on the distance in space-time from z to y. 

Lemma 6.62. Given constants e > 0, Tq < oo, Co < oo, and lo < oo, there are 
C3 < 00 and < 62 < e/4 depending only on the given constants such that the 
following holds. Let y £ Ai be a point with t(y) = to = T — r where T\ + e < r < ro- 
Suppose that there is a minimizing C-geodesic 7 /rom x to y with ^(7) < Zo- Suppose 
that |Vi?| and |Ric| are bounded by Co along 7. Suppose also that the ball B(y,to,e) 
has compact closure in Mt and that there is an embedding 

l: B(y,t ,e) x (t -e,t + e) ^ P(y,e,e) CM 

compatible with time and the vector field so that the sectional curvatures of the 
restriction of G to the image of this embedding are bounded by Co . Then for any 
point b E B(y, to, 82) and for any t' £ (to — o~2j *o + ^2) there is a curve 71 from x to 
the point z = i(b,t'), parameterized by backward time, such that 



Z(7i) < Z(7) + c^d to (y,b) 2 + \to 



¥ 12 



Proof. Let C2 be the constant depending on Co, lo, e, and to from Corol- 
lary EMI and set 

C = ^c 2 . 

Since r > e, it follows that r — e/2 > e/2, so that by Corollary 16.611 we have 
|-^7(t)| < C' for all t G [r — e/2,r]. Set < 5o sufficiently small (how small depends 
only on Co) such that for all (z, t) G P(y, e, So) we have 

^g(z,t) < g(z,t ) < 2g(z,t), 

and define 

' e e 



mm 



8' 8C' 4 



Let b G B(y,to,52) and t' G (to-^2, ^0+^2) be given. Set a = y / d to (y, b) 2 + |t - ^'| 2 , 
set t\ = to — 2a, and let t\ =T — t±. Notice that a < \plb2 < e/4, so that the norm 
of the Ricci curvature is bounded by C' on i(B(y, to, e) x (t\,to + 2a)). 

CLAIM 6.63. 7(17) G P(y,e,e) and writing 7(17) = i(c,t\) we have dt (c,b) < 
(AC + l)a. 
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PROOF. Since |X 7 (r)| < C for all r € [r — 2a, r], and S 2 < 5 /4, it follows that 
2a < 6q and hence that \Xry(r)\ g u \ < 2C' for all r G [r — 2a, r]. Since 7(r) = y, 
this implies that 

dto(y,c) < AC' a. 

The claim then follows from the triangle inequality. □ 

Now let /Z: [f — 2a, T — t'\ — ► B(y,to,e) be a shortest g(to)-geodesic from c to 
6, parameterized at constant <7(io)-speed, and let /i be the path parameterized by 
backward time defined by 

H{r) = l(JS(t),T-t) 
for all r G [r — 2a, T — t']. Then the concatenation 71 = 7|[ rij -_2a] * is a path 
parameterized by backward time from x to i{b,t'). 

Claim 6.64. There is a constant C[ depending only on Co, C , and Tq such that 

Kl/i) < l{l\[n,T-2a]) + C[a 

Proof. First notice that since r = T — to and \t' — to\ < a we have (T — 
t') — (r — 2a) = 2a + {t! — to) > a. According to Claim [6T631 this implies that the 
g(io)-speed of fi is at most (AC + 1), and hence that \X^(T)\ g ^- T ) < 8C" + 2 for all 
r G [t — 2a,T — t']. Consequently, R+ |A" M | 2 is bounded above along \i by a constant 
C depending only on C' and Co- This implies that C(fi) < Ca\jT — t'. Of course, 
T — t' <t + e <2t < 2tq. This completes the proof of the claim. □ 

On the other hand, since R > —3Cq in P(y, e, e) and \X\ 2 > 0, we see that 

[n,r— 2a] ) < ^(7) + 6CoaVro- 
Together with the previous claim this establishes Lemma 16.621 □ 

This is a one-sided inequality which says that the nearby values of l x are bounded 
above in terms of l x (y), the curvature bounds, and the distance in space-time from 
y. In order to complete the proof of Proposition 16.591 we must establish inequalities 
in the opposite direction. This requires reversing the roles of the points. 

Proof, (of Proposition ^. 59| ) Let 82 and C3 be the constants given by Lemma [6.62l 
associated to e/2, Tq, Co, and Iq. We shall choose C > C3 and 5 < 62 so that by 
Lemma 16.621 we will automatically have 

1Mb, 0) < Uv) + C^d t0 {y,by + \t -t'\> < l x {y) + C^Jd tQ (y, 6)2 + \t - if 

for all t(b,t') G P(y,5,5). It remains to choose C and 5 so that 

Uy) < lx(i(b,t')) + C^ah {y, b) 2 + 1 1 - t'\ 2 . 

Let 5' 2 and C 3 be the constants given by Lemma 16.621 for the following set of input 
constants: C' = Co, to replaced by r' = ro+e/2, and Iq replaced by 1' = I0+V2C352, 
and e replaced by e' = e/4. Then set C = max(2C 3 , C3). 
Let z = i(b,t') G P(y,5,5). 

Claim 6.65. For 5 sufficiently small (how small depending on 62 and 5' 2 ) we have 
B(z,t',e/4)C B(y,t ,e). 
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PROOF. Since \to — t'\ < 5 < 82, and by construction 62 < So, it follows that for 
any c G B(y,to,e) we have d t '(b,c) < 2dt (b,c). Since dt (y,b) < S < e/4, the result 
is immediate from the triangle inequality. □ 

By the above and the fact that 5 < e/4, the sectional curvatures on P(z, e/4, e/4) 
are bounded by Cq. By Lemma 16.621 there is a curve parameterized by backward 
time from x to z whose /-length is at most l' Q . Thus the /-length any minimizing C- 
geodesic from x to z is at most 1' . By assumption we have a minimizing £-geodesic 
with the property that |Ric| and|Vi?| are bounded by Co along the £-geodesic. 

Of course, to — 5 < t' < t$ + 5, so that n + e/2 < T — t' < To + e/4. This means 
that Lemma T6.62I applies to show that for very w = t(c, t) G P(z,5 2 ,5 2 ), we have 

l x (w) < l x (z) + CWMb,c) 2 + \t-f\ 2 . 
The proof is then completed by showing the following: 

Claim 6.66. y G P(z,S' 2 ,5 2 ). 

PROOF. By construction \t' — t \ < S < 5' 2 . Also, d ti) {y,b) < 5 < S 2 /2. Since 
dfo — 2dt', we have df(y, b) < 5' 2 the claim is then immediate. □ 

It follows immediately that 

Uy) < l x (z)+CWdAb,y) 2 + \t -t'\ 2 

< l x (z) + 2CWdt (P, y) 2 + \t - t'| 2 < l x (z) + C^djb, y) 2 + \t - i'| 2 . 

This completes the proof of Proposition 16.591 □ 

Corollary 6.67. Let (A4,G) be a generalized Ricci flow and let x £ M with 
t(x) = T — T\. Let A C 7Wnt _1 (— 00, T — n) be a subset whose intersection with each 
time-slice Mt is measurable. Suppose that there is a subset F C M. such that |Vi£| 
and |Ric| are bounded on F and such that every minimizing C geodesic from x to 
any point in a neighborhood, v(A), of A is contained in F. Then for each r G (ti>t] 
the intersection of A with U x {t) is an open subset of full measure in A n Mt~ t - 

Proof. Since U x {t) is an open subset of Mt~ t , the complement of f(A)f]U x (r) 
in f{A) n Mt- t is a closed subset of v(A) n Mt~ t - Since there is a minimizing 
£-geodesic to every point of v{A) n Mt~ t , the /^-exponential map £expJJ is onto 
u(A) n M T _ T . 

Claim 6.68. The complement of v{A) C]U x (t) in v(A) is contained in the union 
of two sets: The first is the set of points z where there is more than one minimizing 
C- geodesic from x ending at z and if Z is the initial condition for any minimizing 
C-geodesic to z then the differential of Cexp^ at any Z is an isomorphism. The 
second is the intersection of the set of critical values of £exp T with v(A) n Mr_ T . 

PROOF. Suppose that q G v (A) n Mt-t is not contained in U x . Let 7^ be a 
minimal £-geodesic from x to q. If the differential of Cexp x is not an isomorphism 
at Z, then q is contained in the second set given in the claim. Thus, we can assume 
that the differential of £exp x at Z, and hence ^Cexp^, identifies a neighborhood V of 
Z in 7iT z M with a neighborhood V C v(A) of q in My_ r . Suppose that there is no 
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neighborhood V' C V of Z so that the /^-geodesies are unique minimal /^-geodesies 
to their endpoints in Mt t - Then there is a sequence of minimizing £-geodesics jn 
whose endpoints converge to q, but so that no 7„ has initial condition contained 
in V' . By hypothesis all of these geodesies are contained in F and hence |Ric| and 
|Vi?| are uniformly bounded on these geodesies. Also, by the continuity of C, the 
/^-lengths of j n are uniformly bounded as n tends to infinity. By Corollary 16.611 
we see that the initial conditions Z n = y/TxX~ n {r\) (meaning the limit as r — > of 
these quantities in the case when t\ = 0) are of uniformly bounded norm. Hence, 
passing to a subsequence we can arrange that the Z n converge to some Z^. The 
tangent vector is the initial condition of an £-geodesic . Since the 7 n are 
minimizing £-geodesics to a sequence of points q n converging to q, by continuity it 
follows that 700 is a minimizing £-geodesic to q. Since none of the Z n is contained 
in V , it follows that Z M 7^ Z. This is a contradiction, showing that throughout 
some neighborhood V of Z the £-geodesics are unique minimizing £-geodesics and 
completing the proof of the claim. □ 

According to the next claim, the first subset given in Claim 16.681 is contained in 
the set of points of v(A)C\Mt- t where L x is non-differentiable. Since L x is a locally 
Lipschitz function on v(A), this subset is of measure zero in v{A)\ see Rademacher's 
Theorem on p. 81 of [20]. The second set is of measure zero by Sard's theorem. 
This proves, modulo the next claim, that IA x {t) n A is full measure in A n Mt- t - 

Claim 6.69. Let z £ Mt~ t - Suppose that there is a neighborhood of z in Mt~ t 
with the property that every point of the neighborhood is the endpoint of a minimizing 
C- geodesic from x, so that L x is defined on this neighborhood of z. Suppose that there 
are two distinct, minimizing C- geodesies 7^ and 7^ 2 from x ending at z with the 
property that the differential of £exp T is an isomorphism at both Z\ and Z<i- Then 
the function L T X is non-differentiable at z. 

Proof. Suppose that 7_z |[o,t] is an £-minimal £-geodesic and that dz JCexp x is 
an isomorphism. Then use Cexp x to identify a neighborhood of Zq £ T X M with a 
neighborhood of z in My_ T , and push the function C x on this neighborhood of Zq 
down to a function Lz on a neighborhood in Mt~ t of z. According to Lemma [6.221 
the resulting function Lz is smooth and its gradient at z is 2- v /rX(r). Now suppose 
that there is a second ^-minimizing £-geodesic to z with initial condition Z\ 7^ Zq 
and with dz±£exp x being an isomorphism. Then near z the function L x is less 
than or equal to the minimum of two smooth functions Lz and Lz x - We have 
L>z {z) = Lz ± {z) = L x (z), and furthermore, Lz and Lz 1 have distinct gradients at 
z. It follows that L x is not smooth at z. □ 

This completes the proof of the Corollary 16.671 □ 
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Here, we assume that x £ My C A4, so that t\ = in this subsection. 
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Definition 6.70. Let A c U x (t) be a measurable subset of M T - T - The C-reduced 
volume of A from x (or the reduced volume for short) is defined to be 

V X (A) = J T-%exp(-l x (q))dq 

where dq is the volume element of the metric G(T — r). 

Lemma 6.71. Let A C U x (t) be a measurable subset. Define A C U x (t) to be the 
pre-image under £exp£ of A. Then 

V X (A) = [_T-?exp(-T{Z,T))J{Z,T)dZ, 

J A 

where dZ is the usual Euclidean volume element and J(Z, r) is the Jacobian deter- 
minant o/£expJ at Z E T x Mt- 

Proof. This is simply the change of variables formula for integration. □ 

Before we can study the reduced volume we must study the function that appears 
as the integrand in its definition. To understand the limit as r — > requires a 
rescaling argument. 

7.1. Rescaling. Fix Q > 0. We rescale to form (QM,QG) and then we shift 
the time by T — QT so that the time-slice Mt in the original flow is the T time- 
slice of the new flow. We call the result (A4',G'). Recall that r = T — t is the 
parameter for £-geodesics in (M.,G) The corresponding parameter in the rescaled 
flow (M',G') is r 1 = T — t' = Qt. We denote by Cexp x the ^-exponential map 
from x in (Ai',G'), and by l' x the reduced length function for this Ricci flow. The 
associated function on the tangent space is denoted V . 

Lemma 6.72. Let (M, G) be a generalized Ricci flow and let x E Mt C M. Fix 
Q > and let (M',G') be the Q scaling and shifting of (M,G) as described in the 
previous paragraph. Let i: M. — > M! be the identity map. Suppose that 7 : [0, r] — > 
M. is a path parameterized by backward time with 7(0) = x. Let (5: [0, Qt] — ► QAi 
be defined by 

(3(r') = i( 7 (t7Q)). 

Then (3(0) = x and (3 is parameterized by backward time in (M',G'), and C(j3) = 
Y / Q£(7). Furthermore, (3 is an C-geodesic if and only if 7 is. In this case, if 
Z = lim r ^ov / ^^7( r ) then \J Q~ 1 Z = lim^^oV^X^r') 

Remark 6.73. Notice that \Z\% = \^jQ- l Z\ 2 G ,. 

Proof. It is clear that (3(0) = x and that (3 is parameterized by backward time 
in (M',G'). Because of the scaling of space and time by Q, we have Rq' = Rg/Q 
and Xp(r') = dL(Xj(r))/Q, and hence \Xp(t')\q, = ^\X^(t)\q. A direct change of 
variables in the integral then shows that 

C((3) = 7Q£( 7 ). 



It follows that (3 is an £-geodesic if and only if 7 is. The last statement follows 
directly. □ 
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Immediately from the definitions we see the following: 

Corollary 6.74. With notation as above, and with the substitution t' = Qt, 
for any Z £ TLT X M. and any r > we have 

£'eW x (.VQ~ lz , T ') = i (^exp 2 .(Z,r)) 

and 

V(VO^Z,t')=T(Z,t), 

whenever these are defined. 

7.2. The integrand in the reduced volume integral. Now we turn our 
attention to the integrand (over IA x {t)) in the reduced volume integral. Namely, set 

f(r)=r- n / 2 e- T ^J(Z,r), 

where J(Z, r) is the Jacobian determinant of £expj at the point Z £ U x (r) C T x Mt- 
We wish to see that this quantity is invariant under the rescaling. 

Lemma 6.75. With the notation as above let J'{Z,t') denote the Jacobian de- 
terminant of £'exp x . Then, with the substitution t 1 = Qt, we have 

(rT n/2 e- T ' { ^ Z ' T,) J'( y/Q^Zy) = r- n / 2 e- T ^J(Z,r). 

Proof. It follows from the first equation in Corollary 16.741 that 

J(l)J(Z,t) = J{^/Q^)J'(./Q^Z,t'), 

where J{l) is the Jacobian determinant of l at Cexp x (Z, r) and J(\/ Q^ 1 ) is the 
Jacobian determinant of multiplication by \J Q~ l as a map from T x Mt to itself, 
where the domain has the metric G and the range has metric G' = QG. Clearly, 
with these conventions, we have J(l) = Q n / 2 and J( y / Q^ T ) = 1. Hence, we conclude 

Q n / 2 J{Z,r) = j'{^/GT I Zy). 

Letting 7 be the £-geodesic in (Ai,G) with initial condition Z and (3 the C- 
geodesic in (Ai' , G') with initial condition \J Q~ 1 Z, by Lemma 16.721 we have 7(1") = 
/3(t'). From Corollary I6.74I and the definition of the reduced length, we get 

?(v / Q ZT ^T / )=T(7,r). 
Plugging these in gives the result. □ 

Let us evaluate /(r) in the case of W 1 with the Ricci flow being the constant 
family of Euclidean metrics. 

Example 6.76. Let the Ricci flow be the constant family of standard metrics on 
R n . Fix x = (p,T) £ W 1 x (-00,00). Then 

Cexp x (Z, t) = { P + 2^TZ, T-t). 

In particular, the Jacobian determinant of £exp^, T ^ is constant and equal to 2"r n//2 . 

The T-length of the £-geodesic j z (r) = (p + 2^/?Z, T-t), < r < r, is \Z\ 2 . 

Putting these computations together gives the following. 
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Claim 6.77. In the case of the constant flow on Euclidean space we have 

f(r) = r- n / 2 e- T ^J(Z,r) = Te^ . 
This computation has consequences for all Ricci flows. 

Proposition 6.78. Let (M, G) be a generalized Ricci flow and let x £ Mt C M. 
Then, for any A < oo, there is 5 > such that the map Cexp x is defined on 
-6(0, A) x (0,5), where B(0,A) is the ball of radius A centered at the origin in 
T x Mt- Moveover, Cexp x defines a diffeomorphism of B(0,A) x (0,5) onto an open 
subset of M.. Furthermore, 

\im T ^T~ n ' 2 e- J ^J(Z,T) = Te-W 2 , 

where the convergence is uniform on each compact subset ofT x Mx- 

Proof. First notice that since T is greater than the initial time of Ai, there is 
e > 0, and an embedding p: B(x, T, e) x [T — e, T] — > M. compatible with time and 
the vector field. By taking e > smaller if necessary, we can assume that the image 
of p has compact closure in Ai. By compactness every higher partial derivative 
(both spatial and temporal) of the metric is bounded on the image of p. 

Now take a sequence of positive constants r k tending to as k — > oo, and set 
Qk = T k~ l ■ We let (M k , Gk) be the Qfc-rescaling and shifting of (A4, G) as described 
at the beginning of this section. The rescaled version of p is an embedding 

Pk : B Gk (x, T, ^/Q~ k e) x [T - Q k e, T] -» M k 

compatible with the time function t k and the vector field. Furthermore, uniformly 
on the image of p k , every higher partial derivative of the metric is bounded by 
a constant that goes to zero with k. Thus, the generalized Ricci flows (M. k ,G k ) 
based at x converge geometrically to the constant family of Euclidean metrics on 
W 1 . Since the ODE given in Equation (|6.5p is regular even at 0, this implies that the 
^-exponential maps for these flows converge uniformly on the balls of finite radius 
centered at the origin of the tangent spaces at x to the /^-exponential map of W 1 at 
the origin. Of course, if Z £ T x Mt is an initial condition for an £-geodesic in (Ai, G), 

then J Q^Z is the initial condition for the corresponding £-geodesic in (M. k ,G k ). 

But \Z\ G = \ J~Q^Z\ Gk , so that if Z € B G (0,A) then ^Q^ 1 Z £ B Gk (0,A). In 
particular, we see that for any A < oo, for all k sufficiently large, the /^-geodesies 
are defined on B Gk (0, A) x (0,1] and the image is contained in the image of p k . 
Rescaling shows that for any A < oo there is k for which the ^-exponential map is 
defined on B G (0, A) x (0, r k ] and has image contained in p. 

Let Z £ Bq(0, A) C T x Mt, and let 7 be the £-geodesic with lim^oV^^ 7 ") = 
Z. Let 7^ be the corresponding £-geodesic in (M. k ,G k ). Then lim T _*o\A : -^7fc(' r ) = 
^Jr^Z = Zfc. Of course, \Z k \ Gk = \Z\ G , meaning that Z k is contained in the ball 
B Gk (0,A) C T x Mj< for all k. Hence, by passing to a subsequence we can assume 
that, in the geometric limit, the ^/rfcZ converge to a tangent vector Z' in the ball of 
radius A centered at the origin in the tangent space to Euclidean space. Of course 
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\Z'\ 2 = \Z\%. By ClaimEZU this means that we have 

l^^l-^e-^^^M^Z,!) = 

where is the Jacobian determinant of the ^-exponential map for {M^G^). Of 
course, since = Q^ 1 , by Lemma f6. 751 we have 

1 ~n/2 e -T k (^Z A)jk{ ^ ZA)=T -n/2 e .T(Z,r k)j{Z7Tk y 

This establishes the limiting result. 

Since the geometric limits are uniform on balls of finite radius centered at the 
origin in the tangent space, the above limit also is uniform over each of these balls. 

□ 

Corollary 6.79. Let (Ai,G) be a generalized Ricci flow whose sectional curva- 
tures are bounded. For any x G Mt and any R < oo for all r > sufficiently small, 
the ball of radius R centered at the origin in T x Mt is contained inU x (r). 

Proof. According to the last result, given R < oo, for all 5 > sufficiently 
small the ball of radius R centered at the origin in T x Mj- is contained in T> x , in the 
domain of definition of Cexp x as given in Definition 16.171 and £exp x is a diffeomor- 
phism on this subset. We shall show that if 5 > is sufficiently small, then the 
resulting £-geodesic 7 is the unique minimizing £-geodesic. If not then there must 
be another, distinct £-geodesic to this point whose £-length is no greater than that 
of 7. According to Lemma 16.601 there is a constant C\ depending on the curvature 
bound and on 5 such that if Z is an initial condition for an £-geodesic then for all 
r G (0, 5) we have 

cr 1 (\z\ - < y/7\x(r)\ < c,\z\ + ^r^Vs. 

From the formula given in Lemma 16.601 for C\, it follows that, fixing the bound of 
the curvature and its derivatives, C\ — » 1 as 5 — > 0. Thus, with a given curvature 
bound, for 5 sufficiently small, ^/r|X(r)| is almost a constant along £-geodesics. 
Hence, the integral of t/t|X(t)| 2 is approximately 2\/7>\Z\' 2 . On the other hand, the 
absolute value of the integral of ^/tR{^{t)) is at most 2CqS 3 ^ 2 /3 where Cq is an 
upper bound for the absolute value of the scalar curvature. 

Given R < 00, choose 5 > sufficiently small such that £exp x . is a diffeomorphism 
on the ball of radius 9R centered at the origin and such that the following estimate 
holds: The £-length of an £-geodesic defined on [0, 5] with initial condition Z is 
between Vd\Z\ 2 and 3VS\Z\ 2 . To ensure the latter estimate we need only take 6 
sufficiently small given the curvature bounds and the dimension. Hence, for these 
5 no £-geodesic with initial condition outside the ball of radius 9R centered at the 
origin in T x Mt can be as short as any £-geodesic with initial condition in the ball 
of radius R centered at the same point. This means that the £-geodesics defined on 
[0, 6] with initial condition \Z\ with \Z\ < R are unique minimizing £-geodesics. □ 
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7.3. Monotonicity of reduced volume. Now we are ready to state and prove 
our main result concerning the reduced volume. 

Theorem 6.80. Fix x e M T C M. Let A C U x C M be an open subset. We 
suppose that for any < r < r and any y £ A T = A n Mt~ t the minimizing C- 
geodesic from x to y contained in Au{x}. Then V X (A T ) is a non-increasing function 
of t for all < t <T. 

Proof. Fix tq 6 (0,t]. To prove the theorem we shall show that for any < 
r < ro we have V X (A T ) > V X (A TQ ). Let A To C U x {tq) be the pre-image under £expj° 
of A To . For each < r < to we set 

A TtT0 = £exjp T x (A T0 ) c M T -t- 

It follows from the assumption on A that A TTo C A T , so that V x (A TtTo ) < V X (A T ). 
Thus, it suffices to show that for all < t < to we have 

V X (A T:T0 ) > V x (t ). 

Since 

V x (A TyTQ )= [ T-%exp{-T(Z,T))J(Z,r)dZ, 

JAr 

the theorem follows from: 

Proposition 6.81. For each Z G U x (t) C T x M t the function 

f(Z,r)=T^e- T ^J(Z,r) 

is a non-increasing function ofr on the interval (0,r] withHm T ->of(Z,r) = 2 n e~'^' 2 , 
the limit being uniform on any compact subset ofT x MT- 

Proof. First, we analyze the Jacobian J~(Z, r). We know that £exp£ is smooth 
in a neighborhood of Z. Choose a basis {d a } for T x Mt such that d a pushes forward 
under the differential at Z of Cexp^, to an orthonormal basis {Y a } for Mt~ t at 
7z(t). Notice that, letting r' range from to r and taking the push-forward of the 
d a under the differential at Z of £exp^ produces a basis of £-Jacobi fields {y a (r')} 
along "fz- With this understood, we have: 

^ }nJ \r = J^H\Jdet((Y a ,Yp))) 

a 

By Lemma 16.401 and by Proposition 16.371 (recall that t\ = 0) we have 
1 d 1 

~-t\Y*{t)\ 2 = —=Re SS (L)(Y a ,Y a ) + mc(Y a ,Y a ) 
2dr 2yjr 

(6.19) < ±-- ^= ^ V?H(X,Y a (r'))dr', 
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where Y a {r') is the adapted vector field along 7 with Y(t) = Y a {r). Summing over 
a as in the proof of Proposition 16.431 and Claim 16.441 yields 

|ln J(Z ,r)| T < ±-^Y^[^H{.X,Y^W 

(6.20) = £ - ±T-ilThz). 

On U x (r) the expression r~ 2 e~ l ^ Z ' T ^J'(Z, r) is positive, and so we have 

Corollary 16.541 says that the right-hand side of the previous inequality is zero. 
Hence, we conclude 

(6.21) ^(t-U- T ^J(X,t)) <0. 

This proves the inequality given in the statement of the proposition. The limit 
statement as r — ► is contained in Proposition 16.781 □ 

As we have already seen, this proposition implies Theorem 16.801 an d hence the 
proof of this theorem is complete. □ 

Notice that we have established the following: 

COROLLARY 6.82. For any measurable subset A C IA x {t) the reduced volume 
V X (A) is at most (4vr) n / 2 . 

Proof. Let A C U x (t) be the pre-image of A. We have seen that 

V X (A)= f T- n / 2 e- l ^dq= [T~ n / 2 e- TiZ ' T) J(Z,T)dz. 
J A J A 

By Theorem 16.801 we see that T- n / 2 e~ l( - z ^J(Z, t) is a non-increasing function of r 
whose limit as r — > is the restriction of 2™e - '^' to A. The result is immediate 
from Lebesgue dominated convergence. □ 
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Complete Ricci flows of bounded curvature 

In this chapter we establish strong results for Cexp x in the case of ordinary Ricci 
flow on complete ra-manifolds with appropriate curvature bounds. In particular, 
for these flows we show that there is a minimizing £-geodesic to every point. This 
means that l x is everywhere defined. We extend the differential inequalities for l x 
established in Section[5]at the 'smooth points' to weak inequalities (i.e., inequalities 
in the distributional sense) valid on the whole manifold. Using this we prove an 
upper bound for the minimum of l T x . 

Let us begin with a definition that captures the necessary curvature bound for 
these results. 

Definition 7.1. Let (M,g(t)), a < t < b, be a Ricci flow. We say that the 
flow is complete of bounded curvature if for each t £ [a, b] the Riemannian manifold 
(M,g(t)) is complete and if there is C < oo such that |Rm|(p, t) < C for all p £ M 
and all t £ [a, b]. Let I be an interval and let (M,g(t)), t £ I, be a Ricci flow. Then 
we say that the flow is complete with curvature locally bounded in time if for each 
compact subinterval J C I the restriction of the flow to (M,g(t)), t £ J, is complete 
of bounded curvature. 

1. The functions L x and l x 

Throughout Chapter [7] we have a Ricci flow (M,g(t)), < t < T < oo, and we 
set r = T — t. All the results of the last chapter apply in this context, but in fact in 
this context there are much stronger results, which we develop here. 

1.1. Existence of £-geodesics. We assume here that (M,g(t)), < t < 
T < oo, is a Ricci flow which is complete of bounded curvature. In Shi's Theorem 
(Theorem I3.28|) we take K equal to the bound of the norm of the Riemannian 
curvature on M x [0, T], we take a = 1, and we take to = T. It follows from 
Theorem that there is a constant C(K,T) such that \VR(x,t)\ < C/t 1 / 2 . Thus, 
for any e > we have a uniform bound for |Vi?| on M x [e, T\. Also, because of 
the uniform bound for the Riemann curvature and the fact that T < oo, there is a 
constant C, depending on the curvature bound and T such that 

(7.1) C- 1 g(x,t)<g(x,0)<Cg(x,t) 

for all (x,t) £ M x [0,T]. 

Lemma 7.2. Assume that M is connected. Given pi,P2 £ M and < n < t<i < 
T, there is a minimizing C-geodesic: 7: [ti,T2] — » M x [0,T] connecting (pi,T\) to 

(P2,T 2 ). 
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Proof. For any curve 7 parameterized by backward time, we set 7 equal to the 
path in M that is the image under projection of 7. We set A(s) = 7~'(s). Define 

c{(pi,T 1 ),(p 2 ,T 2 )) = inf{£(7)|7: [77, r 2 ] -> M x [0,T], 7(7-1) =Pi,7(r 2 ) = f> 2 }. 

From Equation (|6.2p we see that the infimum exists since, by assumption, the cur- 
vature is uniformly bounded (below). Furthermore, for a minimizing sequence 7j, 
we have |^4j(s)| ds < Co, for some constant Co, where = y/ri for i = 1,2. 
It follows from this and the inequality in Equation (|7.1|) that there is a constant 
Ci < 00 such that for all i we have 

Therefore the sequence {7^} is uniformly continuous with respect to the metric g(0); 
by Cauchy-Schwarz we have 

-7i(s')L ) ^ / \ A i\ g (o) ds ^ V^i Vs - s'. 

J s' 

By the uniform continuity, we see that a subsequence of the 7^ converges uniformly 
pointwise to a continuous curve 7 parameterized by s, the square root backward 
time. By passing to a subsequence we can arrange that the 7^ converge weakly in 
H 2 ' 1 . Of course, the limit in H 2,1 is represented by the continuous limit 7. That is 
to say, after passing to a subsequence, the 7^ converge uniformly and weakly in H 2 ' 1 
to a continuous curve 7. Let A(s) be the L 2 -derivative of 7. Weak convergence in 
H 2 ' 1 implies that Jj*, |^4(s)| 2 (is < limj-^oo fg> \Ai(s)\ 2 ds, so that £(7) < limj_ >00 £(7j). 
This means that 7 minimizes the £-length. Being a minimizer of £-length, 7 satisfies 
the Euler-Lagrange equation and is smooth by the regularity theorem of differential 
equations. This then is the required minimizing £-geodesic from (pi,T\) to (p2) T 2)- 

□ 

Let us now show that it is always possible to uniquely extend £-geodesics up to 
time T. 

Lemma 7.3. For any < 77 < r 2 < T suppose that 7: [77, r 2 ] — >• M x [0, T] is an 
C-geodesic. Then 7 extends uniquely to an C-geodesic 7: [0, T) — > M x (0, T]. 

Proof. We work with the parameter s = y 7 ?. According to Equation (|6.5p . we 
have 

Vy( s )7'(s) = 2s 2 Vi? - 4sRic(V(s), •)• 
This is an everywhere non-singular ODE. Since the manifolds (M,g(t)) are complete 
and their metrics are uniformly related as in Inequality (17. ip . to show that the 
solution is defined on the entire interval s 6 [0, vT) we need only show that there 
is a uniform bound to the length, or equivalently the energy of 7 of any compact 
subinterval of [0, T) on which it is defined. Fix e > 0. It follows immediately from 
Lemma 16.601 an d the fact that the quantities R, |Vi?| and |Rm| are bounded on 
M x [e,T], that there is a bound on max|7'(s)| in terms of |7'(ti)|, for all s £ 
[0, yJT^l] for which 7 is defined. Since (M, g(0)) is complete, this, together with a 
standard extension result for second-order ODE's, implies that 7 extends uniquely 
to the entire interval [0, \/T — ej. Changing the variable from s to r = s 2 shows that 
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the £-geodesic extends uniquely to the entire interval [0,T — e]. Since this is true 
for every e > 0, this completes the proof. □ 

Let p £ M and set x = (p,T) e M X [0,T\. Recall that from Definition E2S] for 
every r > 0, the injectivity set U x {r) C T p M consists of all Z £ T p M for which (i) the 
£-geodesic 7z|[o jT ] is the unique minimizing £-geodesic from x to its endpoint, (ii) 
the differential of Cexp x is an isomorphism at Z, and (iii) for all Z' sufficiently close 
to Z the £-geodesic 7z'|[o,r] is the unique minimizing £-geodesic to its endpoint. 
The image of U x (t) is denoted U x {t) C M 

The existence of minimizing £-geodesics from x to every point of M x (0, T) 
means that the functions L x and l x are defined on all of M x (0,T). This leads to: 

Definition 7.4. Suppose that (M,g(t)), < t < T < oo, is a Ricci flow, 
complete of bounded curvature. We define the function L x : M x [0, T) — > R by 
assigning to each (q, t) the length of any /^-minimizing £-geodesic from x to y = 
(q,t) £ M x [0, T). Clearly, the restriction of this function to IA X agrees with the 
smooth function L x given in Definition 16.261 We define L T X : M — * R to be the 
restriction of L x to M x {T— r}. Of course, the restriction of L T X to U x {t) agrees with 
the smooth function L T X defined in the last chapter. We define l x : M x [0, T) — > R by 
l x (y) = L x (y)/2y/r, where, as always r = T — t, and we define l x (q) = l x (q, T — r). 

1.2. Results about / x and U x {r). Now we come to our main result about the 
nature of IA X (r) and the function l x in the context of Ricci flows which are complete 
and of bounded curvature. 

Proposition 7.5. Let (M,g(t)), <t <T < oo, be a Ricci flow that is complete 
and of bounded curvature. Let p 6 M, let x = (p,T) £ M x [0, T] , and let r G (0, T) . 

(1) T/ie functions L x and l x are locally Lipschitz functions on M x (0,T). 

(2) £exp^ is a diffeomorphism from U x (t) onto an open subset U x {j) of M . 

(3) The complement of IA x {t) in M is a closed subset of M of zero Lebesgue 
measure. 

(4) For every r < r' < T we have 

U x (t')cU x (t). 

Proof. By Shi's Theorem (Theorem I3.28j) the curvature bound on M x [0, T] 
implies that for each e > there is a bound for \VR\ on M x (e, T]. Thus, Proposi- 
tion [639] shows that L x is a locally Lipschitz function on M x (e, T). Since this is true 
for every e > 0, L x is a locally Lipschitz function on M x (0, T). Of course, the same 
is true for l x . The second statement is contained in Proposition 16.281 and the last 
one is contained in Proposition 16 . 301 It remains to prove the third statement, namely 
that the complement of U x {t) is closed nowhere dense. This follows immediately 
from Corollary 16.671 since |Ric| and |Vi2| are bounded on F = M X [T — r, T]. □ 

Corollary 7.6. The function l x is a continuous function on M x (0, T) and 
is smooth on the complement of a closed subset C that has the property that its 
intersection with each M x {t} is of zero Lebesgue measure in M x {t}. For each 
t £ (0, T) the gradient V/J is then a smooth vector field on the complement of 
C n Mt t , and it is a locally essentially bounded vector field in the following sense. 
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For each q E M there is a neighborhood V C M of q such that the restriction of 
|VZJ| to V\(V C\C) is a bounded smooth function. Similarly, dl x /dt is an essentially 
bounded smooth vector field on M x (0,T). 

2. A bound for minZJ 

We continue to assume that we have a Ricci flow (M,g(t)), < t < T < oo, 
complete and of bounded curvature and a point x = (p, T) £ M x [0, T] . Our 
purpose here is to extend the first differential inequality given in Corollary 16.511 
to a differential inequality in the weak or distributional sense for l x valid on all of 
M x (0, T). We then use this to establish that min g6A f l T x (q) < n/2 for all < r < T. 

In establishing inequalities in the non-smooth case the notion of a support func- 
tion or a barrier function is often convenient. 

Definition 7.7. Let P be a smooth manifold and let /: P — > R be a continuous 
function. An upper barrier for / at p £ P is a smooth function ip defined on a 
neighborhood of p in P, say U, satisfying cp(p) = f(p) and ip(u) > f(u) for all 
u£U, see Fig. [Q 




Figure 1. Upper barrier. 



Proposition 7.8. Let (M,g(t)), < t < T < oo, be an n-dimensional Ricci 
flow, complete of bounded curvature. Fix a point x = (p,T) £ M x [0, T], and for 
any (q,t) £ M x [0,T], set r = T — t. Then for any (q,t), with < t < T, we have 

— (q, r) + A/ X (g, r) < 

OT T 

in the barrier sense. This means that for each e > there is a neighborhood U of 
(q, t) in M x [0, T] and an upper barrier tp for l x at this point defined on U satisfying 

— (q, r + Acp(q, r < + e. 

OT T 

Remark 7.9. The operator A in the above statement is the horizontal Laplacian, 
i.e., the Laplacian of the restriction of the indicated function to the slice M x {t = 
T — t} as defined using the metric g(T — r) on this slice. 



2. A BOUND FOR mini T x 



167 



PROOF. If (q,T — r) E U x , then l x is smooth near (q,T — r), and the result is 
immediate from the first inequality in Corollary 16.511 

Now consider a general point (q,t = T — r) with < t < T. According to 
Lemma [7. 21 there is a minimizing £-geodesic 7 from x = (p, T) to (g, t = T — r). Let 
7 be any minimizing £-geodesic between these points. Fix < t\ < r let q\ = 7(1*1) 
and set t\ = T — 17. Even though q\ is contained in the t\ time-slice, we keep 
r = T — t so that paths beginning at q\ are parameterized by intervals in the r-line of 
the form [17, r'] for some r' < T. Consider £exp (gijtl) : T qi M X (ri,T) ->Mx (0, i x ). 
According to Proposition I6.31I there is a neighborhood 1/ of {^/tiX^ti)} x (17, t] 
which is mapped diffeomorphically by £exp ( - (?i ti - ) : T qi M x (n, r) — > M x (0, ti) onto 
a neighborhood V of 7((tl, r)). (Of course, the neighborhood V depends on n.) Let 
L( ?ljtl ) be the length function on V obtained by taking the £- lengths of geodesies 
parameterized by points of V. Let f T1 : V — > M. be defined by 

Vntfy) = -^j^ (^(7l[0,n]) + L {qutl) (q,T - r')) . 



Clearly, (p T1 is an upper barrier for l x at (q,r). According to Lemma 16.491 we have 
- sr (g,r) + A <Pn (g,r) < - + 

, i^l (7) /CI (7) 



2 V r 

By Lemma |6.47| it follows easily that 



2r3/2 2^(v^-v^i") 2 
\(^f' 2 [R{q x M) + \X{T^) 



/ j.\ 1 a t ±\ / ( n / 2 ) - 



lim T1 ^g+ 



This establishes the result. □ 

Theorem 7.10. Suppose that (M,g(t)), < t < T < 00, is an n-dimensional 
Ricci flow, complete of bounded curvature. Then for any x = (p, T) G M x [0, T] 
and for every < r < T there is a point q T £ M such that l x (q T , T ) < §• 

Proof. We set Z m i n (i") = mf qe Mlx{q, t). (We are not excluding the possibility 
that this infimum is —00.) To prove this corollary we first need to establish the 
following claim. 

Claim 7.11. For every r G (0,T) the function I x (-,t) achieves its minimum. 
Furthermore, for every compact interval I C (0, T) the subset of (q,r) £ M x I for 
which l x (q,T~) = Imm (t) is a compact set. 

First, let us assume this claim and use it to prove the theorem. We set Z m i n (r) = 
mm q £Mlx(q,T~). (This minimum exists by the first statement in the claim.) From 
the compactness result in the claim, it follows (see for example Proposition I2.23[) 
that ZmiTi (t) is a continuous function of r. 

Suppose that I x (-,t) achieves its minimum at q. Then by the previous result, for 
any e > there is an upper barrier <p for l x at (q, r) defined on an open subset U of 
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(q, t) G M x (0, T) and satisfying 

dp, x , a ( \ s ( n / 2 ) - l x(q,t) 

— (q, t) + A<p(q, t) < + e. 

otr r 

Since l x (q,T~) = l m ™ (t) , it follows that ,t) > (p(q,r) for all {q',r) G U n Mr„ 

This means that Aip(q, r) > 0, and we conclude that 

^/ v , (n/2) - ^min(T) 



dr r 
Since </? is an upper barrier for Z x at ((?, r) it follows immediately that 

,. h{q,r') - l x (q,r) (n/2) - l x (q,r) 
hmsup r /_^ T + ; < h e. 

T — T T 

Since this is true for every e > 0, we see that 

,. lx(q,r') - l x {q,r) (n/2) - l x (q,r) 
hmsup T /^ T + ; < . 

T — T T 

Since l m - m (r) = ^(g, r), the same inequality holds for the forward difference quotient 
of / m j n at r. That is to say, we have 

/minO') - /min(T) (n/2) - Z min (r) 

hmsup r /^ r + ; < . 

T — T T 

The preceding equation implies that if l m \ n {r) < n/2 then / m i n (T"') < n/2 for every 
t' > r. On the other hand lim r ^o^min( T ) = 0. Then reason for this is that the 
path t' ^ [P,T- t') for r' G [0,r] has £-length 0(r 3 / 2 ) as r -» 0. It follows that 
^min( T ) < n/2 when r is small. 

To complete the proof of Theorem I7.1UI it remains to prove Claim 17. Hi 

Proof. In the case when M is compact, the claim is obvious. We consider the 
case when M is complete and the flow has bounded curvature. Since the curvature 
on M x [0, T] is bounded, according to Inequality (|7.ip there is a constant C such 
that for all t, t' G [0, T] we have 

C- l g(t') < g(t) < Cgit'). 

For any compact interval I C (0, T), there is Iq < oo such that Z m i n (r) < Iq for 
all t £ I. According to Corollary 16.611 for every r G I and all £-geodesics from 
x to points (g,T — r) of lengths at most 2|/o| there is an upper bound, say C2, to 
|y^rX 7 (r)|. Thus, |Xy(r| < and hence 

\Xy(r)\ gCn < C 2 VC/V^ 

for these geodesies. Thus, 

/ \X y (T)\ g(T) dT < 2VrC 2 VC. 
J 

This shows that there is A < 00 such that for each r G I and for any £-geodesic 7 
defined on [0,r] of length at most 2\Iq\ the following holds. Letting q G M be such 
that 7(7) = (q,T — t), the point g lies in Bx(p, A). This implies that the endpoints 
of all such £-geodesics lie in a fixed compact subset of M independent of r G I and 
the geodesic. Since the set of (q,r) where l x {q,T~) = Z m i n (7") is clearly a closed set, it 
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follows that the subset of M x I of all (g, r) £ M X I for which l x (q,r) = l m i n (T~) is 
compact. The last thing to show is that for every t £ I the function r) achieves 
it minimum. Fix r £ I and let g n be a minimizing sequence for ^(-,t). We have 
already established that the q n are contained in a compact subset of M, and hence 
we can assume that they converge to a limit q £ M. Clearly, by the continuity of 
l x we have l x (q,r) = lim„_ i . 0O Z :c (qy l) T) = mf q ><z M lx(q' , t), so that l x (-,r) achieves its 
minimum at q. □ 

Having established the claim, we have now completed the proof of Theorem 17. 101 

□ 

Actually, the proof given here also shows the following, which will be useful later. 

Corollary 7.12. Suppose that (M, G) is a generalized n- dimensional Ricci flow 
and that x £ M. is given and set to = t(x). We suppose that there is an open subset 
U C t _1 (— oo,io) with the following properties: 

(1) For every y £ U there is a minimizing C- geodesic from x to y. 

(2) There are r > and At > such that the backward parabolic neighborhood 
P(x,to,r, —At) of x exists in M. and has the property that Pnt -1 (— oo, to) 
is contained in U . 

(3) For each compact interval (including the case of degenerate intervals con- 
sisting of a single point) I C (— oo,io) the subset of points y £ t _1 (I) n U 
for which C(y) = w£ zet -iu( y \\ n ij C(z) is compact and non-empty. 

Then for every t < t$ the minimum of the restriction ofl x to the time-slice t _1 (i)nC/ 
is at most n/2. 

2.1. Extension of the other inequalities in Corollary 16.511 The material 
in this subsection is adapted from [72]. It captures (in a weaker way) the fact that, 
in the case of geodesies on a Riemannian manifold, the interior of the cut locus in 
T X M is star-shaped from the origin. 

Theorem 7.13. Let (M,g(t)), < t < T < oo, be a Ricci flow, complete and 
of bounded curvature, and let x = (p,T) £ M x [0, T\. The last two inequalities in 
Corollary \6. 511 namely 

^ + \VF x \ 2 -R + ^--Al x >0 
dr xl 2t 

-\VQ 2 + R+ + 2AF X < 

r 

hold in the weak or distributional sense on all of M x {r} for all r > 0. This means 
that for any r > and for any non-negative, compactly supported, smooth function 
<p(q) on M we have the following two inequalities: 



Mx{t} 



f 

J A 



Mx{t} 



dvo\(g(t)) > 

VQ' Z + R + - — -)+2r x A(f) dvol(g(t)) < 0. 



,ti2 ~ H -n 
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Furthermore, equality holds in either of these weak inequalities for all functions 4> a s 
above and all r if and only if it holds in both. In that case l x is a smooth function 
on space-time and the equalities hold in the usual smooth sense. 

Remark 7.14. The terms in these inequalities are interpreted in the following 
way: First of all, VZ£ and Al x are computed using only the spatial derivatives (i.e., 
they are horizontal differential operators). Secondly, since l x is a locally Lipschitz 
functions defined on all of M x (0,T) we have seen that dl x /dt and |VZ£| 2 are 
continuous functions on the open subset U x (t) of full measure in M x {r} and 
furthermore, that they are locally bounded on all of M x {r} in the sense that for 
any q G M there is a neighborhood V of q such that the restriction of |VZ£| 2 to 
V C\U x (t) is bounded. This means that dl x /dt and \Vl T x \ 2 are elements of L^ C (M) 
and hence can be integrated against any smooth function with compact support. In 
particular, they are distributions. 

Since Vl x is a smooth, locally bounded vector field on an open subset of full 
measure, for any compactly supported test function <j>, integration by parts yields 

A0 • l T x dvol(g(t)) = - [ (V0, VQ dvo\(g(t)). 



Thus, formulas in Theorem 17.131 can also be taken to mean 

[ 

'Mx{t} 



I 

JM 

I 

J A 



_£ + |v/-| 2 - R + -) + <V£, V0> dvol(g(t)) > 



\Vl T x \ 2 + R+ l ^JH) _ 2 (V£, V0)1 dvo\(g[t)) < 0. 



The rest of this subsection is devoted to the proof of these inequalities. We fix 
(M, g(t)), < t < T < oo, as in the statement of the theorem. We fix x and denote 
by L and I the functions L x and l x . We also fix r, and we denote by L T and l T the 
restrictions of L and I to the slice M x {T — r}. We begin with a lemma. 

Lemma 7.15. There is a continuous function C: M x (0,T) — > R such that for 
each point (q,t) G M X (0, T), setting t = T — t, the following holds. There is an 
upper barrier (f( q j) for I7 X at the point q defined on a neighborhood Uf q ,t) °f 1 in M 
satisfying \V(p^ t )(q)\ < C{q,t) and 

Hess{ip)(v,v) < C(q,t)\v\ 2 

for all tangent vectors v G T q M. 

Proof. By Proposition 17.51 L is a locally Lipschitz function on M x (0, T), and 
in particular is continuous. The bound C(q,t) will depend only on the bounds on 
curvature and its first two derivatives and on the function L(q,t). Fix (q,t) and let 
7 be a minimizing /^-geodesic from x to (q,t). (The existence of such a minimizing 
geodesic is established in Lemma f7.2i ) Fix t\ > 0, with t\ < (T—t)/2, let t\ = T—t\, 
and let q\ = 7(tj). Consider </?(g,t) = ^(7[0,n]) + ^\q\ t\Y This is an upper barrier 
for L T X at q defined in some neighborhood V C M of q. Clearly, Vv?(g,t) = tj) 
and Hess(<^ ((?it) = Hess(L[ gijti) ). 
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According to Corollary 16.291 we have VLJ qit ^(q) = 2^/rX y (r). On the other 
hand, by Corollary 16.611 there is a bound on • v /r|X 7 (r)| depending only on the 
bounds on curvature and its first derivatives, on r and t\ and on l x (q, t). Of course, 
by Shi's theorem ( Theorem I3.27P for every e > the norms of the first derivatives 
of curvature on M x [e, T) are bounded in terms of e and the bounds on curvature. 
This proves that |Vyv 9) $)(g)| is bounded by a continuous function C(q,t) defined on 
all of M x (0,T). 

Now consider Inequality (|6.1ip for 7 at r = r. It is clear that the first two terms 
on the right-hand side are bounded by C|y(r)| 2 , where C depends on the curvature 
bound and on T — t. We consider the last term, J* yr'H(X, Y)dr' . We claim 
that this integral is also bounded by C"|y(r)| 2 where C depends on the bounds on 
curvature and its first and second derivatives along 71 and on T — t. We consider 
t' G [ti,t]. Of course, Vt'\X{t')\ is bounded on this interval. Also, 



|V(r')| = j ^ ^ \\Y(t)\<^\Y(t) 



Hence \Y{t')\/ \fr' and |y(r / )||A(r')| are bounded in terms of T — t, \Y(t)\, and 
the bound on \/t'\X{t')\ along the £-geodesic. From this it follows immediately 
from Equation (|6.12p that H(X,Y) is bounded along the £-geodesic by C|y(r)| 2 
where the constant C depends on T — t and the bounds on curvature and its first 
two derivatives. □ 

Of course, if (q,t) E U x (t), then this argument shows that the Hessian of L T X is 
bounded near (q,t). 

At this point in the proof of Theorem 17.131 we wish to employ arguments using 
convexity. To carry these out we find it convenient to work with a Euclidean metric 
and usual convexity rather than the given metric g(t) and convexity measured using 
g(t)-geodesics. In order to switch to a Euclidean metric we must find one that well 
approximates git)- The following is straightforward to prove. 

Claim 7.16. For each point (q,t) G M x (0, T) there is an open metric ball B(qj) 
centered at q in (M,g(t)) which is the diffeomorphic image of a ball B C T q M under 
the exponential map for g(t) centered at q such that the following hold: 



(1) Br q j\ C Ui q> i\ so that the upper barrier y>(qj) from Lemma 7.15 is defined 
on all ofB( qit y 



(2) The constants C(z,t) of Lemma 7.15\ satisfy C(z,t) < 2C(q,t) for all z G 



(3) The push-forward, h, under the exponential mapping of the Euclidean met- 
ric on T q M satisfies 

h/2 < g < 2h. 

(4) The Christoffel symbols for the metric g(t) written using the Gauss- 
ian normal coordinates (the image under the exponential mapping of or- 
thonormal linear coordinates on T q M) are bounded in absolute value by 
l/(8n 3 C(q,t)) where n is the dimension of M . 
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Instead of working in the given metric g(t) on B^ q ^ we shall use the Euclidean 
metric h as in the above claim. For any function / on B^ qt ^ we denote by Hess(/) 
the Hessian of / with respect to the metric g{t) and by Hess' l (/) the Hessian of / 
with respect to the metric h. By Formula (jl.2p . for any z G B^ qt -j and any v G T Z M, 
we have 

Hess^))^) = Kess h ( nz , t) )(v,v) - ^VrJ^M 



Thus, it follows from the above assumptions on the and the bound on |V</?( Z)t )| 

1, 



that for all z G we have 



< Z \v\l 



(7.2) H.ess(cp( Ztt ))(v,v) - Hess (<P( z>t ))(v, 

and hence for every z G we have 

Hess h (^ it) )(^) <2C(g,t)H2 + M < Uc(q,t) + ^J \v\ 2 h . 

This means: 

Claim 7.17. For each (q,t) G M x (0,T) there is a smooth function 

fl>(q,t) ' B (q,t) -» M 

wii/i i/ie property that at each z G -B(g,t) i/iere is an upper barrier 6( 2j t) /or L T + V^g,*) 
a£ z wiia 

Hess' 1 ^)^) < -3\v\ 2 h /2 

for all v G T Z M. 
Proof. Set 

^ (9)t) =-(2C(g,t) + lK(g J .). 

Then for any z G the function fe^^ = <pr z ,t) + ^(g,t) is an upper barrier for 

L T + ip( q j) at z. Clearly, for all v £ T Z M we have 

Hess h (o ( , it) )(^) = Ress h (i P{z j ) )(v,v) + Ress h (iP {q j ) )(v,v) < -3\v\ 2 h /2. 

□ 

This implies that if a : [a, b] — > is any Euclidean straight-line segment in 

-E?(g,t) parameterized by Euclidean arc length and if z = a(s) for some s G (a,b), 
then 

° <*)"(*) < "3/2. 

Claim 7.18. Suppose that (3: [—a, a] — > IR is a continuous function and that at 
each s G (—a, a) i/iere is an upper barrier b s for (5 at s with 6" < —3/2. T/ien 

M±^l < m _ ^ 

2 ~ HK ' 4 
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Proof. Fix c < 3/4 and define a continuous function 

= + cs - P{0) 

for s G [0, a]. Clearly, -A(O) = 0. Also, using the upper barrier at we see that 
for s > sufficiently small A(s) < 0. For any s G (0, a) there is an upper barrier 
c s = (b s +b_ s )/2+cs 2 -(3(<d) for A(s) at s, and c£(t) < 2c-3/2 < 0. By the maximum 
principle this implies that A has no local minimum in (0, a), and consequently that 
it is a non-increasing function of s on this interval. That is to say, A{s) < for all 
s G (0, a) and hence A(a) < 0, i.e., (/3(a) + f3(— o))/2 + ca 2 < /3(0). Since this is true 
for every c < 3/4, the result follows. □ 

Now applying this to Euclidean intervals in B^ q ^ we conclude: 

Corollary 7.19. For any (q,t) G M x (0, T), the function 

P( q ,t) = L T + ififaQ : S( 9)t ) — * R 

zs uniformly strictly convex with respect to h. In fact, let a: [a,b] — > -B(q,t) fre a 
Euclidean geodesic arc. Let y,z be the endpoints of a, let w be its midpoint, and let 
\a\ denote the length of this arc (all defined using the Euclidean metric). We have 

0(q,t)H ^ 2 + Ye'"' • 

What follows is a simple interpolation result (see [23] ) . For each q G M we let 
.B^ t ) C -B(q,t) be a smaller ball centered at q, so that B', ^ has compact closure in 

%*)• 

Claim 7.20. Fix (g,i) G M x (0,T), and Zei : B^ M. be as above. Let 
S C M be the singular locus of L T , i.e., S = M \ U x (t). Set Sr q>t \ = Bi qi \ n S. Of 
course, (3t q ,t) ^ s smooth on B( q ,t)\S(q,t)- Then there is a sequence of smooth functions 
{fk'- -B(gt) ~~ > ^IfcLi with the following properties: 

(1) As k — > oo the functions fk converge uniformly to (3(q : t) on B'r qt y 

(2) For any e > sufficiently small, let f e (Sf q ^) be the e -neighborhood (with 
respect to the Euclidean metric ) in Br q ^\ of SV^t) n Br q ^ . Then, as k — > oo 

i/te restrictions of fk to B'^^ \ (b'^^ Pi i/ e (5( 9)t ))^ converge uniformly in 
the C°° -topology to the restriction of /3( ?) t) t° this subset. 

(3) For each k, and for any z G B',^ ^ and any v G T 2 M we have 

Ress(f k )(v,v) < -\v\ 2 g(t) /2. 

That is to say, fk is strictly convex with respect to the metric g(t). 

Proof. Fix e > sufficiently small so that for any z G B'fqt) the Euclidean 
e-ball centered at z is contained in Br q ^ . Let Bq be the ball of radius e centered at 
the origin in R n and let £: Bq — > R be a non-negative C°°-function with compact 
support and with J Bq £dvob, = 1. We define 
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for all z £ Bt ^ . It is clear that for each e > sufficiently small, the function 
ffi t j : Bt t « — > E is C°° and that as e — > the j3 e ^ ^ converge uniformly on B', ^ 
to It is also clear that for every e > sufficiently small, the conclusion of 

Corollarv l7.19l holds for /3f t s and for each Euclidean straight-line segment a in B', ^ . 

This implies that Hess ft '(/3^ , u) < — 3|«|^/2, and hence that by Inequality f|T.2j) 
that 

Hess(/3 ( ^ t) )(z;, V ) < -|^|^ = -| v |2 (t) / 2 . 

This means that is convex with respect to git). Now take a sequence e& — * 
and let f k = (3 e ^ t) . 

Lastly, it is a standard fact that f k converge uniformly in the C°°-topology to 
@(q,t) on an Y subset of B'i qt \ whose closure is disjoint from S^ t y □ 



Definition 7.21. For any continuous function ip defined on B'^ q t )\ (£( g ,t) H 2?| ? ^ 
we define 

/ ipdvol(g(t)) = limg-.o / ipdvol(g(t)). 

We now have: 

Claim 7.22. Xei 0: ^ — > K be a non-negative, smooth function with compact 
support. Then 

I p {q}t) &(j>dxo\{g(t)) < I </>Ap iq>t) dvol(g(t)). 

Remark 7.23. Here A denotes the Laplacian with respect to the metric git). 
PROOF. Since fk — > P( q ,t) uniformly on B',^ we have 



P( q ,t)^4>d^ol{git)) = lim^oo / f k A<j)dvol(g(t)). 



Since fk is strictly convex with respect to the metric git), Afk < on all of B't q ty 
Since <ft > 0, for every e and k we have 

<f>Af k dyo\(g(t)) < 0. 

Hence, for every k and for every e we have 

f k A<pdvo\{g{t)) = [ <l>Af k dvol(g(t)) 

B', t , JB' .. 

(9,*) (?■«) 



< / , 6Af k dvol(g(t)). 

Taking the limit as k — > oo, using the fact that f k — > P( qj t) uniformly on Bi t ^ 
and that restricted to B^ qt ^ \ (B', qt \ n u e (S^ q ^)) the f k converge uniformly in the 
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C^-topology to /3 (?)t ) yields 

/ (9>t) A^vol(s(t)) < / 0A/3,dvol(<7(t)). 

■H.t) ■ /fl (,,t)\( B (,,o n, ' e ( s to.t))) 

Now taking the limit as e — > establishes the claim. □ 

Corollary 7.24. Let (ft: B 1 , ^ — > R 6e a non-negative, smooth function with 
compact support. Then 



l T A(ftdvol(g(t)) < / (ftAl T dvol(g(t)). 

(«.t) ^ B U.t)^ 

Proof. Recall that = £ r + VVg,t) an d that V^g.t) is a C°°-function. Hence, 



il>( qtt) A<jxbro\(g(t)) = / <t>A^ t) dvol(g(t)). 



Subtracting this equality from the inequality in the previous claim and dividing by 
2y / 7" gives the result. □ 

Now we turn to the proof proper of Theorem 17.131 

Proof. Let (ft: M — > R be a non-negative, smooth function of compact support. 
Cover M by open subsets of the form B'^ ^ as above. Using a partition of unity 
we can write eft = ^ (fti where each fa is a non-negative smooth function supported 
in some Bt t y Since the inequalities we are trying to establish are linear in (ft, 
it suffices to prove the result for each fa. This allows us to assume (and we shall 
assume) that (ft is supported in Bi ^ for some q £ M. 

Since l T x is a locally Lipschitz function, the restriction of |VZJ| 2 to i?L t ) is an 
Lj^-function. Similarly, dl x /dr is an LJ^ c -function. Hence 

I *-(^+iv;i 2 -*+£)*oi( S ( t )) 

= / (ft( d -± + \Vll\*-R+f)d,o\{g(t)). 
J {B[qt)Y \dr 2rJ 

On the other hand, by Corollary 17.241 we have 



llA(ftdvol(g(t)) < / (ftAl T x dvo\{g(t)). 

(q,t) v (q,t)' 



Putting these together we see 



/ , (f 1 + I V^l 2 - R + f ) - /JA^vol( 5 (t)) 
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It follows immediately from the second inequality in Corollary 16.511 that, since 
4> > and (^[ q t)j c U x (t), we have 

/ </> ( + \VQ 2 -R + ^- All) dvol(g(t)) > 0. 

This proves the first inequality in the statement of the theorem. 

The second inequality in the statement of the theorem is proved in exactly the 
same way using the third inequality in Corollary 16.511 

Now let us consider the distributions 

D 1 = d ^ + \Vllf-R + ^-All 

and 

D 2 = -\VQ 2 + R+ + 2AV X 

T 

on M x {t}. According to Corollary 16.511 the following equality holdes on IA x (t): 

r)l 1 T 
2^1 + \Vll\ 2 -R+^ = 0. 
dr t 

By Proposition 17.51 the open set U x (t) has full measure in M and |V/J| 2 and dl x /dr 
are locally essentially bounded. Thus, this equality is an equality of locally essen- 
tially bounded, measurable functions, i.e., elements of L^ C (M), and hence is an 
equality of distributions on M. Subtracting 2D\ from this equality yields D 2 . Thus, 

D 2 = -2D 1: 

as distributions on M. This shows that D 2 vanishes as a distribution if and only if 
D\ does. But if D 2 = as a distribution for some t, then by elliptic regularity l x is 
smooth on M x {r} and the equality is the naive one for smooth functions. Thus, 
if D 2 = for all t, then V x and dl/dr are C°° functions on each slice M x {r} and 
both D\ and D 2 hold in the naive sense on each slice M x {r}. It follows from a 
standard bootstrap argument that in this case l x is smooth on all of space-time. □ 

3. Reduced volume 

We have established that for a Ricci flow (M,g(t)), < t < T, and a point 
x = (p, T) £ M x [0, T] the reduced length function l x is defined on all of M x (0, T). 
This allows us to defined the reduced volume of M x {t} for any r G (0, T) Recall 
that the reduced volume of M is defined to be 



V x (M,t)= / r 2exp(-l x (q,T))dq. 
Jm 

This function is defined for < r < T. 

There is one simple case where we can make an explicit computation. 

Lemma 7.25. If(M,g(t)) is flat Euclidean n- space (independent oft), then for 
any x £ W 1 x (— oo,oo) we have 

V x (M,t) = (47r) n//2 

for all t > 0. 
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PROOF. By symmetry we can assume that x = (0, T)eR"x [0, T], where Oel" 
is the origin. We have already seen that the £-geodesics in flat space are the usual 
geodesies when parameterized by s = \[r. Thus, for any X 6 lR n = T M n 7x(t) = 
2\/tX, and hence £exp(X, r) = 2\ffX. This means that for any r > and any 
X e T R n we have U{t) = T p M, and J(X,t) = 2 n W 2 . Also, L x (X,r) = 2^t~\X\ 2 , 
so that I x (X,t) = \X\ 2 . Thus, for any r > 

V x (R n ,r) = [ T - n/ V |x|2 2 n r n/2 dX = (4vr) n/2 . 

□ 

In the case when M is non-compact, it is not clear a priori that the integral 
defining the reduced volume is finite in general. In fact, as the next proposition 
shows, it is always finite and indeed, it is bounded above by the integral for W 1 . 

Theorem 7.26. Let (M,g(t)), < t < T, be a Ricci flow of bounded curvature 
with the property that for each t £ [0,T] the Riemannian manifold (M,g(t)) is 
complete. Fix a point x = (p,T) £ M x [0, T]. For every < r < T the reduced 
volume 

K(M,r)= / T-%exp(-l x (q,T))dq 

J M 

is absolutely convergent and V x (M,t) < (4tt)~2. The function V x (M,t) is a non- 
increasing function of t with 

lim T ^ V x (M,T) = (4tt)7. 
Proof. By Proposition [73] U x (t) is an open subset of full measure in M. Hence, 

V x (M,t)= T-%exp(-l x (q,T))dq. 

JU x (t) 

Take linear orthonormal coordinates (z , . . . , z n ) on T p M. It follows from the pre- 
vious equality and Lemma 16.711 that 

V x (M,r)= f f(Z,T)dz 1 ---dz n , 

where f(Z,r) = t~ 2e~ l< - Z ' T ^J'(Z, r). By Proposition 16.811 for each Z the integrand, 
f(Z,r), is a non-increasing function of r and the function converges uniformly on 
compact sets as r -> to 2™e" |z|2 . This implies that f(Z,r) < 2™e~ |z|2 for all 
r > 0, and hence that 

/ f{Z,r)dz l ...dz n 

JU x {t) 

converges absolutely for each r > 0, and the integral has value at most (47r)™/ 2 . 

Fix < t < T. According to Theorem ESQ] (with A = M x (T - r ,T)), the 
reduced volume V x (M,t) is a non-increasing function of r on (0, to]. Since this is 
true for any < to < T, it follows that V x (M,t) is a non-increasing function of t 
for all t E (0, T). (This of course is a consequence of the monotonicity of f(Z, r) in 
t and the fact that U x (t) C U x {t') for r' < t.) 
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To show that lim r ^oKc(-^) r ) = (47r) n//2 we need only see that for each A < oo 
for all t > sufficiently small U x {t) contains the ball of radius A centered at 
the origin in T p M. Since the curvature is bounded, this is exactly the content of 
Corollary EM □ 

3.1. Converse to Lemma 17.251 In Lemma 17.251 we showed that for the triv- 
ial flow on flat Euclidean n-space and for any point x S R n x {T} the reduced 
volume V x (K n ,T) is independent of r > and is equal to (47r) n / 2 . In this subsec- 
tion we use the monotonicity results of the last subsection to establish the converse 
to Lemma 17.251 namely to show that if (M, g(t)),0 < t < T, is a Ricci flow com- 
plete with bounded curvature and if V x (M, r) = (4ir) n / 2 for some r > and some 
x £ M x {T} , then the flow on the interval [T — r , T] is the trivial flow on flat 
Euclidean n-space. 

Proposition 7.27. Suppose that (M,g(r)), < r < T, is a solution to the 
backward Ricci flow equation, complete of bounded curvature. Let x = (p, T) £ 
M x {T}, and suppose that < r < T. IfV x (M,T) = (47r) n / 2 , then the backward 
Ricci flow on the interval [0, r] is the trivial flow on flat Euclidean space. 

Proof. If V x (M,t) = (4vr) n / 2 , then by Lemma [723 V x (M,t) is constant on 
the interval (0, r]. Hence, it follows from the proof of Theorem 17.261 that the closure 
of U(t) is all of T p M for all r G (0,r] and that f(Z,r) = e^ z ^2 n for all Z £ T p M 
and all r < r. In particular, 

01n(/(Z,r)) 
dr 

From the proof of Proposition 16.811 this means that Inequality (|6.2U|) is an equality 
and consequently, so is Inequality (|6.19|) . Thus, by Proposition 16.371 (with t\ = 0) 
each of the vector fields Y a (r) = Y a {r) is both a Jacobi field and adapted. By 
Proposition 16.431 we then have 

Ric + Hess(/J) = j-. 

In particular, l x is smooth. Let <p T : M — > M, < r < r, be the one-parameter 
family of diffeomorphisms obtained by solving 

d(p 7 



dr 



We now consider 



V/ x (-,r) and ip? = Id. 



T 

h(r) = -tp T g(r). 

T 



We compute 
dh 



nh t t t 

-^g(T) + ~<p*C^(g(T)) + -^2Ric( 5 (r)) 

T <p* T g(T) + -^2Hess(^) + %% (-g(r) - 2Hess(^) ) = 0. 



T- T T \T 



That is to say the family of metrics h(r) is constant in t: for all r G (0, r] we have 
/i(t) = h(r) = g(r). It then follows that 

gir) = ^Tgir), 



3. REDUCED VOLUME 



179 



which means that the entire flow in the interval (0,r] differs by diffeomorphism 
and scaling from g(r). Suppose that g(r) is not flat, i.e., suppose that there is 
some (x,r) with |Rm(x,r)| = K > 0. Then from the flow equation we see that 
|Rm((/9~ 1 (x), t)\ = Kt 2 /t 2 , and these curvatures are not bounded as r — > 0. This 
is a contradiction. We conclude that g(j) is flat, and hence, again by the flow 
equation so are all the g(r) for < r < r, and by continuity, so is g(0). Thus, 
(M,g(r)) is isometric to a quotient of W 1 by a free, properly discontinuous group 
action. Lastly, since V x (M,t) = (4ir) n / 2 , it follows that (M,g(r)) is isometric to R n 
for every r G [0,r]. Of course, it then follows that the flow is the constant flow. □ 



CHAPTER 8 



Non-collapsed results 

In this chapter we apply the results for the reduced length function and reduced 
volume established in the last two sections to prove non-collapsing results. In the 
first section we give a general result that applies to generalized Ricci flows and 
will eventually be applied to Ricci flows with surgery to prove the requisite non- 
collapsing. In the second section we give a non-collapsing result for Ricci flows on 
compact 3-manifolds with normalized initial metrics. 

1. A non-collapsing result for generalized Ricci flows 

The main result of this chapter is a k- non-collapsed result. 

Theorem 8.1. Fix positive constants Tq < oo, 1$ < oo, and V > 0. Then there 
is k > depending on To, V , and Iq and the dimension n such that the following 
holds. Let (AA,G) be a generalized n-dimensional Ricci flow, and let < tq < Tq. 
Let x S Ai be fixed. Set T = t(x). Suppose that < r < ^/tq is given. These data 
are required to satisfy: 

(1) The ball B(x,T,r) C My has compact closure. 

(2) There is an embedding B(x,T,r) x [T — r 2 ,T] C M. compatible with t and 
with the vector field. 

(3) |Rm| < r -2 on the image of the embedding in (2). 

(4) There is an open subset W C U x {tq) C T x Mt with the property that for 
every C-geodesic 7: [0, To] — > M with initial condition contained in W, the 
I -length 0/7 is at most Iq. 

(5) For each r £ [0, to], let W(t) = £exp x '(W). The volume of the image 
W{tq) C Mt-tq is at least V. 

Then 

Vol{B(x,T,r)) > Kr n . 

See Fig. ED 

In this section we denote by g(r), < t < r 2 , the family of metrics on B(x, T, r) 
induced from pulling back G under the embedding B(x, T, r) x [T — r 2 , T] — > M.. Of 
course, this family of metrics satisfies the backward Ricci flow equation. 

Proof. Clearly from the definition of the reduced volume, we have 

V x (W(r )) > T- n/2 Ve~ l ° > T n/2 Ve- l °. 

By the monotonicity result (Theorem I6.80[) it follows that for any t < to, and in 
particular for any t < r 2 , we have 

(8.1) V x (W(r))>r~ n/2 Ve- l °. 
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\Rm\ < r 1 on P(x,T,r, -r 2 ) 1 ^ non-collapsing 
V x {W{tq)) >e J of Mt at x 



Figure 1. Non-collapsing. 

Let e = yV6l(B(x,T,r))/r, so that Vol B(x,T,r) = e n r n . The basic result we 
need to establish in order to prove this theorem is the following: 

Proposition 8.2. There is a positive constant eq < l/4re(n — 1) depending on 
To and lo such that if s < Eq then, setting t\ = er 2 , we have V x {W{t\)) < 3e~ . 

Given this proposition, it follows immediately that either e > Eq or 

~\ 3 J ~ 3 2 /«r 
Since k = e n , this proves the theorem. 
PROOF. We divide W into 

w sm = wn{z £T x m t \\z\ < V 1/2 } 

and 

w ls = w\ w sm , 

(see Fig. 8.2). 

We set W sm (ri) = £exp£(W sm ) and Wi g (n) = £exp£(Wig). Clearly, since W(n) 
is the union of W sm (T\) and Wi g (ri) and since these subsets are disjoint measurable 
subsets, we have 

VxiWin)) = V^Wsmin)) +V x (W lg (T 1 )). 
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l 



w 



ball of radius 




Figure 2. Wi g and W sm . 

We shall show that there is £o such that either e > £q or V x (W sm (Ti)) < 2e n / 2 and 
V x (Wig(ri)) < e n l 2 . This will establish Proposition 18.21 and hence Theorem 18. 1[ 

1.1. Upper bound for V x (W sm (Ti)). The idea here is that £-geodesics with 
initial vector in W sm remain in the parabolic neighborhood P = B(x,T,r) x [T — 
r 2 ,T] for r G [0, r 2 ]. Once we know this it is easy to see that their £-lengths are 
bounded from below. Then if the volume of B(x,T,r) was arbitrarily small, the 
reduced volume of W sm (ri) would be arbitrarily small. 

Lemma 8.3. Setting t\ = er 2 , there is a constant eq > depending on tq such 
that, if e < eo, we have 

f r -"/ 2 e -^i) i7(Z)Tl)dz < 2e f. 

J Wsm 

Of course, we have 

V x (W sm (n))= [ T- n,2 e- l ^dvo\ g{Tl) = ! r- n/2 e- T ^J(Z,n)dZ, 

Wsm(ti) JWsm 

so that it will follow immediately from the lemma that: 

Corollary 8.4. There is a constant Eo > depending on To such that, if e < Eq, 
we have 

V x (W sm (ri)) < 2ef. 

Proof. ( Of Lemma \8. 3\) In order to establish Lemma 18.31 we need two prelimi- 
nary estimates: 

Claim 8.5. There is a universal positive constant e'q such that, if e < e' , then 
there is a constant C\ < oo depending only on the dimension n such that the following 
hold for all y € B(x, T,r/2), and for all t £ [T — ti,T]: 

(1) 

\VR(y,t)\ < ^ 
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(2) 

(1-C 1£ )<^-<(1 + C 1£ ). 

g{y,T) 

Proof. Recall that by hypothesis |Rm(y,i)| < 1/r 2 on B(x,T,r) x [T-r 2 ,T]. 
Rescale the flow by multiplying the metric and time by r~ 2 resulting in a ball B 
of radius one and a flow defined for a time interval of length one with |Rm| < 1 
on the entire parabolic neighborhood B(x,T,l) x [T — l,T]. Then according to 
Theorem 13.281 there is a universal constant C\ such that \VR(y,t)\ < C\ for all 
(y,t) G B(x,T, 1/2) x [T — 1/2, T]. Rescaling back by r 2 to the original flow, we 
see that on this flow \VR(y,t)\ < Ci/r 3 for all (y,t) G B(x,T,r/2) X [T - r 2 /2,T}. 
Taking e < 1/2 gives the first item in the claim. 

Since |Ric| < (n — l)/r 2 for all (y,t) G B x [T — r 2 ,T] it follows by integrating 
that 

e _ 2 („_l)(T-t)/r 2 < g(M) < e 2(n-l)(T-t)/r 2 _ 

~ 0(z,r) ~ 

Thus, for t G [T — t\, T] we have 

e -2(n-l)e < 9(x,t) < e 2(n-l)e_ 

From this the second item in the claim is immediate. □ 

At this point we view the £-geodesics as paths 7: [0, t%] — > B(x,T,r) (with the 
understanding that the path in space-time is given by the composition of the path 
(7(1-), T-r) in B(x,T,r) x [T-r 2 ,T] followed by the given inclusion of this product 
into M. 

The next step in the proof is to show that for any Z £ W sm the £-geodesic jz (the 
one having Wm. T ^Qy/rX^ z {T) = Z) remains in B(x,T,r /2) up to time 77. Because 
of this, as we shall see, these paths contribute a small amount to the reduced volume 
since B(x,T,r/2) has small volume. We set X(r) = X 1z (t) 

Claim 8.6. There is a positive constant eo < l/4n(n — 1) depending on To, such 
that the following holds. Suppose that e < £q and t{ < 77 = er 2 . Let Z £ T x Mt and 
let 7z be the associated C-geodesic from x. Suppose that ^z{t) £ B(x, T,r/2) for all 
t < t[. Then for all r < t[ we have 

\\S?X{r)\ g{T) -\Z\\ <2s{l + \Z\). 

Proof. First we make sure that eo is less than or equal to the universal constant 
e' of the last claim. For all (y,t) G B(x,T,r) x [T-r 2 ,T] we have |Rm(y,t)| < r~ 2 
and \VR(y,t)\ < Ci/r 3 for some universal constant C\. Of course, r 2 < r. Thus, 
at the expense of replacing C\ by a larger constant, we can (and shall) assume that 
Ci/r 3 > (n - l)r" 2 > |Ric(y,t)| for all (y,t) G B(x,T,r) x [T - r 2 ,T}. Thus, we 
can take the constant Cq in the hypothesis of Lemma l6.6Ul to be C\/r 3 . We take the 
constant f in the hypothesis of that lemma to be er 2 . Then, we have that 

2 e 2Cl£2 - 1 
max < r < r{ v^Wr)| < e 2Cl£ \Z\ + y^r, 
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and 



2C*ie 2 _ i 

\Z\ < e 2Cl£ min < T < r ,^|X(r)| + Jir. 



By choosing eq > sufficiently small (as determined by the universal constant C\ 
and by ro), we have 

max < T < T /Vr|X(T)| s ( T _ T ) < (1 + + |, 

and 

\Z\ < (1 + -)min < T < r /V c r|X(r)| ff(T _ r) + -. 
It is now immediate that 

||^(r)| g( T-r)-|^l| <e(l + |Z|). 

Again choosing eo sufficiently small the result now follows from the second in- 
equality in Claim [831 □ 

Now we are ready to establish that the £-geodesics whose initial conditions are 
elements of W sm do not leave B(x, T,r/2) x [T — r 2 , T] for any r <t\. 

Claim 8.7. Suppose Sq < l/4n(n — 1) is the constant from the last claim. Set 
T\ = er 2 , and suppose that e < Eq. Lastly, assume that \Z\ < g^=. Then jz( T ) £ 
B(x,T,r/2) for all r < t x . 

Proof. Since e < Sq < l/4n(n — 1) < 1/8, by the last claim we have 
|VfX(r)| s(T) < (1 + 2e)\Z\ + 2e < ~\Z\ + J^=, 

provided that 7|[o r ) is contained in B(x,T, r/2) x [T — t,T]. Since \Z\ < (Sy^e) -1 
we conclude that 

\^X{r)\ g{T) < -±=, 

as long as 7([0, r)) is contained in B(x,T,r/2) x [T — t,T]. 

Suppose that there is r' < T\ = er 2 for which 7^ exits B(x, T, r/2) x [T — r 2 , T]. 
We take r' to be the first such time. Then we have 

' i < f \X(r)\ g(T) dr < ^ f T % = l T ^ < rj2. 



\1Z(T ) - X\ g{T) S / \*{T)\ g(T) 

JO 4£2 Jo V r 2£2 

This contradiction implies that 7#(t) 6 B(x,T,r/2) for all r < n = er 2 . □ 

Now we assume that £0 > depending on ro is as above and that e < Eq , and we 
shall estimate 

V x (W sm ( n )) = [ (nr^e-^dvol^y 

JWsm(Tl) 

In order to do this we estimate I x (q,ti) on W sm (Ti). By hypothesis |Rm| < 1/r 2 on 
B(x,T, r/2) x [0, ri] and by Lemma I87H every £-geodesic 72, defined on [0, ri], with 
initial conditions Z satisfying \Z\ < remains in B(x,T,r/2). Thus, for such 

7z we have R(jz(t)) > —n(n — l)/r 2 . Thus, for any q £ Ws m (7i) we have 

. . f T1 , 2n(n — 1) , .3 2n(n — 1) 3 
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and hence 

, . / \ L x {q,Ti) n{n-l) 
I + x{q, n) = > - e. 

ly/Tl 3 

Since W sm {r) C B(x,T, r/2) C B(x,T,r), we have: 

(8.2) V x (W sm ( n )) < 6-t r -" e -(-^/3Vol 9(T _ Tl) ^ sm (r) 

< e~f r- n e n ( n - 1 ) £ / 3 Vol 9(T _ Tl) B{x,T,r). 

Claim 8.8. There is a universal constant Eq > suc/i £/iat if £ < £q, for any open 
subset U of B(x,T,r), and for any < T\ < tq, we have 

0.9 < VolgWUpfolgP^U < l.L 

Proof. This is immediate from the second item in Claim [831 □ 



Now assume that Eq also satisfies this claim. Plugging this into Equation (|8.2p . 
and using the fact that e < £q < l/4n(n — 1), , so that n(n — l)e/3 < 1/12, and the 
fact that from the definition we have \ol g ^ B(x,T,r) = e n r n , gives 

V x (W sm (n)) <e-%r- n e< n -^{l.l)Vo\ g{T) B{x,T,r) < (l.l)efe^. 

Thus, 

V x (W sm ( Tl )) < 2ef. 

This completes the proof of Lemma 18.31 □ 

1.2. Upper bound for V x (W\ g (Ti)). Here the basic point is to approximate 
the reduced volume integrand by the heat kernel, which drops off exponentially fast 
as we go away from the origin. 

Recall that Vol B(x,T,r) = e n r n and n = er 2 . 

Lemma 8.9. There is a universal positive constant £q > such that if e < Eq, we 
have 

V x (W lg (n))< ! 1 (ri)-t e -%n)j (Z)Tl)dz < £ f. 

Ju(T X )n{z\\z\>\s-?} 

Proof. By the monotonicity result (Proposition 16.81]) , we see that the restric- 
tion of the function t 1 2 e~ l ( Z ' Tl ^ J(Z, r\) to U{t\) is less than or equal to the re- 
striction of the function 2 n e - '^' to the same subset. This means that 

V x {W lg (n)) < f 2 n e~W 2 dZ < [ 2 n e~\ z] ?dZ. 

Ju^XUir^nBiO^e- 1 / 2 ) JT p M T \B{0,\e-^) 

So it suffices to estimate this latter integral. 
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Fix some a > and let 1(a) = f B r 0a \ 2 n e \ z \ dZ. Let R(a/y/n) be the ra-cube 
centered at the origin with side lengths 2a/ \ph. Then R(a/^Jn) C -6(0, a), so that 

1(a) > [ 2 n e~W 2 dZ 
= II / 2e"^^ 



i=l 



,2tt f o/Vn _ a \ n/2 

4e r r(ird# 



'o •/ o 



Now 



'0 JO 

Applying this with a = (Sy^) -1 we have 



2tt /-a/v 7 " 2 2 

/ Ae~ r rdrd9 = A7r(l - e~~ 
Jo 



/(pine) 



n/2 



^(Wig(ri)) < f 2 n e-\ z \ 2 dZ - 1(1/8^) < (4vr)"/ 2 f 1 - ( 1 - e" 1 
Thus, 

K(^i g (ri)) < (4 7 r)"/ 2 ^e- 1 /( 64 -). 

There is eo > such that the expression on the right-hand side is less than e n l 2 if 
£ < £o • This completes the proof of Lemma 18.91 □ 

Putting Lemmas 18.31 and 18,91 together, establishes Proposition 18.21 □ 



As we have already remarked, Proposition 18.21 immediately implies Theorem 18. 11 
This completes the proof of Theorem 18.11 □ 

2. Application to compact Ricci flows 

Now let us apply this result to Ricci flows with normalized initial metrics to show 
that they are universally K-non-collapsed on any fixed, finite time interval. In this 
section we specialize to 3-dimensional Ricci flows. We do not need this result in 
what follows for we shall prove a more delicate result in the context of Ricci flows 
with surgery. Still, this result is much simpler and serves as a paradigm of what will 
come. 

Theorem 8.10. Fix positive constants uj > and Tq < oo. Then there is k > 
depending only on these constants such that the following holds. Let (M,g(t)), < 
t < T < Tq, be a 3-dimensional Ricci flow with M compact. Suppose that |Rm(p, 0)| < 
1 and also that Vol B(p, 0, 1) > u) for all p £ M. Then for any to < T, any r > 
with r 2 < to and any (p, to) £ Mx {to}, if\Rm(q, t)\ < r~ 2 on B(p, t ,r)x [to — r 2 , t ] 
then Vol B(p, to, r) > Kr 3 . 

Proof. Fix any x = (p,to) € M x [0, T]. First, we claim that we can suppose 
that to > 1. For if not, then rescale the flow by Q = 1/to- This does not affect the 
curvature inequality at time zero. Furthermore, there is uj' > depending only on 
uj such that for any ball B at time zero and of radius one in the rescaled flow we 
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have Vol-B > to'. The reason for the latter fact is the following: By the Bishop- 
Gromov inequality (Theorem ll.34|) there is a/ > depending only on uj such that 
for any q S M and any r < 1 we have Vol B(q, 0, r) > a/r 3 . Of course, the rescaling 
increases T, but simply restrict to the rescaled flow on [0, 1]. 

Next, we claim that we can assume that r < If r does not satisfy this 

inequality, then we replace r with r' = ^/to/2. Of course, the curvature inequalities 
hold for r 1 if they hold for r. Suppose that we have established the result for r' . 
Then 

Vol B(p,T,r) > Vol B(p,T,r') > k(/) 3 > n 

From now on we assume that to > \ and r < ^fto/2. According to Proposi- 
tion l4.11l for any (p, t) £ M x [0, 2 -4 ] we have \Rm(p, t)\ < 2 and Vol B(p, t, r) > n r 3 
for all r < 1. 

Once we know that |Rm| is universally bounded on M x [0, 2" 4 ] it follows that 
there is a universal constant C\ such that C^[ 1 g{q, 0) < g(q, t) < C±g(q, 0) for all 
q £ M and all t £ [0,2~ 4 ]. This means that there is a universal constant C < oo 
such that the following holds. For any points qo,q G M with do(qo,q) < 1 let ^ qo . q 
be the path in M x [2 -5 , 2~ 4 ] given by 

7 90 , g (r) = (A q0;q (r), 2" 4 - r), < r < 

where A qi ^ q is a shortest <7(0)-geodesic from qo to q. Then C(^/ q0tq ) < C. 

By Theorem 17.101 there is a point qo £ M and an £-geodesic 70 from x = (p, to) 
to (<?o,2 -4 ) with Z(7 ) < 3/2. Since to ^ 1> this means that there is a universal 
constant C < 00 such that for each point q S B(qo,0, 1) the path which is the 
composite of 70 followed by 7 g0j(? has /-length at most C . Setting To = to — 2~ 5 , this 
implies that l x (q, t~o) < C for every q £ B(qo,0,l). This ball has volume at least 
Ko- By Proposition 17.51 the open subset IA x (to) is of full measure in M x {2 -5 }. 
Hence, W(to) = (B(qo,0, 1) x {2~ 5 }) n^4(To) also has volume at least ko- Since 
i~ 2 < to/A < tq, Theorem 18. II now gives the result. (See Fig. El) □ 
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<7(0)-geodesics 




Figure 3. Non-collapsing of Ricci flows. 



CHAPTER 9 



K-non-collapsed ancient solutions 

In this chapter we discuss the qualitative properties of K-non-collapsed, ancient 
solutions. One of the most important is the existence of a gradient shrinking soli- 
ton that is asymptotic at — oo to the solution. The other main qualitative result 
is the compactness result (up to scaling) for these solutions. Also extremely im- 
portant for us is classification of 3-dimensional gradient shrinking solitons - up to 
finite covers there are only two: a shrinking family of round S s, s and a shrinking 
family of products of round S 2, s with K. This leads to a rough classification of all 
3-dimensional K-non-collapsed, ancient solutions. The K-solutions are in turn the 
models for singularity development in 3-dimensional Ricci flows on compact mani- 
folds, and eventually for singularity development in 3-dimensional Ricci flows with 
surgery. 

1. Preliminaries 

Our objects of study are Ricci flows (M,g(t)), — oo < t < 0, with each (M,g(t)) 
being a complete manifold of bounded non-negative curvature. The first remark to 
make is that the appropriate notion of non-negative curvature is that the Riemann 
curvature operator 

Rm: A 2 TM -> A 2 TM, 

which is a symmetric operator, is non-negative. In general, this implies, but is 
stronger than, the condition that the sectional curvatures are all non- negative. In 
case the dimension of M is at most three, every element of A 2 TM is represented by a 
2-plane (with area form) and hence the Riemann curvature operator is non-negative 
if and only if all the sectional curvatures are non-negative. In the case of non- 
negative curvature operator, bounded curvature operator is equivalent to bounded 
scalar curvature. 

It follows immediately from the Ricci flow equation that since the (M,g(t)) have 
non-negative Ricci curvature, the metric is non-increasing in time in the sense that 
for any point p £ M and any v £ T p M the function \ v \^u\ 1S a non-increasing function 
oft. 

There are stronger results under the assumption of bounded, non-negative cur- 
vature operator. These are consequences of the Harnack inequality (see [32J). As 
was established in Corollary 14.391 since the flow exists for t £ (— oo, 0] and since the 
curvature operator is non-negative and bounded for each (q, t) £ M x (— oo,0], it 
follows that dR(q, t)/dt > for all q and t. That is to say, for each q £ M the scalar 
curvature R(q, t) is a non-decreasing function of t. 
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1.1. Definition. Now we turn to the definition of what it means for a Ricci 
flow to be K-non-collapsed. 

Definition 9.1. Fix k > 0. Let (M,g(t)), a < t < b, be a Ricci flow of complete 
n-manifolds. Fix ro > 0. We say that (M,g(t)) is n-non- collapsed on scales at most 
?"o if the following holds for any (p, t) £ M x (a, b] and any < r < tq with the 
property that a < t — r 2 . Whenever |Rm(q, t')\ < r~ 2 for all q £ B{p,t,r) and all 
t' £ (i — r 2 ,i], then Voli?(p, t, r) > Kr n . We say that (M,g(t)) is K-non- collapsed, or 
equivalently K-non- collapsed on all scales if it is K-non-collapsed on scales at most 
ro for every ro < oo. 

Definition 9.2. An ancient solution is a Ricci flow (M,g(t)) defined for — oo < 
t < such that for each t, (M,g(t)) is a connected, complete, non-flat Riemannian 
manifold whose curvature operator is bounded and nonnegative. For any k > 0, an 
ancient solution is K-non-collapsed if it is K-non-collapsed on all scales. We also use 
the terminology K-solution for a K-non-collapsed, ancient solution. 

Notice that a K-solution is a «/-solution for any < k! < n. 

1.2. Examples. Here are some examples of K-solutions: 

Example 9.3. Let (S 2 ,go) be the standard round 2-sphere of scalar curvature 1 
(and hence Ricci tensor go/2). Set g{t) = (1 — i)<?o- Then dg{t)/dt = — 2Ric(g(t)), 
— oo < t < 0. This Ricci flow is an ancient solution which is k- non-collapsed on all 
scales for any k at most the volume of the ball of radius one in the unit 2-sphere. 

According to a result of Hamilton which we shall prove below (Corollary 19. 50j) : 

Theorem 9.4. Every orientable, 2- dimensional K-solution is a rescaling of the 
previous example, i.e., is a family of shrinking round 2-spheres. 

Example 9.5. Let (S n ,go) be the standard round re-sphere of scalar curvature 
n/2. Set g{t) = (1 — t)go. This is a K-solution for any k which is at most the 
volume of the ball of radius one in the unit re-sphere. If V is a finite subgroup of 
the isometries of S n acting freely on S n , then the quotient S n /T inherits an induced 
family of metrics ~g(t) satisfying the Ricci flow equation. The result is a K-solution 
for any k at most l/|r| times the volume of the ball of radius one in the unit sphere. 

Example 9.6. Consider the product S 2 x M, with the metric g(t) = (1— t)g +ds 2 . 
This is a K-solution for any k at most the volume of a ball of radius one in the product 
of the unit 2-sphere with M. 

Example 9.7. The quotient S 2 x where the involution i is the product of 

the antipodal map on S 2 with s i— > — s on the M factor, is an orientable K-solution 
for some k > 0. 

Example 9.8. Consider the metric product (S 2 ,go) x (S^, ds 2 ) where (S^ds 2 ) 
is the circle of radius R. We define g(t) = (1 — t)go + ds 2 . This is an ancient solution 
to the Ricci flow. But it is not k- non-collapsed for any k > 0. The reason is that 

\Rm(p,t)\ = ——, 
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and 



Vol 3(t) B(p, VT^t) Vol ff(t) (5 2 x Sji) _ 2vr J R(l - t)4ir _ 8tt 2 R 



(1-t) 3 / 2 - (l-tfl 2 {l-tf/ 2 y/T=t 

Thus, as t —* — oo this ratio goes to zero. 

1.3. A consequence of Hamilton's Harnack inequality. In order to prove 
the existence of an asymptotic gradient shrinking soliton associated to every re- 
solution, we need the following inequality which is a consequence of Hamilton's 
Harnack inequality for Ricci flows with non-negative curvature operator. 

Proposition 9.9. Let (M,g(t)), —to < t < 0, be an n- dimensional Ricci flow 
such that for each t £ [—tq,0] the Riemannian manifold (M,g(t)) is complete with 
non-negative, bounded curvature operator. Let r = —t. Fix a point p £ M and let 
x = (p, 0) G M x [—To, 0]. Then for any < c < 1 and any r < (1 — c)tq we have 

|vUg,r))| 2 + %r)< (1 + 2c ^ (g ' T) , and 

r 

r or 

where these inequalities hold on the open subset of full measure of M x [— (1— c)to,0) 
on which l x is a smooth function. 

Proof. Recall that from Definition 16.151 we have 

an n 

H(X) = - - - 2(V,R, X) + 2Ric(X, X). 

OT T 

Using Hamilton's Harnack's inequality (Theorem I4.3T|) with x = ~~ X, we have 
dR R 



dr tq — t 
Together these imply 



2(VR, X) + 2Ric(X, X) > 0. 



H(X)>(^ 1)r = -J*R. 

\T-T Tj t(t-T ) 

Restricting to r < (1 — c)tq gives 

H(X) > -—R. 

T 

Take a minimal £-geodesic from x to (g, r), we have 

(9.1) K r (i) = / T 3/2 H(X)dr>-c- 1 ^RdT>-2c~ l V^l x {q,T). 

Jo Jo 

Together with the second equality in Theorem 16.501 this gives 

4r| V lx(q,r)\ 2 = -^R(q,r) + 4l x (q,r) - -^=K T ( 7 ) 



T 



< -4TR(q,T) + U x (q,?) + 8c _1 k(g,r) 
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Dividing through by 4r, and replacing r with r yields the first inequality in the 
statement of the proposition: 

|Vfa( g ,r)| 2 + fl( gl r)< (1 + 2c " 1) ^ g ' T) 

r 

for all < r < (1 — c)tq. This is an equation of smooth functions on the open dense 
subset U(r) but it extends as an equation of L^ c -functions on all of M. 

As to the second inequality in the statement, by the first equation in Theorem l6.50l 
we have 

—&r~ = R ^ T) ~ —r~ + ^ K (7) - 

The estimate on K T in Equation (|9.ip then gives 



r,, x (1 + c %(<?,r) . dl x (q,T) 
R(Q,r) < —g^- 

This establishes the second inequality. □ 

Corollary 9.10. Let (M,g(t)), — oo < t < 0, be a Ricci flow on a complete, 
n- dimensional manifold with bounded, non-negative curvature operator. Fix a point 
p G M and let x = (p, 0) E M x (— oo, 0]. Then for any r > we have 

\ V l x ( q ,r))f+R( q ,r)<^^l, 

T 

2lx(q,r) dl x (q,T) l x (q,r) 

t ~ dr ~ t 
where these inequalities are valid in the sense of smooth functions on the open subset 
of full measure of M x {t} on which l x is a smooth function, and are valid as 
inequalities of L^ c -functions on all of M x {r}. 

Proof. Fix r and take a sequence of tq — > oo, allowing us to take c — ► 1, and 
apply the previous proposition. This gives the first inequality and gives the lower 
bound for dl x /dr in the second inequality. 

To establish the upper bound in the second inequality we consider the path that 
is the concatenation of a minimal £-geodesic 7 from x to (q, t) followed by the path 
M r ') = i.q-i T ') f° r T ' ^ r - Then 

Ul * M|[r, n ]) = (^(7) + jT V^R(q,T')dr' 

Differentiating at t\ = r gives 



dl x (7*n) 



dr 



1 r £( 7 ) + J_v^lJ( g ,r) 



4r 3/2 wy 
i x (g,T) i?(g,r) 



2r 2 

By the first inequality in this statement, we have 

lx(q,r) R{q,r) < l x {q,r) 
2r 2 ~ t 

Since l x {q,r') < Z(7*/i|r rjT n) for all r' > t, this establishes the claimed upper bound 
for dl x /dr. □ 
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2. The asymptotic gradient shrinking soliton for re-solutions 

We fix re > and we consider an n-dimensional re-solution (M, g(t)), —oo < t < 0. 
Our goal in this section is to establish the existence of an asymptotic gradient 
shrinking soliton associated to this re-solution. Fix a reference point p G M and 
set x = (p, 0) G M x (—oo,0]. By Theorem 17.101 for every r > there is a point 
q{r) G M at which the function Z X (-, T ) achieves its minimum, and furthermore, we 
have 

lMr),r)<^. 

For r > 0, define 

9r(t) = -g(rt), -oo < t < 0. 
r 

Now we come to one of the main theorems about re-solutions, a result that will 
eventually provide a qualitative description of all re-solutions. 

Theorem 9.11. Let (M,g(t)), —oo < t < 0, be a K-solution of dimension 
n. Fix x = (p, 0) G M x (— oo,0]. Suppose that {t/ c }^ =1 is a sequence tend- 
ing to oo as k — > oo. Then, after replacing {r^} fry a subsequence, the following 
holds. For each k denote by the manifold M , by gt{t) the family of metrics 
gr k (t) on Mj,, and by q^ G the point q(Tk). The sequence of pointed flows 
(Mfc, gk(t), (qki — 1)) defined for t G (— oo,0) converges smoothly to a non-flat based 
Ricci flow (Mqo, goo(t)> (Qoo, — 1)) defined for t G (— oo,0). This limiting Ricci flow 
satisfies the gradient shrinking soliton equation in the sense that there is a smooth 
function f : x (— oo,0) — > M. such that for every t G (— oo,0) we have 

(9-2) Ric 9oo(t) + Hess*»<*>(/(t)) + ^ 5oo (t) = 0. 

Furthermore, (Moo, 9oc(t)) has non-negative curvature operator, is K-non- collapsed, 
and satisfies dR gac (x,t)/dt > for all x G Mqo and all t < 0. 

See Fig. HJ 

Remark 9.12. We are not claiming that the gradient shrinking soliton is a re- 
solution (or more precisely an extension forward in time of a time-shifted version 
of a K-solution) because we are not claiming that the time-slices have bounded 
curvature operator. Indeed, we do not know if this is true in general. We shall 
establish below (see Corollary 19.501 and Corollary I9.53|) that in the case n = 2, 3, 
the gradient shrinking soliton does indeed have time-slices of bounded curvature, 
and hence is an extension of a K-solution. We are also not claiming at this point 
that the limiting flow is a gradient shrinking soliton in the sense that there is a 
one-parameter family of diffeomorphisms (ft : M^ — ► M^, t < 0, with the property 
that \t\iptgoo(— 1) = 9oc(t) and with the property that the (ft are generated by the 
gradient vector field of a function. We shall also establish this result in dimensions 
2 and 3 later in this chapter. 

We will divide the proof of Theorem 19.111 into steps. First, we will show that 
the reduced length and norm of the curvature |Rm| are bounded throughout the 
sequence in some way. Then using the re-non-collapsed assumption, by the compact- 
ness theorem (Theorem 15. 15[) , we conclude that a subsequence of the sequence of 
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rescale by r 

converge to gradient shrinking soliton 
e.g. 5 2 xl 




Figure 1. Gradient shrinking soliton. 

flows converges geometrically to a limiting flow. Then, using the fact that the limit 
of the reduced volumes, denoted V 00 (M 00 x {t}), is constant we show that the limit 
flow is a gradient shrinking soliton. Finally we argue that the limit is non-flat. The 
proof occupies the rest of Section [21 

2.1. Bounding the reduced length and the curvature. Now let's carry 
this procedure out in detail. The first remark is that since rescaling does not affect 
the K-non-collapsed hypothesis, all the Ricci flows (-M&, gkifj) are K-non-collapsed 
on all scales. Next, we have the effect on reduced volume. 

Claim 9.13. For each k > 1 denote by x^ £ the point (p,0) E Let 
V Xk {r) = V Xk {Mk x {t}) denote the reduced volume function for the Ricci flow 
(Mfc, gk(t)) from the point xt, and let V x (t) denote the reduced volume of M x {r} 
for the Ricci flow (M,g(t)) from the point x. Then 

V Xk (r) = V x (r k r). 

Proof. This is a special case of the reparameterization equation for reduced 
volume (Lemma 16. 75p . □ 

By Theorem 17.261 the reduced volume function V x (r) is a non-increasing function 
of r with lim r ^o^x( r ) = (47r)'a. Since the integrand for V x {r) is everywhere positive, 
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it is clear that V x {t) > for all r. Hence, lim T ^ 00 V^(r) exists. By Corollary 17.271 
either this limit as r goes to infinity is less than (47r) n / 2 or the flow is the constant 
flow on flat Euclidean space. The latter is ruled out by our assumption that the 
manifolds are non-flat. It follows immediately from this and Claim [9~. 131 that: 

Corollary 9.14. There is a non-negative constant Voo < (4-7r) n / 2 such that for 
all t £ (0, oo), we have 

(9.3) limfc^oo^^r) = Voo- 

Now let us turn to the length functions l Xk . 
Claim 9.15. For any r > we have 



n nr 

272 + Y" 



Proof. By the choice of q k we have l Xk ( a k, T k) < §• By the scale invariance of 
I (Corollary I6.74|) we have l Xk (q k ,—l) < n/2 for all k. Fix < r < 1. Integrating 
the inequality 

-2l x (q k ,T) dl Xk (q k: T) 



dr 

from t to 1 yields 

n 

lx k (q k ,r) < t^2- 

If r > 1, then integrating the second inequality in the second displayed line of 
Corollary EM gives l Xk ( fc r)<f. □ 

Corollary 9.16. There is a positive continuous function C\(t) defined for r > 
such that for any q £ M k we have: 

lx k (q,r)< ( J^d gki _ r) (q k ,q) + Ci(r) j , 



\Vl Xk (q,r)\ < -d 9k (- T )(qk,q) + y -Ci(t). 

PROOF. By Corollary [9. 101 for any q 6 M k we have \Vl Xk (q, t)| 2 < 3l Xk (q, t)/t. 
Since l Xk (q k ,r) < + ^ , integrating yields 

ZTq 

lx k (q,T) < ( \ -d gk (_ T )(q k ,q) + Ci(r) J , 



with Ci(t) being (n/2r 2 ) + (nr/2). The second statement follows from this and 
Proposition 19.91 □ 

It follows immediately from Corollary 19.161 that for each A < oo and To > 0, 
the functions l x , are uniformly bounded (by a bound that is independent of k but 
depends on tq and A) on the balls B(q k , — To, A). Once we know that the l Xk are 
uniformly bounded on B(q k , —tq, A), it follows from Corollary 19.101 that R gk are 
also uniformly bounded on the B(q k , —to, ^4). Invoking Corollary 14.391 we see that 
for any A < oo the scalar curvatures of the metrics g k are uniformly bounded on 
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Bg k (qk, —To, A) x (—00, —To]. Since the metrics have non-negative curvature opera- 
tor, this implies that the eigenvalues of this operator are uniformly bounded on these 
regions. Since we are assuming that the original Ricci flows are k- non-collapsed on 
all scales, it follows from Theorem 15.151 that after passing to a subsequence there 
is a geometric limit (Moo, 9oo(t), ((Zoo,— 1)), —00 < t < — To, which is a Ricci flow 
which is K-non-collapsed on all scales. 

Since this is true for every to > 0, by a standard diagonalization argument passing 
to a further subsequence we get a geometric limit flow (Moo, 9oo(t), (<Zoo> — 1)), — 00 < 
t < 0. 

Let us summarize our progress to this point. 

Corollary 9.17. After passing to a subsequence of the there is a smooth 
limiting flow of the (Mk,gk(t), (qu, —1)), —00 < t < 0, 

(M 00 ,c/ 00 (t),(g 00 ,-l)), 

defined for — 00 < i < 0. For every t < the Riemannian manifold (M 00 ,5r 00 (t)) is 
complete of non-negative curvature. The flow is K-non- collapsed on all scales and 
satisfies dR/dt > 0. 

Proof. Since the flows in the sequence are all k- non-collapsed on all scales and 
have non-negative curvature operator, the limiting flow is K-non-collapsed on all 
scales and has non-negative curvature operator. By the consequence of Hamilton's 
Harnack inequality (Corollary I4.39p . we have dR/dt > for the original At-solution. 
This condition also passes to the limit. □ 

2.2. The limit function. The next step in the proof is to construct the lim- 
iting function l^ of the l x . and show that it satisfies the gradient shrinking soliton 
equation. 

By definition of the geometric limit, for any compact connected set K C Moo 
containing q^ and any compact subinterval J of (— 00, 0) containing —1, for all k 
sufficiently large we have smooth embeddings ipk'- K — > sending q^ to q^ so 
that the pullbacks of the restrictions of the family of metrics gk(t) for t € J to K 
converge uniformly in the C°°-topology to the restriction of goo(t) on K x J. Take an 
exhausting sequence x of such products of compact sets with closed intervals, 
and pass to a subsequence so that for all k the diffeomorphism ip^ is defined on 
Kk x Jfc. We denote by Ik the pullback of l Xk under these embeddings and by hk(t) 
the pullback of the family of metrics gt(t)- We denote by X7 hk the gradient with 
respect to hk(t), and similarly A hk denotes the Laplacian for the metric hk(t). By 
construction, for any compact subset of x (—00, 0) for all k sufficiently large the 
function l^ is defined on the compact set. We use V and A to refer to the covariant 
derivative and the Laplacian in the limiting metric goo. 

Now let us consider the functions l Xk . According to Corollary 19.161 for any 
A < 00 and any < To < T, both l Xk and |V/ Zfe | are uniformly bounded on 
B(q/ t ,— 1, A) x [— T, — To] independent of k. Hence, the l Xk are uniformly Lipschitz 
on these subspaces. Doing this for each A, To, and T and using a standard diago- 
nalization argument then shows that, after transferring to the limit, the functions 
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Ik are uniformly locally bounded and uniformly locally Lipschitz on x (—00, 0) 
with respect to the limiting metric g^,. 

Fix < a < 1. Passing to a further subsequence if necessary, we can arrange 
that the Ik converge strongly in C^'" to a function defined on x (— 00, 0). 
Furthermore, it follows that the restriction of is locally Lipschitz, and hence the 
function is an element of (M^ x (— 00, 0)). Also, by passing to a further 

1 2 

subsequence if necessary, we can assume that the Ik converge weakly in W lo ' c to . 
Corollary 9.18. For any r > and any q we have 

|VZoo(g,r)| < -d goo (-r)( qoo ,q) + \ -C x (t), 

T V T 

where C\{r) is the continuous function from Corollary \9.16l 

Proof. This is immediate from Corollary 19.161 and Fatou's lemma. □ 

Remark 9.19. N.B. We are not claiming that l^ is the reduced length function 
from a point of x (— 00, 0). 

2.3. Differential inequalities for l^. The next step is to establish differential 
equalities for l^ related to, but stronger than, those that we established in Chapter[7] 
for l x . Here is a crucial result. 

Proposition 9.20. The function l^ is a smooth function on M x (— 00, 0) and 
satisfies the following two differential equalities: 

(9.4) ^ + |v/ oo | 2 - J R + ^-A/ oo = 

or 2r 

and 

(9.5) 2A/00 - |V/oo| 2 + R + l °° - n = 0. 

r 

The proof of this result is contained in Sections 12.41 through 12.61 

2.4. Preliminary results toward the proof of Proposition I9.20L In this 
subsection we shall prove that the left-hand side of Equation (|9.4|) is a distribution 
and is > in the distributional sense. We shall also show that this distribution 
extends to a continuous linear functional on compactly supported functions in W 1,2 . 

The first step in the proof of this result is the following, somewhat delicate lemma. 

Lemma 9.21. For any t G (— 00, 0) we have 

\im k ^tt\V hk lk\ 2 hk dvo\(h k ) = IVZool^dvol^oo) 
in the sense of distributions on x {t}. 

Proof. It suffices to fix < tq < \t\. The inequality in one direction (>) is a 
general result. Here is the argument. Since the \V 9k l Xk \ gk are uniformly essentially 
bounded on every B{xk, — to, A) x [— T, —To], the \V hk lk\h k are uniformly essentially 
bounded on B{x 00 , —to, A) x [— T, —to]. (Of course, V hk lk = dlk = VZfe.) Since the 
hk converge uniformly on compact sets to g^ , it is clear that 

(9.6) linifc^ (\V h H k \ldvol{h k ) - \Vlk\l x dvol(g a 
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in the sense of distributions on M x {t}. Since the l k converge uniformly on compact 
subsets to Zqo, h follows immediately from Fatou's lemma that 

limfe^oolVZfcl^dvol^oo) > | Vkol^dvol^oo) 

in the sense of distributions on x {t}. Thus, we have the following inequality 
of distributions: 

limjfc^oolV^Zfcl^dvol^jfc) > iV/od^dvol^oo). 

We need to establish the opposite inequality which is not a general result, but 
rather relies on the bounds on A 9k l Xk (or equivalently on A hk l k ) given in second 
inequality in Theorem 17.131 We must show that for each t < —tq and for any <p, a 
non-negative, smooth function with compact support in x {i}, we have 

linifc^oo / <p (\V h H k \l dvol(h k ) - |VUL dvo%oo)) < 0. 
JMx{t} v J 

First, notice that since, on the support of p, the metrics h k converge uniformly in 
the C°°-topology to g^ and since |V ftfc Zfe|^ and iVZool^, are essentially bounded on 
the support of <p, we have 

limfe^oo / p ( \V hk l k \ 2 h d\o\(h k ) - \Vloo\l dvol(goo) ) 
JMx{t} v J 

= lim^oo [ (p(\V hk h\l h ~ \Woo\l k )dv6L(h k ) 

JMx{t} 

= lim^oo / {V hk h- VZooWV^Zfe^dvolt/ifc) 

JMx{(( 

(9.7) +/ (V hh lk-Vloo),<pVloo)h k dvoL(h k ). 

JMx{t} 

We claim that, in the limit, the last term in this expression vanishes. Using the fact 
that the h k converge uniformly in the C°°-topology to on the support of (p, and 
|VZoo| is bounded on this support we can rewrite the last term as 

(9.8) lim^oo / (V(ZA,-/ DO ) ) ¥'V/ D o) ffoo dvol(5 DO ). 

JMx{t} 

Since l k —loo goes to zero weakly in W 1,2 on the support of ip whereas is an element 
of W 1 ' 2 of this compact set, we see that the expression given in (|9,8p vanishes and 
hence that 

lim^oo / {V hk (h - loo),(pVloo)h k dvol(h k ) = 0. 

JMx{t} 

It remains to consider the first term in the last expression in Equation (|9.7p , 
(This is where we shall need the differential inequality for the A 9k l Xk .) Since the l k 
converge uniformly to 1^ on the support of tp, we can choose positive constants e k 
tending to as k tends to oo so that — l k + e k > on the support of <p. We can 
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rewrite 



limfc-oo I ((v h H k - V/oo) , <pV h H k ) hk dvo\{h k ) = 

JMx{t} V ' 

lim^oo / {V hk {h -loo- e k ),ipV h H k ) hk dvol(h k ). 

JMx(t\ 



Claim 9.22. 



limfe^oo / {V hk (l k -loo- ejb), <pV h H k ) hk dvol(h k ) < 0. 

J Mx{t} 

Proof. Since p is a compactly supported, non-negative smooth function, it 
follows from Theorem 17.131 that we have the following inequality of distributions: 



(Here Rh k is the scalar curvature of h k .) That is to say, for any non-negative C c 
function / we have 



(V h H k ,V h *{<p-f)) hk dvol(h k ) < 

Mx{t} 



'Mx{t} 2 V T J 

We claim that the same inequality holds as long as / is a non- negative, locally 
Lipschitz function. The point is that given such a function /, we can find a sequence 
of non-negative C°°-functions f k on the support of ip (by say mollifying /) that 
converge to / strongly in the VF 1,2 -norm on the support of ip. The sought-after 
inequality holds for every f k . Since both sides of the inequality are continuous in 
the VF 1,2 -norm of the function, the result holds for the limit function / as well. 

Now we apply this with / being the non-negative locally Lipschitz function l^o — 
h + e fe- We conclude that 

(V hk (<p{l k -loo- e k )),V h H k ) hk dvo\(h k ) < 

'Mx{t} 

I y(t " " '* + ek) ( \V»H k \l - R ht - M{ht) 

JMx{t} 2 V T J 

Now taking the limit as k — > oo, we see that the right-hand side of this inequality 
tends to zero since (loo — h + tends uniformly to zero on the support of ip and 
\y hk l k \\ k : Rk and l k are all uniformly essentially bounded on the support of ip. Thus, 
the term 

/ (V h *(<p(l k -loo- e k )),V h H k ) hk dvol(h k ) 

JMx{t} 

has a limsup < as k tends to oo. Now we expand 

V hk {y{l k -loo- e k )) = V hk {p){l k -loo- e k ) + <pV hk {l k -loo- e k ). 

The first term on the right-hand side converges to zero as k — > oo since l k — loo — 
e k tends uniformly to zero on the support of ip. This completes the proof of the 
claim. □ 
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We have now established the inequalities in both directions and hence completed 
the proof of Lemma 19.211 □ 

Lemma 9.23. Consider the distribution 

V = ^ + \Vl oc \ 2 -R+^-Al OQ 
or 2t 

on Mqo x (—oo,0). ThenT> extends to a continuous linear functional on the space of 
compactly supported W 1 ' 2 -functions on x (— oo,0). Furthermore, if tp is a non- 
negative Lip schitz function on x (— oo,0) with compact support, then T>(tp) < 0. 

Proof. Clearly, since the Ik converge uniformly on compact subsets of x 
(— oo,0) to and the metrics converge smoothly to g^, uniformly on compact 
sets, it follows that the A hk lk converge in the weak sense to Al^ and similarly, 
the dlk/dr converge in the weak sense to dl^/dr. Hence, by taking limits from 
Theorem 17. 131 using Lemma |9.21|, we see that 

(9.9) V = ^ + |VU 2 " R + ~ A/oo > 

or 2r 

in the weak sense on M x (— oo, 0). 

Since R and £ are C°°-functions, it is clear that the distributions given by these 
terms extend to continuous linear functionals on the space of compactly supported 
M /1 ' 2 -functions. Similarly, since |VZoo| 2 is an element of L^ c , it also extends to a 
continuous linear functional on compactly supported W Al ' 2 -functions. Since |<9Zoo/9r| 
is an locally essentially bounded function, dl^/dr extends to a continuous functional 
on the space of compactly supported W 1,2 functions. Lastly, we consider Al^. As 
we have seen, the value of the associated distribution on ip is given by 

/ -(V</3, VZoo^dvol^oo )cZt. 

JMx(-oo„0) 

Since |VZoo| is a locally essentially bounded function, this expression also extends to 
a continuous linear functional on compactly supported P^ 1,2 -functions. 

Lastly, if tp is an element of W 1 ' 2 with compact support and hence can be approx- 
imated in the W 1,2 -norm by non-negative smooth functions. The last statement is 
now immediate from Equation (|9.9p . □ 



This leads immediately to: 
Corollary 9.24. The functional 

ip i — ^ V(e~ loo ip) 

is a distribution and its value on any non-negative, compactly supported C°° -function 
(p is > 0. 

Proof. If 92 is a compactly supported non-negative C°°-function, then e~ loc ip 
is a compactly supported non-negative Lipschitz function. Hence, this result is an 
immediate consequence of the previous corollary. □ 
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2.5. Extension to non-compactly supported functions. The next step in 
this proof is to estimate the l x , uniformly from below in order to show that the 
integrals involved in the distributions in Proposition 19.201 are absolutely convergent 
so that they extend to continuous functionals on a certain space of functions that 
includes non-compactly supported functions. 

Lemma 9.25. There is a constant c\ > depending only on the dimension n such 
that for any p,q £ we have 

lx„ (P, r) > -l Xk (q, t) - 1 + ci 9{ ~ T) . 

T 

Proof. Since both sides of this inequality and also Ricci flow are invariant if 
the metric and time are simultaneously rescaled, it suffices to consider the case when 
t = 1. Also, since U x (l) is a dense subset, it suffices to assume that p,q £ U x (l). 
Also, by symmetry, we can suppose that l Xk (q, 1) < lx k (p, !)■ 

Let 71 and 72 be the minimizing £-geodesics from x to (p, 1) and (q, 1) respec- 
tively. We define a function /: Mj. x Mj- x [0, 00) — > E by 

f(a,b,r) = d gk( _ T) (a,b). 

Since 71 (0) = 72 (0) we have 

d gk{ _ 1} (p,q) = f(p,q,l) 
1 d 

^r/(7i( T ),72(-r), r)dr 

1 (^(7i(r),72(r),r) + (V/ a ,7Ur)) 
(9.10) +<V/ 6) 72 (r)))dr, 

where V a / and V&/ refer respectively to the gradient of / with respect to the first 
copy of Mk in the domain and the second copy of in the domain. Of course, 
|V/ | = 1 and |V/ 6 | =1. 

By Corollary ElU we have ^(r) = Vl Xk (71 (r) , r) and 72 (r) = VZ a;fc (7 2 (r), r). 
Since i? > we have 

^(7i(t),t) = ^=£ i . fe (7i| [0iT] ) < ^-j=C Xk {~n) = -j=l Xk (p,l). 

Symmetrically, we have 

1 

From this inequality, Corollary 19.101 and the fact that R > 0, we have 



lx k (n2(r),T) < —=l Xk {q,l). 



|(V/„( 7 i(r),72(r),r), 7 i(r))| < | 7 i(r)| = |V^( 7 i(r),r)| 

V3 



< 



T 



3/4 



(9.11) < ^/U^ + l- 
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Symmetrically, we have 

(9.12) |(V/ fe (7i(r), 72 (r),r), 72 (r)>| < ^|^ fe (g, 1) < 1) + 1. 
It follows from Corollary 19.101 that for any p 

My/l* k (p,T))\<0=. 

Set tq(t) = T 3 / 4 (l Xk (q, 1) + 1)~ 1/2 . For any p' £ 5 5fe (7i( r ) 5 T , r o( T )) integrating gives 

V% , , _ / _i/4 , v3 

v^ 7 



fiCV.r) < ^(71 (r),r) + ^r (r) < ( + ) ^(p.D + 1, 



where in the last inequality we have used the fact that 1 < l Xk (q, 1) + 1 < lx k (p, 1) + 1- 
Again using Corollary 19.101 we have 

Now consider E Bg fc ( r ) (72 (t),t, ro(T)). Similarly to the above computations, we 
have 

vi 

so that 

2 



^V,r)<eM) + ^o(r), 



^(^r) < r-V4 + V^ r V4 A fc((? ,i) + 1, 



and 



|Ric(</,r) < R{q',r) < - ( + ^-r l A (l Xh (q,l) + 1). 



We set 

i^(V^ + ^ r vA (^(,,1) + 1). 

Now, noting that <9/<9r here is —d/dt of Proposition 13.211 we apply Proposi- 
tion [32T] to see that 



d 

^/(7i(t),72(>),t) 



1 ( . {(// 2 n A>u(-j • r (r) 1 



< ClT -3/4 + ^-1/4 + C3T l/4 A (g> 1} + 1? 



where Ci, C2, C3 are constants depending only on the dimension n. 

Now plugging Equation (|9.1ip and f)9. 12|) and the above inequality into Equa- 
tion (|9.10|) we see that 

d g{ - 1} (p,q) < f ((Cxr- 3 / 4 + Car" 1 /* + C^r 1 ' 4 ) ^Jl Xk (q, 1) + 1 

+ V3T~ 3 / 4 ^/l Xk (q, 1) + 1 + ^3r- 3 / 4 ^ Xfc (p, 1) + dr. 
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This implies that 

d gi -i) (p, q)<C (^Jl Xk (q,l) + l + yJl Xk (p,l) + l 

for some constant depending only on the dimension. Thus, since we are assuming 
that l Xk (p, 1) > l Xh (q, 1) w e have 

4(-l)(P> l) ^ ° 2 ( 3 (^^' !) + !) + Ox„(q, 1) + 1)) < ±C 2 (l Xk (p, 1) + 1 + i Xfc (g, 1)), 
for some constant C < oo depending only on the dimension. The result now follows 
immediately. □ 

Corollary 9.26. For any q' G M and any < tq < r' we have 

i Xk (q,r)>- Wf ---i + Cl , 

where c\ is the constant from Lemma \9.25\ 
Proof. By Claim [9T5] 

Now applying Lemma 19.251 we see that for any < r' and any q' € we have 
lx k (q',r') > 



n 


nr' 


- 1 + ci 


4c- 


-t') 


2(r') 2 


~ ~Y 




t' 


n 


nr' 


- 1 + Cl 


4(- 


T o) 


2(r') 2 


~ ~Y 




r 



In the last inequality, we use the fact that the Ricci curvature is positive so that 
the metric is decreasing under the Ricci flow. □ 

Since the time slices of all the flows in question have non-negative curvature, by 
Theorem 1 1 . 341 the volume of the ball of radius s is at most ws" where uj is the volume 
of the ball of radius one in W 1 . Since the l). converge uniformly to on compact 
sets and since the metrics converge uniformly in the C°°-topology on compact 
sets to #00, it follows that for any e > 0, for any < tq < r' < oo there is a radius r 
such that for every k and any r € [tq,t'] the integral 



/ 



e -i*(q,T) dq < e _ 

I M x \B hk( _ To) (q k ,r) 

It follows by Lebesgue dominated convergence that 



e -M«M-) d? < e _ 

M °A- B s 00 (-n))( 9 °°' r ) 

Claim 9.27. Fix a compact interval [— r, — tq] C (— oo, 0). Let f be a locally 
Lip schitz function that is defined on M m x [— r, —To] and such that there is a constant 
C with the property that f(q, r') by C times max(/ oc (g, t'), 1) . Then the distribution 
T>\ = fe~ loa is absolutely convergent in the following sense. For any bounded smooth 
function <p defined on all of x [— r, — tq] and any sequence of compactly supported, 
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non-negative smooth functions ipk, bounded above by 1 everywhere that are eventually 
1 on every compact subset, the following limit exists and is finite: 

\xm k ^ Q0 V 1 {<p'ip k ). 

Furthermore, the limit is independent of the choice of the ij) k with the given proper- 
ties. 

Proof. It follows from the above discussion that there are constants c > and a 
ball B C Mqo centered at such that on M m x [— r, —To] \B x [r, — to] the function 
loo is greater than cd 2 r T \(qoo, ■) — C . Thus, fe~ loc has fixed exponential decay 
at infinity. Since the Riemann curvature of x {t'} is non-negative for every 
t', the flow is distance decreasing, and there is a fixed polynomial upper bound 
to the growth rate of volume at infinity. This leads to the claimed convergence 
property. □ 

Corollary 9.28. The distributions |V 'l^ 2 : e~ l °° , Re~ l °° , |(cWoo/<9T)|e~ io ° are ab- 
solutely convergent in the sense of the above claim. 

Proof. By Corollary 19.101 each of the Lipschitz functions |V/oo| 2 , \dloo/dr\ 
and R is at most a constant multiple of l^. Hence, the corollary follows from the 
previous claim. □ 

There is a slightly weaker statement that is true for Ae~'°°. 



Claim 9.29. Suppose that tp and ipk « r e as in Claim \9J!7\ but in addition tp and 
all the ipk are uniformly Lipschitz. Then 

limfe_»oo / ipil} k Ae~ lo °dvol gao 

J Moo 

converges absolutely. 

Proof. This time the value of the distribution on a compactly supported smooth 
function p is given by the integral of 

-(V/», Ve -1 -) = (Vp,V/ 00 )e^°°. 

Since |V/oo| is less than or equal to the maximum of 1 and |V/oo| 2 , it follows im- 
mediately, that if |Vp| is bounded, then the integral is absolutely convergent. From 
this the claim follows easily. □ 

Corollary 9.30. Fix < to < t\ < oo. Let f be a non-negative, smooth 
bounded function on x [to,ti] with (spatial) gradient of bounded norm. Then 

f + |v, ~' 2 - R + * - A, ~) >- o- 

Proof. For the interval [to,t'] we construct a sequence of uniformly Lipschitz 
functions Vfc on x [to,/] that are non-negative, bounded above by one and 
eventually one on every compact set. Let p{x) be a smooth bump function which is 
one for x less than 1/4 and is zero from x > 3/4 and is everywhere between and 
1. For any k sufficiently large let Vfc be the composition of p(d gao r. ^((fooj •) — k). 
Being compositions of p with Lipschitz functions with Lipschitz constant 1, the ipk 
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are a uniformly Lipschitz family of functions on M m x {—To}. Clearly then they 
form a uniformly Lipschitz family on x [to,t'] as required. This allows us to 
define any of the above distributions on Lipschitz functions on x [to, t']. 

Take a family ip^ of uniformly Lipschitz functions, each bounded between and 
1 and eventually one of every compact subset of Moo x [to, ti]. Then the family fipk 
is a uniformly Lipschitz family of compactly supported functions. Hence, we can 
apply Claims 19.271 and 19.291 to establish that the integral in question is the limit of 
an absolutely convergence sequence. By Corollary 19.241 each term in the sequence is 
non-positive. □ 

2.6. Completion of the proof of Proposition 19.201 Lebesgue dominated 
convergence implies that the following limit exists 

lim^oo^r) = V^t) = I T- n / 2 e- l °°^dvol gca(T) . 

J M 00 x{-t} 

By Corollary 19.141 the function r — ► V^o(t) is constant. On the other hand, note 
that for any < to < t\ < oo, we have 

~ ~ r Ti dv 

Kc(ti)-VUto) = J ^dr 

According to Corollary 19.281 this is an absolutely convergent integral, and so this 
integral is zero. 



I I Ae~ l °°dvol goo dT = f 1 I (|VZoo| 2 - AZoo) e-'-dvol^dr 

J TQ JMooX{-t} J TO J MooX{-t} 

= 0. 

Proof. Since we are integrating against the constant function 1, this result 
is clear, given the convergence result, Corollary 19.281 necessary to show that this 
integral is well defined. □ 

Adding these two results together gives us the following 



(9.13) / n / + |VU 2 " R + f " A/oo ) t-"/V^vo1 9oo = 0. 

Now let (p be any compactly supported, non-negative smooth function. By scaling 
by a positive constant, we can assume that tp < 1 everywhere. Let T> denote the 
distribution given by 

V{fp) = T ! if + iV/ool 2 -R+j-- r- n / 2 e~ l -dvol goa . 

J TO •J Moc X { T } \ / 

Then we have seen that T> extends to a functional on bounded smooth functions of 
bounded gradient. Furthermore, according to Equation (|9.13p . we have V{1) = 0. 
Thus, 

= V(l)=V(<p) + V(l-tp). 
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Since both ip and 1 — (p are non-negative, it follows from Corollary 19.301 that T>(ip) 
and D(l — <p) are each > 0. Since their sum is zero, it must be the case that each is 
individually zero. 

This proves that the Inequality (|9.9|) is actually an equality in the weak sense, 
i.e., an equality of distributions on Moo X [ T o, T ')- Taking limits we see: 

(9.14) V = (j^ + |VU 2 " R + Yt ~ A/o °) T~ n/2 e- l ~ = 0, 

in the weak sense on all of M x (— oo,0). Of course, this implies that 

^ + |V/ 00 | 2 - J R+f -A/ oo = 
or 2r 

in the weak sense. 

It now follows by parabolic regularity that l^ is a smooth function on x 
(—oo,0) and that Equation (|9.14p holds in the usual sense. 

Now from the last two equations in Corollary 16.511 and the convergence of the l x , 
to /qo, we conclude that the following equation also holds: 

(9.15) - \Vl OQ \ 2 + R + — ~ U =0. 

r 

This completes the proof of Proposition 19.201 

2.7. The gradient shrinking soliton equation. Now we return to the proof 
of Theorem 19.111 We have shown that the limiting Ricci flow referred to in that 
result exists, and we have established that the limit Iqq of the length functions is a 
smooth function and satisfies the differential equalities given in Proposition ^. 201 We 
shall use these to establish the gradient shrinking soliton equation, Equation (19. 2D . 
for the limit for / = l c 



''CO • 



Proposition 9.32. The following equation holds on x (— oo,0): 

1 

— i 

2t' 



Ric 9oo(t) +Hess So °W(/ 00 (-,r)) - ^g^t) = 0, 



where r = —t, 

Proof. This result will follow immediately from: 

Lemma 9.33. Let (M,g(t)), < t < T, be an n- dimensional Ricci flow, and let 
f : M x [0, T] — > R be a smooth function. As usual set r = T — t. Then the function 

u = (Aitt)~2 e~f 

satisfies the conjugate heat equation 



if and only if we have 



-— Au + Ru = 0, 

at 



| + A/-|V/| 2 + ii-£=0. 



Assuming that u satisfies the conjugate heat equation, then setting 
v=[t (2Af-\Vf\ 2 + R)+f-n] u, 
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we have 



dv i | . o 
- — -Av + Rv = -2r|Ric s + Hess 9 (/) g\ u. 

Let us assume the lemma for a moment and use it to complete the proof of the 
proposition. 

We apply the lemma to the limiting Ricci flow (M^, <?oo(£)) with the function 
f = loo- According to Proposition 19.201 and the first statement in Lemma 19.331 
the function u satisfies the conjugate heat equation. Thus, according to the second 
statement in Lemma 19.331 setting 

v= [r(2Af-\Vf\ 2 + R)+f-n] u, 

we have 



dv I 1 9 

— - Av + Rv = -2r Ric„ + Hess(/) g\ 

or 2r 1 



On the other hand, the second equality in Proposition 19,201 shows that v = 0. Since 
u is nowhere zero, this implies that 

Ric 9oo +Hess ff -(/)-^ 5oo = 0. 
This completes the proof of the proposition assuming the lemma. □ 
Now we turn to the proof of the lemma. 
Proof. ( of Lemma 1 9. °J'J\) Direct computation shows that 
du A n ( n df A r j.<2 



From this, the first statement of the lemma is clear. Let 

H= [ T (2Af-\Vf\ 2 + R) + f-n] 

so that v = Hu. Then, of course, 

dv dH du 

m=^ u+H m and 

Av = AH ■ u + 2(ViT, Vu) + ffAtt. 
Since u satisfies the conjugate heat equation, we have 

-^-Av + Rv= (-^--Ah]u-2(VH,Vu). 
dt \ dt J 

Differentiating the definition of H yields 

(9 , 6) f _ _ (2A/ _ | V/P + R) + % +T ( 2 | A/ _ | (|V/P) + f 



Claim 9.34. 



^A/ = A(^) + 2(Ric,Hess(/)). 
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Proof. We work in local coordinates. We have 

A/ = g^ViVjf = .riihOJ - T%d k f), 
so that from the Ricci flow equation we have 



-A/ = 2Ric^Hess(/) ij +^- 



2Ric^Hess(/) lj + ^Hess (^j - 9 lJ& ^d k f 



Since the first term is 2(Ric, Hess(/)} and the second is A(^j-), to complete the proof 
of the claim, we must show that the last term of this equation vanishes. In order to 
simplify the computations, we assume that the metric is standard to second order 
at the point and time under consideration. Then, using the Ricci flow equation, the 
definition of the Christoffel symbols in terms of the metric, and the fact that gij is 
the identity matrix at the given point and time and that its covariant derivatives in 
all spatial directions vanish at this point and time, we get 

dT k - 

This expression vanishes by the second Bianchi identity (Claim [L5l) . This completes 
the proof of the claim. □ 

We also have 

|(|V/| 2 ) = 2Ric(V/, V/) + 2(V^, V/). 

(Here V/ is a one-form, which explains the positive sign in the Ricci term.) 
Plugging this and Claim [9,341 into Equation (|9.16|) yields 

f = -2A/ + |V/|*-* + ! 

+r (4(Ric, Hess(/)) + 2A^ - 2Ric(V/, V/) - 2(V^, V/) + ^ 

Also, 

AH = Af + t (2A 2 / - A(|V/| 2 ) + AR) . 

Since u satisfies the conjugate heat equation, from the first part of the lemma we 
have 



(9.17) 
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Putting all this together and using the Equation (|3.7I) for dR/dt yields 



f + AH = -A/ + |V/f + f -R 



+r(4(Ric, Hess(/)) + 2A^ + 2A 2 / - 2Ric(V/, V/) 



-A(|V/| 2 ) - 2(V^, V/) + 2Ai? + 2|Ric| 2 ) 

-A/ + | V/| 2 + ^--R + T (4(Ric, Hess(/)) + 2A(| V/| 2 - i?) 



-2Ric(V/, V/) - A(| V/| 2 ) - 2(v|j-, V/) + 2Ai? + 2|Ric| 2 ) 



-A/ + | V/| 2 + |j- - i? + r [4<Ric, Hess(/)) + A(|V/| 2 ) 
-2Ric(V/ ; V/) + 2(V(A/), V/) - 2(V(| V/| 2 ), V/) 
+2(VR,Vf) +2|Ric| 2] 



Similarly, we have 
2(Vu,VH) 



-2<V/,Vff) 



u 

= -2|V/| 2 - 2r(V/, (V(2A/) - |V/| 2 + R)) 

= -2| V/| 2 - r (4(V/, V(A/)) - 2(V/, V(| V/| 2 )) + (V/, Vi*» . 

Thus, 

ot u at L 

+A(|V/| 2 ) - 2Ric(V/, V/) + 2|Ric| 2 

-2(V/,V(A/))". 

CLAIM 9.35. The following equality holds: 

A(|V/| 2 ) = 2(V(A/),V/) + 2Ric(V/,V/) + 2|Hess(/)| 2 , 

PROOF. We have 

A(|V/| 2 ) = A(V/,V/) = A(d/,df) = 2(Adf,df) + 2(Vdf,Vdf). 

The last term is |Hess(/)| 2 . According to Lemma 11.101 we have Adf = d(Af) + 
Ric(V/, •). Plugging this in gives 

A(| V/| 2 ) = 2{d(Af),df) + 2(Ric(V/, •), df) + 2|Hess(/)| 2 , 

which is clearly another way of writing the claimed result. □ 

Using this we can simplify the above to 

§ + AH + ^^1 = _ A/ _|v/|* + §-« 
ot u ot 

+t (4(Ric,Hess(/)) + 2|Hess(/)| 2 + 2|Ric| 2 ) . 
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Now using Equation (|9.17p we have 




u 



-2AJ-2R+ — 



2t 



+t (4(Ric, Hess(/)) + 2|Ric| 2 + 2|Hess(/)| 2 ) 
2r(2(Ric,Hess(/)) + |Ric| 2 + |Hess(/)| 2 
A/ R n v 




r r 4r 2 



2r|Ric + Hess(/) - —g 



Since 




this proves the lemma. 



□ 



At this point, setting / = Z^o, we have established all the results claimed in 
Theorem 19.111 except for the fact that the limit is not flat. This we establish in the 
next chapter. 

2.8. Completion of the proof of Theorem 19.111 To complete the proof of 
Theorem 19.111 it remains to show that for no t E (— oo,0) is (Moo, <?oo(i)) flat. 

Claim 9.36. If, for some t £ (— oo,0), the Riemannian manifold (Moo 9oo(t)) is 
flat, then there is an isometry from R n to (Moo, goo(t)) and the pullback under this 
isometry of the function Ioc( x >t) is the function \x\ 2 /4t + (x,a) + b ■ r for some 
a eW 1 and be R. 

Proof. We know that / = loo(', T ) solves the equation given in Lemma [9.33l and 
hence by the above argument, / also satisfies the equation given in Proposition 19 . 321 
If the limit is flat, then the equation becomes 

Hess(/) = — g. 

It 

The universal covering of (M^, <7oo(i)) is isometric to M. n . Choose an identification 
with M n , and lift / to the universal cover. Call the result /. Then / satisfies 
Hess(/) = 2~9> where g is the usual Euclidean metric on W n . This means that 
/ — |x| 2 /4r is an affine linear function. Clearly, then / is not invariant under any 
free action of a non-trivial group, so that the universal covering in question is the 
trivial cover. This completes the proof of the claim. □ 

If (Moo, <7oo(*)) is Hat f° r some t G (— oo,0), then by the above (M^, <?oo(*)) is 
isometric to R n . According to Theorem 17.271 this implies that V^o(r) = (47r) n//2 . 
This contradicts Corollary 19.14^ and the contradiction establishes that (Moo, 9oo(t)) 
is not flat for any t < 0. Together with Proposition 19.32] this completes the proof 
of Theorem 19.11^ namely of the fact that (Moo,Soo(i))> — oo<t<0, isa non-flat, 
K-non-collapsed Ricci flow with non-negative curvature operator that satisfies the 
gradient shrinking soliton equation, Equation (|9.2|) . 

To emphasize once again, we do not claim that (M^, goo(t)) is a K-solution, since 
we do not claim that each time-slice has bounded curvature operator. 
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3. Splitting results at infinity 

3.1. Point-picking. There is a very simple, general result about Riemannian 
manifolds that we shall use in various contexts to prove that certain types of Ricci 
flows split at infinity as a product with R. 

Lemma 9.37. Let (M, g) be a Riemannian manifold and let p G M and r > 
be given. Suppose that B(p,2r) has compact closure in M and suppose that 
f: B(p,2r) x (— 2r, 0] — > R is a continuous, bounded function with f(p,0) > 0. 
Then there is a point (q,t) G B(p,2r) x (— 2r, 0] with the following properties: 

(1) f(q,t) >/(p,0). 

(2) Setting a = f(p, 0)/f(q, t) we have d(p, q) < 2r(l — a) and t > — 2r(l — a). 

(3) f(q', t') < 2f(q, t) for all {q', t') G B(q, or) x (t - or, t] . 

Proof. Consider sequences of points x$ = (p, 0), x\ = {pi, ti), . . . , Xj = (pj,tj) 
in B(p,2r) x (— 2r, 0] with the following properties: 

(1) f(xi) > 2/(xi_i); 

(2) Setting = r/(xo)//(xj_i), then < 2 l ~ 1 r, and we have that 

Xi G B(pi-i,ri) x (U-i -ri,U-i]. 

Of course, there is exactly one such sequence with j = 0: it has xo = (p, 0). 
Suppose we have such a sequence defined for some j > 0. If follows immediately 
from the properties of the sequence that f(pj,tj) > 2-? f(p, 0), that 

tj > -r(l + 2~ 1 + --- + 2 l ~ j ), 

and that r^+i < 2 _:, r. It also follows immediately from the triangle inequality that 
d(p,Pj) < r(l + 2~ l H h 2 1_J '). This means that 

B( Pj ,r j+1 ) x (tj -r j+ i,*j] C B(p,2r) x (-2r,0]. 

Either the point Xj satisfies the conclusion of the lemma, or we can find Xj + \ G 
B{pj,rj+i) x (tj — rj + \,tj] with f(xj + \) > 2f(xj). In the latter case we extend our 
sequence by one term. This shows that either the process terminates at some j, in 
which satisfies the conclusion of the lemma, or it continues indefinitely. But 

it cannot continue indefinitely since / is bounded on B(p,2r) x (— 2r, 0]. □ 

One special case worth stating separately is when / is independent of t. 

Corollary 9.38. Let (M,g) be a Riemannian manifold and let p G M and 
r > be given. Suppose that B(p,2r) has compact closure in M and suppose that 
f : B(p,2r) — > R is a continuous, bounded function with f(p) > 0. Then there is a 
point q G B(x,2r) with the following properties: 

(1) f(q) > Hp). 

(2) Setting a = f(p)/f(q) we have d(p,q) < 2r(l — a) and f(q') < 2f(q) for 
all q' G B(q, ar). 

Proof. Apply the previous lemma to /: B(p,2r) x (— 2r, 0] — ► R defined by 
/(P, *) = /(?)■ □ 
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3.2. Splitting results. Here we prove a splitting result for ancient solutions 
of non-negative curvature. They are both based on Theorem 15,351 

Proposition 9.39. Suppose that (M,g(t)), — oo < t < 0, is a K-non- collapsed 
Ricci flow of dimensioi^ n < 3. Suppose that (M,g(t)) is a complete, non-compact, 
non-flat Riemannian manifold with non-negative curvature operator for each t. Sup- 
pose that dR(q,t)/dt > for all q £ M and all t < 0. Fix p G M. Suppose that 
there is a sequence of points pi G M going to infinity with the property that 

]hn4 r -> 00 R(p i ,-i)d%(_ 1 )(p,p i ) = oo. 

Then there is a sequence of points qi G M tending to infinity such that, setting 
Qi = R(qi,—1), we have lim.i-, OQ d 2 (p, qi)Qi = oo. Furthermore, setting gi(t) = 
Qig(Q^ 1 (t + 1) — 1), the sequence of based flows (M, gi(t), (qi, —1)), — oo < t < —1, 
converges smoothly to (N 11 ^ 1 , h(i)) x (R, ds 2 ), a product Ricci flow defined for — oo < 
t < —1 with (iV n_1 , h(— 1)) being non-flat and of bounded, non-negative curvature. 

Corollary 9.40. There is no two-dimensional flow satisfying the hypotheses of 
Proposition \9. 39\ 

Proof, (of Proposition 19.39] ) Take a sequence pi € M such that 

as i -> oo. We set d{ = <i ff (_i)(p,Pi) and we set Bi = B(pi, — 1, di/2), and we let 
/: Bi — > R be the square root of the scalar curvature. Since (M, g(— 1)) is complete, 
£>i has compact closure in M, and consequently / is a bounded continuous function 
on Bi. Applying Corollary 19.381 to (Bi,g(— 1)) and /, we conclude that there is a 
point qi G -Bj with the following properties: 

(1) R(q h -l)>R(p h -l) 

(2) J B J / = J B( % ,-l,(^i?( K ,-l) 1 /2)/( 4jR ( (? . i i j )i/2) c B(pi,-l,di/2). 

(3) i?(</, -1) < 4fl(g f , -1) for all (g 7 , -1) G 

Since ci ff (_i)(p, > dj/2, it is also the case that ^/^(p, qi)R(qi, — 1) tends to 
infinity as i tends to infinity. Because of our assumption on the time derivative of 
R, it follows that R(q',t) < 4R(q i: -1) for all q' G B[ and for all t < -1. 

Set Qi = R(qi,—1). Let Mi = M, and set Xi = (qi,— 1). Lastly, set ^(t) = 
Qig(Q~ (t+1) — 1). We consider the based Ricci flows (Mj, gi(t),Xi), — oo < t < —1. 
We see that R 9i (q',t) < 4 for all (</,i) G B fl4 (ft, -1, dji2(pj, -l) 1 / 2 ^) x (-00, -1]. 
Since the original Ricci flows are K-non-collapsed, the same is true for the rescaled 
flows. Since diR(pi, — 1) 1,/2 /4 — > 00, by Theorem 15.151 there is a geometric limit 
flow (Mqo, 9oo(t), (qoo, — 1)) defined for t G (— 00,— 1]. Of course, by taking limits 
we see that (M 00 ,g 00 (t)) is K-non-collapsed, its scalar curvature is bounded above 
by 4, and its curvature operator is non-negative. It follows that (Moo, ^(i)) has 
bounded curvature. 

To complete the proof we show that the Ricci flow (Mqo, <7oo(i)) splits as a product 
of a line with a Ricci flow of one lower dimension. By construction (Moo,5oo( — 1)) 
is the geometric limit constructed from (M, g(— 1)) in the following manner. We 



This result in fact holds in all dimensions. 
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have a sequence of points qi tending to infinity in M and constants Aj = R(qi, — 1) 
with the property that Ajt^/^ (p, qi) tending to infinity such that (M^, <7oo( — 1)) 
is the geometric limit of (M, \g{— 1), q%)- Thus, according to Theorem 15.351 the 
limit (Mqo, 9oo(— 1)) splits as a Riemannian product with a line. If the dimension 
of Mqo is two, then this is a contradiction: We have that (Moo, 9oo(— 1)) splits 
as the Riemannian product of a line and a one-manifold and hence is flat, but 
R(qoo,—l) = 1. Suppose that the dimension of Mqo is three. Once we know that 
(Mqo, 9oo(— 1)) splits as a product with a line, it follows from the maximum principle 
(Corollary I4.19P that the entire flow splits as a product with a line, and the Ricci 
flow on the surface has strictly positive curvature. □ 

4. Classification of gradient shrinking solitons in dimensions 2 and 3 

In this section we fix k > and we classify all K-solutions (M, goo(t)), —oo < t < 
0, that satisfy the gradient shrinking soliton equation at the time-slice t = — 1 in the 
sense that there is a function / : M — » R such that 

(9.18) Ric 9oo( _ 1} + Hess^- 1 ^/) - ~<?oo(-l) = 0. 

This will give a classification of the two- and three-dimensional asymptotic gradient 
shrinking solitons constructed in Theorem 19. Ill 

Let us give some examples in dimensions two and three of ancient solutions that 
have such functions. It turns out, as we shall see below, that in dimensions two 
and three the only such are compact manifolds of constant positive curvature - i.e., 
Riemannian manifolds finitely covered by the round sphere. We can create another, 
non-flat gradient shrinking soliton in dimension three by taking (M, g—i) equal to 
the product of (S 2 , fa-i), the round sphere of Gaussian curvature 1/2, with the real 
line (with the metric on the real line denoted ds 2 ) and setting g(t) = |t|/t-i + ds 2 
for all t < 0. We define / : M x (-oo,0) R by f(p,t) = s 2 /A\t\ where s: M -> R 
is the projection onto the second factor. Then it is easy to see that 

Ric 9W+ Hess^)(/)-^L 5 (t) = 0, 

so that this example is a gradient shrinking soliton. There is a free, orientation- 
preserving involution on this Ricci flow: the product of the sign change on R with 
the antipodal map on S 2 . This preserves the family of metrics and hence there is an 
induced Ricci flow on the quotient. Since this involution also preserves the function 
/, the quotient is also a gradient shrinking soliton. These are the basic 3-dimensional 
examples. As the following theorem shows, they are all the K-non-collapsed gradient 
shrinking solitons in dimension three. 

First we need a definition for a single Riemannian manifold analogous to a defi- 
nition we have already made for Ricci flows. 

Definition 9.41. Let (M, g) be an n-dimensional complete Riemannian manifold 
and fix k > 0. We say that (M, g) is n-non-collapsed if for every p E M and any 
r > 0, if |Rm s | < r~ 2 on B(p,r) then Vol B(p,r) > nr n . 

Here is the theorem that we shall prove: 
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Theorem 9.42. Let (M,g) be a complete, non-flat Riemannian manifold of 
bounded non-negative curvature of dimension 2 or 3. Suppose that the Riemann- 
ian manifold (M,g) is K-non- collapsed. Lastly, suppose that there is a C 2 -function 
f : M -> R such that 

Ric 9 + Hess3(/) = i 5 . 

Then there is a Ricci flow (M,G(t)), — oo < t < 0, with G(—l) = g and with 
(M,G(t)) isometric to (M, \t\g) for every t < 0. In addition, (M,G(t)) is of one of 
the following three types: 

(1) The flow (M, G(t)), — oo < t < 0, is a shrinking family of compact, round 
(constant positive curvature) manifolds. 

(2) The flow (M,G(t)), —oo < t < 0, is a product of a shrinking family of 
round 2- spheres with the real line. 

(3) (M,G(t)) is isomorphic to the quotient family of metrics of the product of 
a shrinking family of round 2- spheres and the real line under the action of 
an isometric involution. 

Now let us begin the proof of Theorem 19.421 

4.1. Integrating V/. Since the curvature of (M,g) is bounded, it follows im- 
mediately from the gradient shrinking soliton equation that Hess 9 (/) is bounded. 
Fix a point p £ M. For any q £ M let 7(5) be a minimal geodesic from p to q 
parameterized at unit length. Since 

f s (|V/( 7 ( S ))|) 2 = 2<Hess(/)( 7 / 00, V/( 7 (*))>, 

it follows that 

^(|V/( 7 ( S ))|)<C, 

where C is an upper bound for |Hess(/)|. By integrating, it follows that 

\Vf(q)\<Cd g (p,q) + \Vf(p)\. 

This means that any flow line X(t) for V/ satisfies 

d 

~dl' 

and hence these flow lines do not escape to infinity in finite time. It follows that 
there is a flow $ t : M — » M defined for all time with <J> = Id and dQ t /dt = Vf. 
We consider the one-parameter family of diffeomorphisms 3?-i g(|t|) : M — * M and 
define 

(9.19) G(t) = |i|<&I log( | t |)<7- - 00 < t < 0. 

We compute 
dG 

-ft = -K(t)9 + 2*j; (t) Hess*(/) = -2$* (t) Ric( ff ) = -2Ric(G(t)), 

so that G{t) is a Ricci flow. Clearly, every time-slice is a complete, non-flat manifold 
of non-negative bounded curvature. It is clear from the construction that G{— 1) = g 



-d g (p,X(t))<Cd g (p,X(t)) + \Vf(p)\, 
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and that (M,G(t)) is isometric to (M, \t\g). This shows that (M,g) is the —1 time- 
slice of a Ricci flow (M,G(t)) defined for all t < 0, and that, furthermore, all the 
manifolds (M,G(t)) are equivalent up to diffeomorphism and scaling by \t\. 

4.2. Case 1: M is compact and the curvature is strictly positive. 

Claim 9.43. Suppose that (M,g) and f: M — > R satisfies the hypotheses of 
Theorem \9.4%\ and that M is compact and of positive curvature. Then the Ricci flow 
(M, G(t)) with G{— 1) = g given in Equation \9.19\) is a shrinking family of compact 
round manifolds. 

Proof. The manifold (M,G(t)) given in Equation (|9.19|) is equivalent up to 
diffeomorphism and scaling by \t\ to (M,g). If the dimension of M is three, then 
according to Hamilton's pinching toward positive curvature result (Theorem I4.23p . 
the Ricci flow becomes singular in finite time and as it becomes singular the metric 
approaches constant curvature in the sense that the ratio of the largest sectional 
curvature to the smallest goes to one. But this ratio is invariant under scaling 
and diffeomorphism, so that it must be the case that for each t, all the sectional 
curvatures of the metric G(t) are equal; i.e., for each t the metric G(t) is round. If 
the dimension of M is two, then the results go back to Hamilton in [31 1 . According 
to Proposition 5.21 on p.. 118 of [13], M is a shrinking family of constant positive 
curvature surfaces, which must be either S 2 or MP 2 . This completes the analysis in 
the compact case. □ 

From this result, we can easily deduce a complete classification of Ac-solutions 
with compact asymptotic gradient shrinking soliton. 

Corollary 9.44. Suppose that (M,g(t)) is a K-solution of dimension 3 with 
a compact asymptotic gradient shrinking soliton. Then the Ricci flow (M,g(t)) is 
isomorphic to a time-shifted version of its asymptotic gradient shrinking soliton. 

Proof. We suppose that the compact asymptotic gradient shrinking soliton 
is the limit of the (M,g Tn (t), (q n , —1)) for some sequence of r n — > oo. Since by the 
discussion in the compact case, this limit is of constant positive curvature. It follows 
that for all n sufficiently large, M is diffeomorphic to the limit manifold and the 
metric g Tn {~ 1) is close to a metric of constant positive curvature. In particular, for 
all n sufficiently large, (M, g Tn (—l)) is compact and of strictly positive curvature. 
Furthermore, as n — > oo r n — > oo and Riemannian manifolds (M, g Tn (— 1)) become 
closer and closer to round in the sense that the ratio of its largest sectional curvature 
to its smallest sectional curvature goes to one. Since this is a scale invariant ratio, 
the same is true for the sequence of Riemannian manifolds (M, g(—r n )). In the case 
when the dimension of M is three, by Hamilton's pinching toward round result or 
Ivey's theorem (see Theorem I4.23p . this implies that the (M,g(t)) are all exactly 
round. 

This proves that (M,g(t)) is a shrinking family of round metrics. The only 
invariants of such a family are the diffeomorphism type of M and the time Q, at 
which the flow becomes singular. Of course, M is diffeomorphic to its asymptotic 
soliton. Hence, the only remaining invariant is the singular time, and hence (M, g(t)) 
is equivalent to a time-shifted version of its asymptotic soliton. □ 
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4.3. Case 2: Non-strictly positively curved. 

Claim 9.45. Suppose that (M,g) and f : M —* R are as in i/te statement of 
Theorem \9.42\ and that (M,g) does not have strictly positive curvature. Then n = 3 
and the Ricci flow (M,G(t)) with G{— 1) = g given in Equation \9.19\) has a one- 
or two-sheeted covering that is a product of a two-dimensional K-non- collapsed Ricci 
flow of positive curvature and a constant flat copy of R. The curvature is bounded 
on each time-slice. 

Proof. According to Hamilton's strong maximum principle (Corollary I4.20|) . 
the Ricci flow (M, G(t)) has a one- or two-sheeted covering that splits as a product 
of an evolving family of manifolds of one dimension less of positive curvature and 
a constant one-manifold. It follows immediately that n = 3. Let / be the lifting 
of / to this one- or two-sheeted covering. Let Y be a unit tangent vector in the 
direction of the one-manifold. Then it follows from Equation (|9.18p that the value 
of the Hessian of / of (Y, Y) is one. If the flat one-manifold factor is a circle then 
there can be no such function /. Hence, it follows that the one- or two-sheeted 
covering is a product of an evolving surface with a constant copy of R. Since (M, g) 
is K-non-collapsed and of bounded curvature, (M,G(t)) is K-non-collapsed and each 
time-slice has positive bounded curvature. These statements are also true for the 
flow of surfaces. □ 

4.4. Case 3: M is non-compact and strictly positively curved. Here the 
main result is that this case does not occur. 

Proposition 9.46. There is no two- or three-dimensional Ricci flow satisfying 
the hypotheses of Theorem 9.4%\ with (M,g) non-compact and of positive curvature. 



We suppose that we have (M, g) as in Theorem 19.421 with (M, g) being non- 
compact and of positive curvature. Let n be the dimension of M, so that n is either 
2 or 3. Taking the trace of the gradient shrinking soliton equation yields 

n 

fl + A/-~ = 0, 

and consequently that 

dR + d{Af) = 0. 
Using Lemma ll.lOl we rewrite this equation as 
(9.20) dR + A(df) - Ric(V/, •) = 0. 

On the other hand, taking the divergence of the gradient shrinking soliton equation 
and using the fact that V*<? = gives 

V*Ric + V*Hess(/) = 0. 

Of course, 

V*Hess(/) = V*(VV/) = (V*V)V/ = A(df), 

so that 

A(df) = -V*Ric. 
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Plugging this into Equation 19.201 gives 

dR - V*Ric - Ric(V/, •) = 0. 

Now invoking Lemma 11.91 we have 

(9.21) dR = 2Ric(V/,-). 

Fix a point p £ M. Let 7(s); < s < s, be a shortest geodesic (with respect to 
the metric g), parameterized at unit speed, emanating from p, and set X(s) = "f'(s). 

Claim 9.47. There is a constant C independent of the choice of 7 and ofs such 
that 



[ Ric(X, X)ds < C. 
Jo 



Proof. Since the curvature is bounded, clearly it suffices to assume that s >> 1. 
Since 7 is length-minimizing and parameterized at unit speed, it follows that it is 
a local minimum for the energy functional £'(7) = \ \j'(s)\ 2 ds among all paths 
with the same end points. Thus, letting 7«(s) = 7(s,n) be a one-parameter family 
of variations (fixed at the endpoints) with 70 = 7 and with d"f/du\ u= o = Y, we see 

0<5$E( lu )= [ \V X Y\ 2 + (K(Y,X)Y,X)ds. 
Jo 

We conclude that 

(9.22) / {-K(Y,X)Y,X)ds < / \V x Y\ 2 ds. 

Jo Jo 

Fix an orthonormal basis {Ei}f =1 at p with E n = X, and let E{ denote the parallel 
translation of E{ along 7. (Of course, E n = X.) Then, for i < n — 1, we define 

{sEi if < s < 1 

% if 1 < s < s - 1 

(s - s)Ei if s - 1 < s < s. 

Adding up Equation (19. 22ft for each i gives 

-V/ (TZ(Y i ,X)Y t ,X)ds<Y j \V x Yi\ 2 ds. 
i=l J ° i=i J o 

Of course, since the E{ are parallel along 7, we have 



1 if < s < 1 

if 1 < s < s 

1 if s-l< s<s 



\VxYA 2 = { if 1 < s < s- 1 



so that 

n-l 



V f \V x Yi\ 2 = 2{n-l) 
i=l Jo 
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On the other hand, 



n-l 



( „2 



i=l 



s 2 mc(X,X) if0<s<l 
Ric(X, X) if 1 < s < s - 1 

(a - s) 2 Ric(X, X) if s - 1 < s < s. 



Since the curvature is bounded and \X\ = 1, we see that Jq(1 — s 2 )Ric(X, X)ds + 
J_ s _ 1 (s — s) 2 Ric{X,X) is bounded independent of 7 and of s. This concludes the 
proof of the claim. □ 

Claim 9.48. |Ric(X, -)| 2 < R-Ric(X,X). 

Proof. This is obvious if n = 2, so we may as well assume that n = 3. We 
diagonalize Ric in an orthonormal basis {ej}. Let Aj > be the eigenvalues. Write 
X = X% with Y. t ( xi ) 2 = !■ Th en 

Ric(X,-) =X t X i (e l )*, 

so that |Ric(X, -)| 2 = ^^X 1 ) 2 A 2 . Of course, since the A« > 0, this gives 

R • Ric(X, X) = A,) £ A^X*) 2 > 2 A 2 (X*) 2 , 

i i i 

establishing the claim. □ 
Now we compute, using Cauchy-Schwarz, 

J \Ric(X, Ei)\ds) < sj \Ric(X, Ei)\ 2 ds <s J |Ric(x, -)| 2 ds 

< s I R-Ric(X,X)ds. 
Jo 

Since R is bounded, it follows from the first claim that there is a constant C inde- 
pendent of 7 and s with 

(9.23) ( \Bic(X,Ei)\ds<C'yf§. 

Jo 

Since 7 is a geodesic in the metric g, we have VxX = 0. Hence, 

d2f jJ S)) = *(*(/)) = Hess(/)(X,X). 
Applying the gradient shrinking soliton equation to the pair (X, X) gives 

ds 2 -^-^c g (X,X). 

Integrating we see 

#(700), df( 7 (s)) 



, \s=s — , \s- 

as as 



+ ^- [ S Ric(X,X)ds 
* Jo 



It follows that 



(9-24) X (f)( 7 (s))> S --C", 
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for some constant C" depending only on (M,g) and /. Similarly, applying the 
gradient shrinking soliton equation to the pair (X,Ei), using Equation (19. 23ft and 
the fact that V ' x^i = gives 



These two inequalities imply that for s sufficiently large, / has no critical points 
and that V/ makes a small angle with the gradient of the distance function from 
p, and |V/| goes to infinity as the distance from p increases. In particular, / is a 
proper function going off to +oo as we approach infinity in M. 

Now apply Equation (|9.2ip to see that R is increasing along the gradient curves 
of /. Hence, there is a sequence pk tending to infinity in M with \\m.kR{pk) = 
\voaswp q&M R g (q) > 0. 

The Ricci flow (M,G(t)), — oo < t < 0, given in Equation (|9.19p has the prop- 
erty that G(— 1) = g and that (M,G(t)) is isometric to (M, \t\g). Since the origi- 
nal Riemannian manifold (M , g) given in the statement of Theorem 19.421 is K-non- 
collapsed, it follows that, for every t < 0, the Riemannian manifold (M,G(t)) is k- 
non-collapsed. Consequently, the Ricci flow (M, G(t)) is fc-non-collapsed. It clearly 
has bounded non-negative curvature on each time-slice and is non-flat. Fix a point 
p £ M. There is a sequence of points pi tending to infinity with R(pi, —1) bounded 
away from zero. It follows that hin^ooi?^, — ^)dP^_^(p,pi) = oo. Thus, this flow 
satisfies all the hypotheses of Proposition 19.391 Hence, by Corollary 19.401 we see that 
n cannot be equal to two. Furthermore, by Proposition 19.39} when n = 3 there is 
another subsequence qi tending to infinity in M such that there is a geometric limit 
(M>o,Soo(i), (goo, -1)), -oo < t < -1, of the flows (M, G(t), (qi, -I)) defined for all 
t < and this limit splits as a product of a surface flow (E 2 , h(t)) times the real line 
where the surfaces (T, 2 ,h(t)) are all of positive, bounded curvature and the surface 
flow is k- non-collapsed. Since there is a constant C < oo such that the curvature 
of (M, G(t)), —oo < t < to < 0, is bounded by C/\to\, this limit actually exists for 
— oo < t < with the same properties. 

Let us summarize our progress to date. 

Corollary 9.49. There is no non-compact, two-dimensional Riemannian man- 
ifold (M,g) satisfying the hypotheses of Theorem \9.^S\ For any non-compact three- 
manifold (M, g) of positive curvature satisfying the hypotheses of Theorem \9.4%\ 
there is a sequence of points qi G M tending to infinity such that \\m.i^ 00 R g (qi) = 
sup p6A j such that the based Ricci flows (M,G(t), (qi, —1)) converge to a Ricci flow 
(Mqo, Gooft), ((?oo) ~ 1)) defined for —oo < t < that splits as a product of a line and 
a family of surfaces, each of positive, bounded curvature (Y?,h(t)). Furthermore, 
the flow of surfaces is K-non- collapsed. 

Proof. In Claim [9^.451 we saw that every two-dimensional (M,g) satisfying the 
hypotheses of Theorem 19.421 has strictly positive curvature. The argument that 
we just completed shows that there is no non-compact two-dimensional example of 
strictly positive curvature. 

The final statement is exactly what we just established. □ 



(9.25) 
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Corollary 9.50. (1) Let (M,g(t)) be a two-dimensional Ricci flow satisfy- 
ing all the hypotheses of Proposition WThUl except possible the non- compactness 
hypothesis. Then M is compact and for any a > the restriction of the 
flow to any interval of the form (— oo, —a] followed by a shift of time by +a 
is a K-solution. 

(2) Any asymptotic gradient shrinking soliton for a two-dimensional K-solution 
is a shrinking family of round surfaces. 

(3) Let (M,g(t)), — oo < t < 0, be a two-dimensional K-solution. Then (M,g(t)) 
is a shrinking family of compact, round surfaces. 

Proof. Let (M,g(t)) be a two-dimensional Ricci flow satisfying all the hy- 
potheses of Proposition 19.391 except possibly non-compactness. It then follows from 
Corollary 19.401 that M is compact. This proves the first item. 

Now suppose that (M, g(t)) is an asymptotic soliton for a K-solution of dimension 
two. If (M, g(— 1)) does not have bounded curvature, then there is a sequence pi — > 
oo so that limj^ooi?^, —1) = oo. By this and Theorem 19 . 1 1 1 the Ricci flow (M,g(t)) 
satisfies all the hypotheses of Proposition 19.391 But this contradicts Corollary 19.401 
We conclude that (M, g(— 1)) has bounded curvature. According to Corollary 19.491 
this means that (M,g(t)) is compact. Results going back to Hamilton in [31 j imply 
that this compact asymptotic shrinking soliton is a shrinking family of compact, 
round surfaces. For example, this result is contained in Proposition 5.21 on p. 118 
of [13] . This proves the second item. 

Now suppose that (M,g(t)) is a two-dimensional K-solution. By the second item 
any asymptotic gradient shrinking soliton for this K-solution is compact. It follows 
that M is compact. We know that as t goes to — oo the Riemannian surfaces (M, g(t)) 
are converging to compact, round surfaces. Extend the flow forward from to a 
maximal time 17 < oo. By Theorem 5.64 on p. 149 of [13J the surfaces (M,g(t)) are 
also becoming round as t approaches $7 from below. Also, according to Proposition 
5.39 on p. 134 of |13j the entropy of the flow is weakly monotone decreasing and 
is strictly decreasing unless the flow is a gradient shrinking soliton. But we have 
seen that the limits at both — oo and Q are round manifolds, and hence of the 
same entropy. It follows that the K-solution is a shrinking family of compact, round 
surfaces. □ 

Now that we have shown that every two-dimensional K-solution is a shrinking 
family of round surfaces, we can complete the proof of Proposition 19.461 Let (M,g) 
be a non-compact manifold of positive curvature satisfying the hypotheses of Theo- 
rem [9321 According to Corollary 19.501 the limiting Ricci flow (Mqo, Goo(t)) referred 
to in Corollary [93S] is the product of a line and a shrinking family of round surfaces. 
Since (M,g) is non-compact and has positive curvature, it is diffeomorphic to M 3 
and hence does not contain an embedded copy of a projective plane. It follows that 
the round surfaces are in fact round two-spheres. Thus, (Moo, Goo(t)), —00 < t < 0, 
splits as the product of a shrinking family (S 2 ,h(t)), —00 < t < 0, of round two- 
spheres and the real line. 

Claim 9.51. The scalar curvature of (S 2 , h(— 1)) is equal to 1. 
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Proof. Since the shrinking family of round two-spheres (S 2 , h(t)) exists for all 
— oo < t < 0, it follows that the scalar curvature of (S 2 , h(— 1)) is at most 1. On 
the other hand, since the scalar curvature is increasing along the gradient flow lines 
of /, the infimum of the scalar curvature of (M,g), R{ n f, is positive. Thus, the 
infimum of the scalar curvature of (M,G(t)) is i?i n f/|i| and goes to infinity as \t\ 
approaches 0. Thus, the infimum of the scalar curvature of (S 2 , h(t)) goes to infinity 
as t approaches zero. This means that the shrinking family of two-spheres becomes 
singular as t approaches zero, and consequently the scalar curvature of (S 2 ,h(— 1)) 
is equal to 1. □ 

It follows that for any p in a neighborhood of infinity of (M, g), we have 



(On a manifold with non-negative curvature Ric(Y, Y) < R/2 for any unit tangent 
vector Y .) This means that for u sufficiently large the level surfaces of N u = 
are convex and hence have increasing area as u increases. 

According to Equations (|9.24p and (|9.25p the angle between V/ and the gradient 
of the distance function from p goes to zero as we go to infinity. According to 
Theorem 15.351 the gradient of the distance function from p converges to the unit 
vector field in the M-direction of the product structure. It follows that the unit 
vector in the V/-direction converges to the unit vector in the R-direction. Hence, as 
u tends to oo the level surfaces f~ l (u) converge in the C 1 -sense to S x {0}. Thus, 
the areas of these level surfaces converge to the area of (S, h(— 1)) which is 8tt since 
the scalar curvature of this limiting surface is limsup peM R(p, — 1) = 1. It follows 
that the area of f~ 1 (u) is less than 8tt for all u sufficiently large. 

Now let us estimate the intrinsic curvature of N = N u = f~ l {u). Let Kn denote 
the sectional curvature of the induced metric on N, whereas Km is the sectional 
curvature of M. We also denote by Rn the scalar curvature of the induced metric 
on N. Fix an orthonormal basis {ei,e2,es} at a point of N, where e% = V//|V/|. 
Then by the Gauss-Codazzi formula we have 



Clearly, we have R — 2Ric(e3,e3) = 2Km (e\, e^)^ so that 

R N = R- 2Ric(e 3 , e 3 ) + 2det S. 

We can assume that the basis is chosen so that Ric|rAf is diagonal; i.e., in the given 
basis we have 



R g {p) < 1. 

For any unit vector Y at any point of M \ K we have 




R N = 2K N (e u e 2 ) = 2{K M {e x , e 2 ) + det S) 



where S is the shape operator 



S 



Hess (/ 1 TN) 
WJ\ 
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From the gradient shrinking soliton equation we have Hess(/) = (l/2)g — Ric so 
that 

det(Hess(/|7W)) = Q - n \ Q - r 2 



< \(l-ri-r 2 ) 2 

= i(l-i? + Ric(e 3 ,e 3 )) 2 

1- J R + Ric(e 3 ,e 3 )) i 



Thus, it follows that 

(9.26) R N <i?-2Ric(e 3 ,e 3 )+ ., 

It follows from Equation (|9.24p that |V/(x)| —* oo as x goes to infinity in M. Thus, 
since the curvature of (M, g(— 1)) is bounded, provided that ti is sufficiently large, 
we have 1 — R + Ric(e 3 , e 3 ) < 2| V/| 2 . Since the left-hand side of this inequality is 
positive (since R < 1), it follows that 

(1-R + Ric(e 3 , e 3 )) 2 <2(1-R + Ric(e 3 , e 3 ))|V/| 2 . 

Plugging this into Equation (|9.26[) gives that 

R N < 1 - Ric(e 3 ,e 3 ) < 1, 

assuming that u is sufficiently large. 

This contradicts the Gauss-Bonnet theorem for the surface N: Its area is less 
than 8tt, and the scalar curvature of the induced metric is less than 1, meaning that 
its Gaussian curvature is less than 1/2; yet iV is diffeomorphic to a 2-sphere. This 
completes the proof of Proposition 19.461 that is to say this shows that there are no 
non-compact positive curved examples satisfying the hypotheses of Theorem 19.421 

4.5. Case of non-positive curvature revisited. We return now to the sec- 
ond case of Theorem 19.421 We extend (M,g) to a Ricci flow (M,G(t)) defined for 
— oo < t < as given in Equation ([9.191) . By Claim |9~.45I M has either a one- or 
2-sheeted covering M such that (M,G(t)) is a metric product of a surface and a 
one-manifold for all t < 0. The evolving metric on the surface is itself a K-solution 
and hence by Corollary 19 . 501 the surfaces are compact and the metrics are all round. 
Thus, in this case, for any t < 0, the manifold (M,G(t)) is a metric product of a 
round S 2 or WP 2 and a flat copy of R. The conclusion in this case is that the one- 
or two-sheeted covering (M,G(t)) is a product of a round S 2 or RP 2 and the line 
for all t < 0. 

4.6. Completion of the proof of Theorem 19.421 

Corollary 9.52. Let (M,g(t)) be a three-dimensional Ricci flow satisfying the 
hypotheses of Proposition \9.39\ Then the limit constructed in that proposition splits 
as a product of a shrinking family of compact round surfaces with a line. In particu- 
lar, for any non-compact gradient shrinking soliton of a three-dimensional ^-solution 
the limit constructed in Proposition 1 9. 39\ is the product of a shrinking family of round 
surfaces and the real line. 
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Proof. Let (M,g(t)) be a three-dimensional Ricci flow satisfying the hypothe- 
ses of Proposition 19.391 and let (N 2 , h(t)) x (R, ds 2 ) be the limit constructed in that 
proposition. Since this limit is k- non-collapsed, (iV, h(t)) is ^'-non-collapsed for some 
k! > depending only on k. Since the limit is not flat and has non-negative curva- 
ture, the same is true for (N, h(t)). Since dR/dt > for the limit, the same is true 
for (N, h(t)). That is to say (N, h(t)) satisfies all the hypotheses of Proposition 19.391 
except possibly non-compactness. It now follows from Corollary 19.501 that (N,h(t)) 
is a shrinking family of compact, round surfaces. □ 

Corollary 9.53. Let (M,g(t)), —oo <t<0, be an asymptotic gradient shrink- 
ing soliton for a three-dimensional K-solution. Then for each t < 0, the Riemannian 
manifold (M,g(t)) has bounded curvature. In particular, for any a > the flow 
(M,g(t)), — oo < t < —a, followed by a shift of time by +a is a K-solution. 

Proof. If an asymptotic gradient shrinking soliton (M, g(t)) of a three-dimensional 
K-solution does not have strictly positive curvature, then according to Corollary 14. 201 
(M,g(t)) has a covering that splits as a product of a a two-dimensional Ricci flow 
and a line. The two-dimensional Ricci flow satisfies all the hypotheses of Proposi- 
tion [9?39] except possibly compactness, and hence by Corollary 19.501 it is a shrinking 
family of round surfaces. In this case, it is clear that each time-slice of (M, g(t)) has 
bounded curvature. 

Now we consider the remaining case when (M,g(t)) has strictly positive curva- 
ture. Assume that (M,g(t)) has unbounded curvature. Then there is a sequence 
of points pi tending to infinity in M such that R{pi,t) tends to infinity. By Corol- 
lary we can replace the points pi by points q, L with Qi = R{qi,t) > R(pi,t) 
so that the based Riemannian manifolds (M,Qig(t),qi) converge to a product of 
a round surface (N,h(t)) with R. The surface N is either diffeomorphic to S 2 or 
MP 2 . Since (M,g(t)) has positive curvature, by Theorem 12.71 it is diffeomorphic to 
R 3 , and hence it contains no embedded MP 2 . It follows that (N,h(t)) is a round 
two-sphere. 

Fix e > sufficiently small as in Proposition 12.191 Then the limiting statement 
means that, for every i sufficiently large, there is an e-neck in (M,g(t)) centered at 
qi with scale Q i . This contradicts Proposition 12.191 establishing that for each 
t < the curvature of (M,g(t)) is bounded. □ 

Corollary 9.54. Let (M,g(t)), —oo < t < 0, be a K-solution of dimension three. 
Then any asymptotic gradient shrinking soliton (Moo, ^(f)) f or this K-solution, as 
constructed in Theorem \9.11[ is of one of the three types listed in Theorem \9. 4 2 



Proof. Let (-Moo, (^(i)), — 00 < t < 0, be an asymptotic gradient shrinking 
soliton for (M,g(t)). According to Corollary 19.531 this soliton is a K-solution, imply- 
ing that (Moo,<7oo( — 1)) is a complete Riemannian manifold of bounded, non- negative 
curvature. Suppose that B(p, —1,7") C is a metric ball and |Rm 9oo | (x, — 1) < r~ 2 
for all x G B(p,— l,r). Since dR 9oa (x,t)/dt > 0, it follows that R(x,t) < 3r~ 2 on 
B(p, — 1, r) x (— 1 — r 2 , — 1], and hence that |Rm 9oo | < 3r" 2 on this same region. Since 
the Ricci flow (Moo, 9oo(t)) is k- non-collapsed, it follows that VolB(p, — l,r/v3) > 
K(r/V3) 3 . Hence, Vol, B(p, -1, r) > (K/3V3)r 3 . This proves that the manifold 
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(Mqo, 9oc(— 1)) is ^'-non-collapsed for some k' > depending only on k. On the 
other hand, according to Theorem 19.111 there is a function /(•,— 1) from Mx> to R 
satisfying the gradient shrinking soliton equation at the time-slice —1. Thus, The- 
orem applies to (Moo, <7oo( — 1)) to produce a Ricci flow G(t), — oo < t < 0, of 
one of the three types listed in that theorem and with G{— 1) = <?oo( — 1)- 

Now we must show that G(t) = goo{t) for all t < 0. In the first case when Moo is 
compact, this is clear by uniqueness of the Ricci flow in the compact case. Suppose 
that (Af 00 ,G'(t)) is of the second type listed in Theorem 19.421 Then (Mx>, 9oo{— 1)) 
is a product of a round two-sphere and the real line. By Corollary 14.201 this implies 
that the entire flow (Moo,<?oo(i)) splits as the product of a flow of compact two- 
spheres and the real line. Again by uniqueness in the compact case, this family of 
two-spheres must be a shrinking family of round two-spheres. In the third case, 
one passes to a finite sheeted covering of the second type, and applies the second 
case. □ 

4.7. Asymptotic curvature. There is one elementary result that will be needed 
in what follows. 

Definition 9.55. Let (M, g) be a complete, connected, non-compact Riemannian 
manifold of non-negative curvature. Fix a point p E M. We define the asymptotic 
scalar curvature 

K(M,g) = limsup x ^ 00 R(x)d 2 (x,p). 
Clearly, this limit is independent of p. 

Proposition 9.56. Suppose that (M,g(t)),—oo < t < 0, is a connected, non- 
compact K-solution of dimension at most threqj. Then 1Z(M, g(t)) = +oo for every 
t < 0. 

Proof. By Corollary I9.50I the only two-dimensional K-solutions are compact, 
so that the result is vacuously true in this case. Suppose that (M,g(t)) is three- 
dimensional If (M,g(t)) does not have strictly positive curvature, then, since it is 
not flat, by Corollary I4.2UI it must be three-dimensional and it has a finite-sheeted 
covering space that splits as a product (Q,h(0)) x (R, ds 2 ) with (Q,h(0)) being a 
surface of strictly positive curvature and T being a flat one-manifold. Clearly, in 
this case the asymptotic curvature is infinite. 

Thus, without loss of generality we can assume that (M, g(t)) has strictly positive 
curvature. Let us first consider the case when 1Z(M, g(t)) has a finite, nonzero 
value. Fix a point p £ M. Take a sequence of points x n tending to infinity and set 

= d^{x n ,p) and Q n = R(x n ,t). We choose this sequence such that 

lim„_.ooQ„A„ = K(M,g(t)). 
We consider the sequence of Ricci flows (M,h n (t), (x n ,0)), where 

K(t) = Qng(Qn 1 t)- 
Fix < a < \flZ{M, g{t)) < b < oo. Consider the annuli 
An = {y e M | a < d hn{0) (y,p) < b}. 



This result, in fact, holds in all dimensions. 
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Because of the choice of sequence, for all n sufficiently large, the scalar curvature 
of the restriction of h n (0) to A n is bounded independent of n. Furthermore, since 
dh n (p,x n ) converges to y^TZ(M, g(t)), there is a > such that for all n sufficiently 
large, the annulus A n contains Bi %n (x n , 0, a). Consequently, we have a bound, in- 
dependent of n, for the scalar curvature of h n (0) on these balls. By the hypothesis 
that dR/dt > 0, there is a bound, independent of n, for the scalar curvature of 
h n on Bh n (x n , 0, a) x (— oo,0]. Using the fact that the flows have non-negative 
curvature, this means that there is a bound, independent of re, for |Rm/ lri (y, 0)| on 
Bh n (xn, 0, a) x (—00,0]. This means that by Shi's theorem (Theorem I3.28p . there 
are bounds, independent of re, for every covariant derivative of the curvature on 
B hn (x n ,0,a/2) x (-oo,0]. 

Since the original flow is K-non-collapsed on all scales, it follows that the rescaled 
flows are also k non-collapsed on all scales. Since the curvature is bounded, inde- 
pendent of re, on Bf ln (x n , 0, a), this implies that there is S > 0, independent of n, 
such that for all n sufficiently large, every ball of radius 5 centered at any point of 
Bfi n (x n , 0, a/2) has volume at least k5 3 , Now applying Theorem 15.61 we see that a 
subsequence converges geometrically to a limit which will automatically be a metric 
ball B„( Xoo,0, a/2). In fact, by Hamilton's result (Proposition [5. 14[) there is a 
limiting flow on i3 9oo (xoo, 0, a/4) x (-co, 0]. Notice that the limiting flow is not flat 
since R{xao, 0) = 1. 

On the other hand, according to Lemma 15.311 the Gromov-Hausdorff limit of a 
subsequence (M, A~ 1 <7 n (0), x n ) is the Tits cone, i.e., the cone over S , 0O (M,p). Since 
Q n = 1Z(M, <7(t))A~ 1 , the rescalings (M,Q n g n (0),x n ) also converge to a cone, say 
(C, h, Uoo), which is in fact simply a rescaling of the Tits cone by a factor 1Z(M, g(t)). 
Pass to a subsequence so that both the geometric limit on the ball of radius a/2 
and the Gromov-Hausdorff limit exist. Then the geometric limit B goo (xoo, 0, a/2) is 
isometric to an open ball in the cone. Since we have a limiting Ricci flow 

(B goo (x oo ,0,a/2),g oo (t)), -co < t < 0, 

this contradicts Proposition 14.221 This completes the proof that it is not possible 
for the asymptotic curvature to be finite and nonzero. 

Lastly, we consider the possibility that the asymptotic curvature is zero. Again we 
fix p £ M. Take any sequence of points x n tending to infinity and let \ n = d%(p, x n ). 
Form the sequence of based Ricci flows (M, h n (t), (x n ,0)) where h n (t) = X~ 1 g(X n t). 
On the one hand, the Gromov-Hausdorff limit (of a subsequence) is the Tits cone. On 
the other hand, the curvature condition tells us the following: For any < a < 1 < b 
on the regions 

{y e M\a< d hn{0) (y,p) < b], 

the curvature tends uniformly to zero as re tends to infinity. Arguing as in the 
previous case, Shi's theorem, Hamilton's result, Theorem 15. 1A\ and the fact that the 
original flow is k non-collapsed on all scales tells us that we can pass to a subsequence 
so that these annuli centered at x n converge geometrically to a limit. Of course, the 
limit is flat. Since this holds for all < a < 1 < b, this implies that the Tits cone 
is smooth and flat except possibly at its cone point. In particular, the sphere at 
infinity, 5 , co (M,p), is a smooth surface of constant curvature +1. 
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Claim 9.57. Soo(M,p) is isometric to a round 2-sphere. 

Proof. Since M is orientable the complement of the cone point in the Tits cone 
is an orientable manifold and hence Soo(M,p) is an orientable surface. Since we have 
already established that it has a metric of constant positive curvature, it must be 
diffeomorphic to S 2 , and hence isometric to a round sphere. (In higher dimensions 
one can prove that Soo(M,p) is simply connected, and hence isometric to a round 
sphere.) □ 

It follows that the Tits cone is a smooth flat manifold even at the origin, and 
hence is isometric to Euclidean 3-space. This means that in the limit, for any r > 
the volume of the ball of radius r centered at the cone point is exactly u^r 3 , where 
u>3 is the volume of the unit ball in M 3 . Consequently, 

lim^ooVol (B B (p, 0, v^r) \ B g (p, 0, 1)) -» c^Af/V. 

By Theorem 11.341 and the fact that the Ricci curvature is non-negative, this implies 
that 

YolB g (p,0,R) =uj 3 R 3 

for all R < oo. Since the Ricci curvature is non- negative, this means that (M, g(t)) is 
Ricci-flat, and hence flat. But this contradicts the fact that (M,g(t)) is a K-solution 
and hence is not flat. 

Having ruled out the other two cases, we are left with only one possibility: 
n(M,g(t)) = oo. □ 

5. Universal k 

The first consequence of the existence of an asymptotic gradient shrinking soli- 
ton is that there is a universal n for all 3-dimensional K-solutions, except those of 
constant positive curvature. 

Proposition 9.58. There is a kq > such that any non-round 3-dimensional 
k- solution is a KQ-solution. 

Proof. Let (M,g(t)) be a non-round 3-dimensional K-solution. By Corol- 
lary [93H since (M,g(t)) is not a family of round manifolds, the asymptotic soliton 
for the K-solution cannot be compact. Thus, according to Corollary 19.421 there are 
only two possibilities for the asymptotic soliton (Moo, 9oo(t)) - either (M 00 ,g 00 (t)) 
is the product of a round 2-sphere of Gaussian curvature 1/2 \t\ with a line or has a 
two-sheeted covering by such a product. In fact, there are three possibilities: 5 2 xR, 
MP 2 x R or the twisted R-bundle over RP 2 whose total space is diffeomorphic to 
the complement of a point in RP 3 . 

Fix a point x = (p,0) G M x {0}. Let be a sequence converging to oo, and 
qk £ M a point with l x (qk>Tk) < 3/2. The existence of an asymptotic soliton means 
that, possibly after passing to a subsequence, there is a gradient shrinking soliton 
(Moo, <7oo(i)) and a ball B of radius 1 in (Moo, 9oo(— 1)) centered at a point c/oo £ Moo 
and a sequence of embeddings i/j^' B — ► M such that V^fc(9oo 

) = q k and such that 

the map 

B x [-2, -1] -» M x [-2f k , -T k ] 



6. ASYMPTOTIC VOLUME 



229 



given by (b,t) i— > (ipk(b),fkt) has the property that the pullback of g(Tkt) con- 
verges smoothly and uniformly as k — > oo to the restriction of goo(t), — 2 < t < — 1, 
to -B. Let (Mfc, gk(t)) be this rescaling of the the ^-solution by Then the embed- 
dings V'fc x id: Bx (—2, —1] — > (Mf. x [—2, —1] converge as k — * oo to a one-parameter 
family of isometries. That is to say, the image ipk(B X [—2,-1]) C M/% x [—2,-1] 
is an almost isometric embedding. Since the reduced length function from x to 
(ipk( a )> ~ 1) is a t most 3/2 (from the invariance of reduced length under rescalings, 
see Corollarv l6.74p . it follows easily that the reduced length function on ipk(B x {— 2}) 
is bounded independent of k. Similarly, the volume of ipk(B x {—2}) is bounded 
independent of k. This means the reduced volume of tpk(B x {—2}) in (Mk,gk(t)) is 
bounded independent of k. Now by Theorem 18.11 this implies that (Mk,gk(t)) is kq- 
non-collapsed at (p, 0) on scales < y2 for some kq depending only on the geometry 
of the three possibilities for (Moo, 9oo{t)), — 2 < t < — 1. Being Ko-non-collapsed is 
invariant under rescalings, so that it follows immediately that (M,g(t)) is KQ-non- 
collapsed on scales < v / 2ffc. Since this is true for all k, it follows that (M,g(t)) is 
Ko-non-collapsed on all scales at (p, 0) . 

This result holds of course for every p € M, showing that at t = the flow is 
Ko-non-collapsed. To prove this result at points of the form (p, t) € M x (— oo, 0] we 
simply shift the original K-solution upward by \t\ and remove the part of the flow at 
positive time. This produces a new «;-solution and the point in question has been 
shifted to the time-zero slice, so that we can apply the previous results. □ 

6. Asymptotic volume 

Let (M,g(t)) be an n-dimensional ^-solution. For any t < and any point 
p G M we consider (Vol B g ^(p, r))/r n . According to the Bishop-Gromov Theorem 
(Theorem ll.34p . this is a non- increasing function of r. We define the asymptotic 
volume Voo(M, g(t)), or Voo(t) if the flow is clear from the context, to be the limit 
as r — > oo of this function. Clearly, this limit is independent of p £ M. 

Theorem 9.59. Fo^ any k > and any n-solution (M,g(t)) the asymptotic 
volume V oo (M, g(t)) is identically zero. 

Proof. The proof is by induction on the dimension n of the solution. For 
n = 2 by Corollary 19.501 there are only compact K-solutions, which clearly have zero 
asymptotic volume. Suppose that we have established the result for n — 1 > 2 and 
let us prove it for n. 

According to Proposition 19.391 there is a sequence of points p n G M tending to 
infinity such that setting Q n = R(p n , 0) the sequence of Ricci flows 

(M,Q n g(Q-H),(q n ,0)) 

converges geometrically to a limit (Moo, goo{t), (qoo, 0)), and this limit splits off a line: 
(Moo,gao(t)) = (N, h(t)) x R. Since the ball of radius R about a point (x,t) £ N xR 

^This theorem and all the other results of this section are valid in all dimensions. Our proofs 
use Theorem 19.561 and Proposition 19.391 which are also valid in all dimensions but which we proved 
only in dimensions 2 and 3. Thus, while we state the results of this section for all dimensions, 
strictly speaking we give proofs only for dimensions 2 and 3. These are the only cases we need in 
what follows. 
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is contained in the product of the ball of radius R about x in N and an interval of 
length 2R, it follows that (N,h(t)) is a K/2-ancient solution. Hence, by induction, 
for every t, the asymptotic volume of (N,h(t)) is zero, and hence so is that of 



6.1. Volume comparison. One important consequence of the asymptotic vol- 
ume result is a volume comparison result. 

Proposition 9.60. Fix the dimension n. For every v > there is A < oo such 
that the following holds. Suppose that (M^,gi.(t)), —tf. <t<0,isa sequence of (not 
necessarily complete) n-dimensional Ricci flows of non-negative curvature operator. 
Suppose in addition we have points pk £ Mfc and radii r^ > with the property 
that for each k the ball B{pk,0,rk) has compact closure in M^. Let Qk = R(pk,0) 
and suppose that R(q,t) < AQk for all q E B(pk,0,rk) and for all t G [— ty., 0], and 
suppose that tkQk — > oo and r\Qk — > oo as k — > oo. Then Vol B(pk, 0, A/yfQk) < 
v {Al VQk) n for all k sufficiently large. 

Proof. Suppose that the result fails for some v > 0. Then there is a sequence 
(Mfc, <%;(£)), — tk < t < 0, of n-dimensional Ricci flows, points 6 M^, and radii 
as in the statement of the lemma such that for every A < oo there is an arbitrarily 
large k with Voli?(pfc, 0, A/y/ZJk) > u(A/y/Qk) n . Pass to a subsequence so that for 
each A < oo we have 



for all k sufficiently large. Consider now the flows h^{t) = Qk9k{Qk *)> defined 
for —Qktk < t < 0. Then for every A < oo for all k sufficiently large we have 
Rh k (q,t) < 4 for all q £ Bh k (jpk,Q, A) and all t £ (— tfcQfc>0]. Also, for every A < oo 
for all fc sufficiently large we have Vol B(pk,0, A) > z^yl n . According to Theorem l5.15l 
we can then pass to a subsequence that has a geometric limit which is an ancient 
flow of complete Riemannian manifolds. Clearly, the time-slices of the limit have 
non-negative curvature operator, and the scalar curvature is bounded (by 4) and is 
equal to 1 at the base point of the limit. Also, the asymptotic volume V(0) > v. 

Claim 9.61. Suppose that (M,g(t)) is an ancient Ricci flow such that for each 
t < the Riemannian manifold (M,g(t)) is complete and has bounded, non-negative 
curvature operator. LetV(t) be the asymptotic volume of the manifold (M,g(t)). 

(1) The asymptotic volume V{t) is a non-increasing function oft. 

(2) IfV(t) = V > then every metric ball B(x,t,r) has volume at least Vr n . 

Proof. We begin with the proof of the first item. Fix a < b < 0. By hypothesis 
there is a constant K < oo such that the scalar curvature of (M, g(0)) is bounded 
by (n — 1)K. By the Harnack inequality (Corollary I4.39|) the scalar curvature of 
(M,g(t)) is bounded by (n — 1)K for all t < 0. Hence, since the (M,g(t)) have 
non-negative curvature, we have Ric(p, t) < (n — 1)K for all p and t. Set A = 



(M,g(t)). 



□ 




4(n - 1) 




. Then by Corollary 13.261 we have 



d a (po,Pi) < d b (p ,pi) + A(b - a). 
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This means that for any r > we have 

B( Po , b, r) C B(p , a,r + A(b - a)). 

On the other hand, since dVol/dt = —RdVol, it follows that in the case of non- 
negative curvature that the volume of any open set is non-increasing in time. Con- 
sequently, 

Vo l g(b) B (Po, b, r) < Yol g{a) B(p , a,r + A(b - a)), 

and hence 

Vol g{b) B(p Q ,b,r) Yol g{a) B( Po , a,r + A(b - a)) (r + A(b - a)) n 
r n - (jj r A(b-a)) n r n 

Taking the limit as r — > oo gives 

V(6) < V(o). 

The second item of the claim is immediate from the Bishop-Gromov inequality 
(Theorem [TM]). □ 

Now we return to the proof of the proposition. Under the assumption that there 
is a counterexample to the proposition for some v > 0, we have constructed a limit 
that is an ancient Ricci flow with bounded, non-negative curvature with V(0) > v. 
Since V(0) > v, it follows from the claim that V{t) > v for all t < and hence, 
also by the claim, we see that (M,g(t)) is iz-non-collapsed for all t. This completes 
the proof that the limit is a z/-solution. This contradicts Theorem 19.591 applied with 
k = v, and proves the proposition. □ 

This proposition has two useful corollaries about balls in K-solutions with volumes 
bounded away from zero. The first says that the normalized curvature is bounded 
on such balls. 

Corollary 9.62. For any v > there is a C = C(y) < oo depending only 
on the dimension n such that the following holds. Suppose that (M,g(t)), — oo < 
t < 0, is an n- dimensional Ricci flow with each (M,g(t)) being complete and with 
bounded, non-negative curvature operator. Suppose p £ M , and r > are such that 
YolB(p,0,r) > vr n . Then r 2 R(q,0) < C for all q G B(p,0,r). 

Proof. Suppose that the result fails for some v > 0. Then there is a sequence 
(Mk, gk(t)) of n-dimensional Ricci flows, complete, with bounded non-negative cur- 
vature operator and points P k E Mfe, constants > 0, and points qk £ B(pk,0,rk) 
such that: 

(1) Vol B(p k ,0,r k ) >ut%, and 

(2) setting Q k = R(qk, 0) we have r\Q k — > oo as k — > oo. 

Using Lemma [9.371 we can find points q' k £ B(pk,0,2rk) and constants s k < rfe, 
such that setting Q' k = R(q' k ,0) we have Q' k s\ = Qk r \ and R(q, 0) < 4Q' k for all 
q G B(q' k ,0, Sk). Of course, Q' k s\ — ► oo as k — > oo. Since do(pk,q' k ) < 2rfc, we have 
B(pk,0,r k ) C B(q' k ,0,3r k ) so that 

VolB(q' k ,0,3r k ) > VolB(p k ,0,r k ) > vr n k = (u/3 n )(3r k ) n . 
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Since the sectional curvatures of (Af, gfc(O)) are non-negative, it follows from the 
Bishop-Gromov inequality (Theorem ll.34j) that Vol B(q' k , 0, s) > {v/3 n )s n for any 
s < s k . 

Of course, by Corollary 14,391 we have R{q,t) < 4Q' fc for all t < and all q G 
B(q' k ,0, Sk)- Now consider the sequence of based, rescaled flows 

{M k ,Q' k g{Q'-H),{qlQ)). 

In these manifolds all balls centered at (q'u,0) of radii at most y/QkSk are {v/3 n ) 
non-collapsed. Also, the curvatures of these manifolds are non-negative and the 
scalar curvature is bounded by 4. It follows that by passing to a subsequence we 
can extract a geometric limit. Since Q' k s k — > oo as k — > oo the asymptotic volume of 
this limit is at least u/3 n . But this geometric limit is a i//3 n -non-collapsed ancient 
solution with non-negative curvature operator with scalar curvature bounded by 4. 
This contradicts Theorem 19.591 □ 

The second corollary gives curvature bounds at all points in terms of the distance 
to the center of the ball. 

Corollary 9.63. Fix the dimension n. Given v > 0, there is a function K(A) < 
oo, defined for A G (0, oo), such that if (M, g(t)), — oo < t < 0, is an n- dimensional 
Ricci flow, complete of bounded, non-negative curvature operator, p G M is a point 
and < r < oo is such that Vol B(p, 0, r) > ur n then for all q G M we have 

(r + do(p, q)?R(q, 0) < K(d (p, q)/r). 

PROOF. Fix q G M and let d = d (p, g). We have 



v 



VolB(q,Q,r + d) > VolB(p,0,r) > vr n = -— - (r + d) n . 

Let K(A) = C(v/ n ), where C is the constant provided by the previous corollary. 
The result is immediate from the previous corollary. □ 

7. Compactness of the space of 3-dimensional K-solutions 

This section is devoted to proving the following result. 

Theorem 9.64. Let (M^, gk(t), (p&, 0)) be a sequence of based 3-dimensional k- 
solutions satisfying R(pf : ,0) = 1. Then there is a subsequence converging smoothly 
to a based K-solution. 

The main point in proving this theorem is to establish the uniform curvature 
bounds given in the next lemma. 

Lemma 9.65. For each r < oo there is a constant C(r) < oo, such that the 
following holds. Let (M, g(t), (p, 0)) be a based 3-dimensional K-solution satisfying 
R(p,0) = 1. Then R(q,0) < C{r) for all q G B(p,0,r). 

Proof. Fix a based 3-dimensional K-solution (M, g(t), (p, 0)). By Theorem l9.56l 
we have 

sup qGM d {p,q) 2 R{q,0) = oo. 
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Let q be a closest point to p satisfying 

da(p,q) 2 R(q,0) = l. 

We set d = d$(p,q), and we set Q = R(q,0). Of course, d 2 Q = 1. We carry 
this notation and these assumptions through the next five claims. The goal of these 
claims is to show that R(q',0) is uniformly bounded for q' near (p, 0) so that in 
fact the distance d from the point q to p is uniformly bounded from below by a 
positive constant (see Claim l9~, 691 for a more precise statement). Once we have this 
the lemma will follow easily. To establish this uniform bound requires a sequence of 
claims. 

Claim 9.66. There is a universal (i.e., independent of the 3-dimensional re- 
solution) upper bound C for R(q' ,0)/R(q,0) for all q' £ B(q,0,2d) . 

Proof. Suppose not. Then there is a sequence (M k , g k (t), (p k , 0)) of 3-dimensional 
K-solutions with R(p kl 0) = 1, points q k in (M k ,g k (0)) closest to pk satisfying 
d k R{q k ,0) = 1) where d k = do(p k ,q k ), and points q' k £ B(q k ,0,2d k ) with 

lim A .^ oo (24) 2 J R(^,0) = oo. 

Then according to Corollary 19.621 for every v > for all k sufficiently large, we have 

(9.27) \o\B(q k ,0,2d k ) <u{2d k f. 

Therefore, by passing to a subsequence, we can assume that for each v > 

(9.28) Vol fife, 0,24) < v(2d k f 

for all k sufficiently large. Let W3 be the volume of the unit ball in M 3 . Then for all 
k sufficiently large, Vol B(q k , 0, 2d k ) < [u3/2](2d k ) 3 . Since the sectional curvatures 
of (M k , g k (0)) are non-negative, by the Bishop-Gromov inequality (Theorem ll.34p . 
it follows that for every k sufficiently large there is r k < 2d k such that 

(9.29) VolB(q k ,Q,r k ) = [u; 3 /2}rl 

Of course, because of Equation (|9.28p we see that Ymi^^rk/ d k = 0. Then, accord- 
ing to Corollary 19.631 we have for all q E M k 

( r k + d 9k{0 )(Qk,q)) 2 R{q,0) < K(d 9k{0 )(q k ,q)/r k ), 
where K is as given in Corollary 19.631 Form the sequence (M k , g' k (t), (q k , 0)), where 
9k^) = r k 2 9k( r k t)- This is a sequence of based Ricci flows. For each A < 00 we 
have 

(l + A) 2 R g , k (q,0) <K(A) 
for all q £ B g ^ ^(q k , 0, A). Hence, by the consequence of Hamilton's Harnack in- 
equality (Corollary I4.39|) 

R g > k (q,t) <K(A), 

for all (q, t) G B g i^ ^(q k ,0, A) x (— 00, 0]. Using this and the fact that all the flows 
are K-non-collapsed, Theorem 15.151 implies that, after passing to a subsequence, 
the sequence (M k , g' k (t), (q k , 0)) converges geometrically to a limiting Ricci flow 
(Moo, goo (t), (qoo, 0)) consisting of non- negatively curved, complete manifolds /-c-non- 
collapsed on all scales (though possibly with unbounded curvature). 
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Furthermore, Equation (I9.29P passes to the limit to give 
(9.30) VolB a<x> (g oo ,0,l)=w 3 /2. 

Since r^/d^ —* as k — > oo and since R 9k (qk,0) = d^ 2 , we see that R gcxi (qoo,0) = 0. 
By the strong maximum principle for scalar curvature (Theorem 1-4. 18[) , this implies 
that the limit (-Moo, ffoo(0)) is flat. But Equation (|9,30p tells us that this limit is 
not M 3 . Since it is complete and flat, it must be a quotient of M 3 by an action of 
a non-trivial group of isometries acting freely and properly discontinuously. But 
the quotient of HL 3 by any non-trivial group of isometries acting freely and properly 
discontinuously has zero asymptotic volume. [Proof: It suffices to prove the claim 
in the special case when the group is infinite cyclic. The generator of this group has 
an axis a on which it acts by translation and on the orthogonal subspace its acts by 
an isometry. Consider the circle in the quotient that is the image of a, and let L a 
be its length. The volume of the ball of radius r about L a is irr 2 L a . Clearly then, 
for any p £ a, the volume of the ball of radius r about p is at most irL a r 2 . This 
proves that the asymptotic volume of the quotient is zero.] 

We have now shown that (M oo ,5 oo (0)) has zero curvature and zero asymptotic 
volume. But this implies that it is not K-non-collapsed on all scales, which is a 
contradiction. This contradiction completes the proof of Claim 19.661 □ 

This claim establishes the existence of a universal constant C < oo (universal in 
the sense that it is independent of the 3-dimensional K-solution) such that R(q > , 0) < 
CQ for all q' £ B(q,0,2d). Since the curvature of (M,g(t)) is non-negative and 
bounded, we know from the Harnack inequality (Corollary 14. 39|) that R(q',t) < CQ 
for all q' £ B(q,0,2d) and all t < 0. Hence, the Ricci curvature Ric(g',i) < CQ for 
all q' G B(q, 0, 2d) and all t < 0. 

Claim 9.67. Given any constant c > there is a constant C = C(c), depending 
only on c and not on the 3-dimensional n-solution, so that 

d g{ -cQ-^){p,q)<CQ- l l 2 . 

Proof. Let 7: [0, d] — ► M be a g(0)-geodesic from p to q, parameterized at unit 
speed. Denote by £t(l) the length of 7 under the metric g(t). We have dt(p,q) < 
4(7). We estimate ^(7) using the fact that |Ric| < CQ on the image of 7 at all 
times. 



iu,) - i (I v /<y( s ),y( s )> s( «,A 



t=to 



-Ric g (f )(7 / (g),7 / (s)) 
^<7'(s),7'(s)Wo) 



ds 



d 



Integrating yields 



> -CQ / \ 1 '(s)\ g{to) ds = -CQ£ to ( 1 ). 
Jo 

U{l)<e CQt ^(a)=e c ^Q- x l 2 . 
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(Recall d 2 Q = 1.) Plugging in t = cQ 1 gives us 

d- cQ -i(p,q) < l-cQ-ifr) < e cC Q- 1 ' 2 . 

Setting C = e cC completes the proof of the claim. □ 

The integrated form of Hamilton's Harnack inequality, Theorem 14.401 tells us 
that 

/ R(p, 0) \ JLcQ-lM 

& \R(q,-cQ-l)J - 2CQ- 1 ' 
According to the above claim, this in turn tells us 

Since R(p, 0) = 1, it immediately follows that R(q, —cQ x ) < exp(C 2 /(2c)). 

Claim 9.68. There is a universal (i.e., independent of the 3- dimensional Hi- 
solution) upper bound for Q = R(q, 0). 

Proof. Let G' = QG and t' = Qt. Then R G >(q', 0) < C for all q' G B G >(q, 0, 2). 
Consequently, R G >{q',t') < C for all q' G 5 G '(g,0,2) and all t' < 0. Thus, by 
Shi's derivative estimates (Theorem 13. 28p applied with T = 2 and r = 2, there is a 
universal constant C\ such that for all — 1 < v < 

|ARm G ,(<7,OlG' <Ci, 

(where the Laplacian is taken with respect to the metric G'). Rescaling by we 
see that for all — Q~ l < t < we have 

\ARm G (q,t)\ <CiQ 2 , 

where the Laplacian is taken with respect to the metric G. Since the metric is non- 
negatively curved, by Corollary 14.391 we have 2|Ric(g, t)\ 2 < 2Q 2 for all t < 0. From 
these two facts we conclude from the flow equation (|3.7p that there is a constant 
1< C" < cc with the property that dR/dt(q, t) < C"Q 2 for all -Q' 1 <t<0. Thus 
for any < c < 1, we have Q = R(q,0)^< cC"Q + R(q, -cQ" 1 ) < d&'Q + e^W 2 *) . 
Now we take c = {2C")~ l and C = C(c). Plugging these values into the previous 
inequality yields 

Q<2e^ c "\ 

□ 



This leads immediately to: 

Claim 9.69. There are universal constants 5 > and C\ < oo (independent 
of the based 3 -dimensional K-solution (M,g(t),(p,0)) with R(p,0) = 1) such that 
d(p, q) > 5. In addition, R(q', t) < C\ for all q' £ B(p, 0, d) and all t < 0. 

Proof. Since, according to the previous claim, Q is universally bounded above 
and d 2 Q = 1, the existence of 5 > as required is clear. Since B(p,0,d) C 
B(q, 0, 2d), since R{q' , Q)/R(q, 0) is universally bounded on B(q, 0, 2d) by Claim [9T66| 
and since R{q, 0) is universally bounded by Lemma 19.681 the second statement is 
clear for all (q',0) £ B(p,0,d) C B(q,0,2d). Given this, the fact that the second 
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statement holds for all (q',t) G B(p,0,d) x (— oo,0] then follows immediately from 
the derivative inequality for dR(q,t)/dt, Corollary 14.391 □ 

This, in turn, leads immediately to: 

Corollary 9.70. Fix 5 > the universal constant of the last claim. Then 
R{q', t) < <T 2 for all q' G B(p, 0, 5) and all t < 0. 

Now we return to the proof of Lemma 19.651 Since (M,g(t)) is K-non-collapsed, 
it follows from the previous corollary that Vol B(p, 0, 5) > k5 s . Hence, according 
to Corollary 19.631 for each A < oo there is a constant K(A) such that R(q',0) < 
K(A/S) f{8 + A) 2 for all q' G B(p, 0, A). Since 5 is a universal positive constant, this 
completes the proof of Lemma 19.651 □ 

Now let us turn to the proof of Theorem 19. 64^ the compactness result for k- 
solutions. 

Proof. Let (Mk,gk(t), (pk, 0)) be a sequence of based 3-dimensional K-solutions 
with R(pi ! .,0) = 1 for all k. The immediate consequence of Lemma 19.651 and Corol- 
lary 2321 is the following. For every r < oo there is a constant C(r) < oo such that 
R(q,t) < C(r) for all q £ B{pk,0,r) and for all t < 0. Of course, since, in addition, 
the elements in the sequence are At-non-collapsed, by Theorem 15. 151 this implies that 
there is a subsequence of the (Mk,gk(t), (j>k,0)) that converges geometrically to an 
ancient flow (M^, goo{t): (PoojO))- Being a geometric limit of K-solutions, this limit 
is complete and /c-non-collapsed, and each time-slice is of non-negative curvature. 
Also, it is not flat since, by construction, R(p oo ,0) = 1. Of course, it also follows 
from the limiting procedure that dR(q,t)/dt > for every (q,t) G M m x (— oo, 0]. 
Thus, according to Corollary 19.531 the limit (M oc ,g o('t)) has bounded curvature for 
each t < 0. Hence, the limit is a K-solution. This completes the proof of Theo- 
rem EH □ 

Corollary 9.71. Given n > 0, there is C < oo such that for any 3-dimensional 
K-solution (M,g(t)), — oo < t < 0, we have 

(a32 > s ^n^ir < a 

Proof. Notice that the two inequalities are scale invariant. Thus, this result is 
immediate from the compactness theorem, Theorem 19.641 □ 

Because of Proposition 19.581 and the fact that the previous corollary obviously 
holds for any shrinking family of round metrics, we can take the constant C in the 
above corollary to be independent of k > 0. 

Notice that, using Equation (|3,7p . we can rewrite the second inequality in the 
above corollary as 

|Ai? + 2|Ric| 2 | 



s UP( x ,t)- 



R(x,t) 



< C. 
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8. Qualitative description of K-solutions 

In Chapter [2] we defined the notion of an e-neck. In this section we define a 
stronger version of these, called strong e-necks. We also introduce other types of 
canonical neighborhoods - e-caps, e-round components and C-components. These 
definitions pave the way for a qualitative description of ^-solutions. 

8.1. Strong canonical neighborhoods. The next manifold we introduce is 
one with controlled topology (diffeomorphic either to the 3-disk or a punctured MP 3 ) 
with the property that the complement of a compact submanifold is an e-neck. 

Definition 9.72. Fix constants < e < 1/2 and C < oo. Let (M,g) be a Rie- 
mannian 3-manifold. A (C, e)-cap in (M,g) is an open submanifold (C,g\c) together 
with an open submanifold N C C with the following properties: 

(1) C is diffeomorphic either to an open 3-ball or to a punctured MP 3 . 

(2) N is an e-neck with compact complement in C. 

(3) Y = C \ N is a compact submanifold with boundary. Its interior, Y, is 
called the core of C. The frontier of Y, which is dY, is a central 2-sphere 
of an e-neck contained in C. 

(4) The scalar curvature R{y) > for every y £ C and 

diam(C, g\ c ) <C (swp yeC R(y)) 

(5) su Pi . yee [R{y)/R{x)\ < C. 

(6) VolC < C(sup yeC R(y))- 3 / 2 . 

(7) For any y £ Y let r y be defined so that sup yleB ( y ry jR(y') = r~ 2 . Then for 
each y G Y, the ball B(y,r y ) lies in C and indeed has compact closure in 
C. Furthermore, 

c -i <in , Vol*M 



l v^ Y 3" 

V 



(8) Lastly, 



\VR(y)\ 
BUP " eC R^yW 

and 

|AP(y)+2|Ric| 2 | 

sup ^ c rW 

Remark 9.73. If the ball B(y, r y ) meets the complement of the core of C then it 
contains a point whose scalar curvature is close to R(x), and hence r y is bounded 
above by, say 2R(x) . Since e < 1/2, using the fact that y is contained in the core 
of C it follows that B(y,r y ) is contained in C and has compact closure in C. 

Implicitly, we always orient the e-neck structure on N so that the closure of its 
negative end meets the core of C. See FlG. Q]in the Introduction. 



Condition (8) in the above definition may seem unnatural, but here is the reason 
for it. 
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Claim 9.74. Suppose that (M,g(t)) is a Ricci flow and that (C,g(t)\c) is a subset 
of a t time-slice. Then Condition (8) above is equivalent to 

8R{x,t) 
dt 

Proof. This is immediate from Equation (|3.7p . □ 

Notice that the definition of a (C, e)-cap is a scale invariant notion. 

Definition 9.75. Fix a positive constant C. A compact connected Riemannian 
manifold (M,g) is called a C -component if 

(1) M is diffeomorphic to either S 3 or MP 3 . 

(2) (M, g) has positive sectional curvature. 
(3) 

c _ 1 ^ MpK(P) 
sup y£M R(y) 

where P varies over all 2-planes in TX (and K(P) denotes the sectional 
curvature in the P-direction). 

(4) 

C^sup^ (P(y)- 1/2 ) < diam(M) < Cmi yeM (#(s/)~ 1/2 ) • 

Definition 9.76. Fix e > 0. Let (M,g) be a compact, connected 3-manifold. 
Then (M,g) is within e of round in the C^ 1 /^ -topology if there exist a constant 
R > 0, a compact manifold (Z,go) of constant curvature +1, and a diffeomorphism 
ip: Z — > M with the property that the pull back under ip of Rg is within e in the 
C^/^-topology of go- 

Notice that both of these notions are scale invariant notions. 

Definition 9.77. Fix C < oo and e > 0. For any Riemannian manifold (M,g), 
an open neighborhood U of a point x £ M is a (C, e) -canonical neighborhood if one 
of the following holds: 

(1) J7 is an e-neck in (M,g) centered at x. 

(2) U a (C, e)-cap in (M, g) whose core contains x. 

(3) [/ is a C-component of (M,g). 

(4) [/ is an e-round component of (M, 5) . 

Whether or not a point x £ M has a (C, e)-canonical neighborhood in M is a 
scale invariant notion. 

The notion of (C, e)-canonical neighborhoods is sufficient for some purposes, but 
often we need a stronger notion. 

Definition 9.78. Fix constants C < 00 and e > 0. Let (M,G) be a gener- 
alized Ricci flow. An evolving e-neck defined for an interval of normalized time 
of length t' > centered at a point 1 £ M with t(x) = t is an embedding 

ip: S 2 x (— e _1 ,e _1 ) ^ N C M t with x G V , (5' 2 x {0}) satisfying the following 
properties: 
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(1) There is an embedding N X (t — R{x)~ l t' ,t] — > A4 compatible with time 
and the vector field. 

(2) The pullback under of the one-parameter family of metrics on TV" deter- 
mined by restricting R(x)G to the image of this embedding is within e in 
the C[ 1//<E l-topology of the standard family (h(t) , ds 2 ) , —t' < t < 0, where 
h(t) is the round metric of scalar curvature 1/(1 — t) on S 2 and ds 2 is the 
usual Euclidean metric on the interval (see Definition 12.161 for the notion 
of two families of metrics being close). 

A strong e-neck is the image of an evolving e-neck which is defined for an interval of 
normalized time of length 1. 

Both of these notions are scale invariant notions. 

Let G) be a generalized Ricci flow. Let x £ M. be a point with t(x) = t. We 
say that an open neighborhood U of x in Mt is a strong (C, e)-canonical neighborhood 
of x if one of the following holds 

(1) U is a strong e-neck in (M,G) centered at x. 

(2) U is a (C, e)-cap in Mt whose core contains x. 

(3) U is a C-component of M t . 

(4) U is an e-round component of Mt- 

Whether or not a point x in a generalized Ricci flow has a strong (C, e)-canonical 
neighborhood is a scale invariant notion. 

Proposition 9.79. The following holds for any e < 1/4 and any C < do. Let 
(M, G) be a generalized Ricci flow and let x G M be a point with t(x) = t. 

(1) Suppose that U C Mt is a (C, e)-canonical neighborhood for x. Then for any 
horizontal metric G 1 sufficiently close to G\jj in the C^ 1 /^ -topology, (U, G'\jj) is a 
(C, e) neighborhood for any x' S U sufficiently close to x. 

(2) Suppose that in (M, G) there is an evolving e-neck U centered at (x, t) defined 
for an interval of normalized time of length a > 1 . Then any Ricci flow onU x (t — 
aR(x,t)^ 1 ,t] sufficiently close in the C' 1 ' 6 ! -topology to the pullback of G contains a 
strong e-neck centered at (x,t). 

(3) Given (C, e) and (C',e') with C' > C and e' > e there is 5 > such that the 
following holds. Suppose that R(x) < 2. If (U,g) is a (C, e)- canonical neighborhood 
of x then for any metric g' within 5 of g in the C' 1 /^ -topology (U,g') contains a 
(C , e') -neighborhood of x. 

(4) Suppose that g(t), —l<t<0,isa one-parameter family of metrics on (U,g) 
that is a strong e-neck centered at (x,0) and R g (x,0) = 1. Then any one-parameter 
family g'(t) within 5 in the C' 1 ^^ -topology of g with R g r(x,0) = 1 is a strong e' -neck. 

PROOF. Since e < 1/4, the diameter of (U,g), the volume of (U,g), the supre- 
mum over x G U of R(x), the supremum over x and y in U of R(y)/R(x), and the 
infimum over all 2-planes P in TCTU of K(P) are all continuous functions of the 
horizontal metric G in the C[ 1//e l-topology. 

Let us consider the first statement. Suppose (U, G\u) is a C-component or an e- 
round component. Since the defining inequalities are strict, and, as we just remarked, 
the quantities in these inequalities vary continuously with the metric in the C' 1 /^- 
topology the result is clear in this case. 
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Let us consider the case when U C M t is an e-neck centered at x. Let ip: S 2 x 
(— e _1 ,e _1 ) — ► U be the map giving the e-neck structure. Then for all horizontal 
metrics G' sufficiently close to G in the C' 1 /^ -topology the same map ip is determines 
an e-neck centered at x for the structure (U,G'\u)- Now let us consider moving x 
to a nearby point x', say x' is the image of (a, s) £ S 2 x (— e _1 ,e _1 ). We pre- 
compose ip by a map which is the product of the identity in the S^-factor with a 
diffeomorphism a on (— e _1 , e _1 ) that is the identity near the ends and moves to s. 
As x' approaches x, s tends to zero, and hence we can choose a so that it tends to 
the identity in the C°°-topology. Thus, for x' sufficiently close to x, this composition 
will determine an e-neck structure centered at x' . Lastly, let us consider the case 
when (U, G\jj) is a (C, e)-cap whose core Y contains x. Let G' be a horizontal metric 
sufficiently close to G\u in the C[ 1//e l-topology. Let iV C U be the e-neck U\Y. We 
have just seen that (N, G'\n) is an e-neck. Similarly, if N' C U is an e-neck with 
central 2-sphere dY, then (N',G'\n') is an e-neck if G' is sufficiently close to G in 
the C [1/el -topology. 

Thus, Conditions (1),(2), and (3) in the definition of a (C, e)-cap hold for (U, G'jj). 
Since the curvature, volume and diameter inequalities in Conditions (4), (5), and 
(6) are strict, they also hold for g' . To verify that Condition (7) holds for G', we 
need only remark that r y is a continuous function of the metric. Lastly, since the 
derivative inequalities for the curvature in Condition (8) are strict inequalities and 
e _1 > 4, if these inequalities hold for all horizontal metrics G' sufficiently close to G 
in the C'^-topology. This completes the examination of all cases and proves the 
first statement. 

The second statement is proved in the same way using the fact that if g'(t) is 
sufficiently close to g in the C'^-topology and if x' is sufficiently close to x then 
R g>U < aR g (x)-\ 

Now let us turn to the third statement. The result is clear for e-necks. Also, 
since R(x) < 2 the result is clear for e-round components and C-components as 
well. Lastly, we consider a (C, e)-cap U whose core Y contains x. Clearly, since 
R(x) is bounded above by 2, for 5 > sufficiently small, any metric g' within 
5 of g will satisfy the diameter, volume and curvature and the derivative of the 
curvature inequalities with C' replacing C. Let N be the e-neck in (U,g) containing 
the end of U. Assuming that 5 is sufficiently small, let N' be the image of S 2 x 
(— e _1 , 2(e')~ 1 — e _1 ). Then (N',g') becomes an e'-neck structure once we shift the 
parameter in the s-direction by e _1 — (e') _1 . We let U' = Y U N' . Clearly, the 
e-neck with central 2-sphere dY will also determine an e'-neck with the same central 
2-sphere provided that 5 > is sufficiently small. Thus, for 5 > sufficiently small, 
for any (C, e) the result of this operation is a (C', e')-cap with the same core. 

The fourth statement is immediate. □ 

Corollary 9.80. In an ancient solution (M,g(t)) the set of points that are 
centers of strong e-necks is an open subset 

PROOF. Let T be the final time of the flow. Suppose that (x,t) is the center of 
a strong e-neck U x (t — R{x,t)^ 1 ,t] C M x (— oo,0]. This neck extends backwards 
for all time and forwards until the final time T giving an embedding U x (— oo, T] — > 
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M x (— oo, T]. There is a > 1 such that for all t' sufficiently close to t the restriction 
of this embedding determines an evolving e-neck centered at (x,t') defined for an 
interval of normalized time of length a. Composing this neck structure with a 
self-diffeomorphism of U moving x' to x, as described above, shows that all (x',tf) 
sufficiently close to (x, t) are centers of strong e-necks. □ 

Definition 9.81. An e-tube T in a Riemannian 3-manifold M is a submanifold 
diffeomorphic to the product of S 2 with a non-degenerate interval with the following 
properties: 

(1) Each boundary component S of T is the central 2-sphere of an e-neck N{S) 
in M. 

(2) T is a union of e-necks and the closed half e-necks whose boundary sphere 
is a component of dT . Furthermore, the central 2-sphere of each of the 
e-necks is isotopic in T to the S* 2 -factors of the product structure. 

An open e-tube is one without boundary. It is a union of e-necks with the central 
spheres that are isotopic to the 2-spheres of the product structure. 

A C -capped e-tube in M is a connected submanifold that is the union of a (C, e)- 
cap C and an open e-tube where the intersection of C with the e-tube is diffeomorphic 
to S 2 x (0, 1) and contains an end of the e-tube and an end of the cap. A doubly 
C -capped e-tube in M is a closed, connected submanifold of M that is the union 
of two (C, e)-caps C\ and Ci and an open e-tube. Furthermore, we require (i) that 
the cores Y\ and Y2 of C\ and C2 have disjoint closures, (ii) that the union of either 
Ci with the e-tube is a capped e-tube and C\ and C2 contain the opposite ends of 
the e-tube. There is one further closely related notion, that of an e-fibration. By 
definition an e-fibration is a closed, connected manifold that fibers over the circle 
with fibers S 2 that is also a union of e-necks with the property that the central 
2-sphere of each neck is isotopic to a fiber of the fibration structure. We shall not 
see this notion again until the appendix, but because it is clearly closely related to 
the notion of an e-tube, we introduce it here. 

See Fig. 

Definition 9.82. A strong e-tube in a generalized Ricci flow is an e-tube with 
the property that each point of the tube is the center of a strong e-neck in the 
generalized flow. 

8.2. Canonical neighborhoods for K-solutions. 

Proposition 9.83. Let (M,g(t)) be a 3-dimensional n-solution. Then one of the 
following hold: 

(1) For every t < the manifold (M,g(t)) has positive curvature. 

(2) (M,g(t)) is the product of an evolving family of round S 2 's with a line. 

(3) M is diffeomorphic to a line bundle over HP 2 , and there is a finite covering 
of (M, g(t)) that is a flow as in (2). 

Proof. Suppose that (M,g(t)) does not have positive curvature for some t. 
Then, by the application of the strong maximum principle given in Corollary 14.201 
there is a covering M of M, with either one or 2-sheets, such that (M,g(t)) is the 
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e-fibration 



Figure 2. e-canonical neighborhoods 

product of an evolving family of round surfaces with a flat one-manifold (either a 
circle or the real line). Of course, the covering must be K-solution. In the case in 
which (M,g(t)) is isometric to the product of an evolving family of round surfaces 
and a circle, that circle has a fixed length, say L < oo. Since the curvature of the 
surface in the t time-slice goes to zero as t — ► — oo, we see that the flow is not 
At-non-collapsed on all scales for any k > 0. Thus, (M, g(t)) has either a trivial cover 
or a double cover isometric to the product of a shrinking family of round surfaces 
with R. If the round surface is S 2 , then we have established the result. If the round 
surface is MP 2 a further double covering is a product of round two-spheres with R. 
This proves the proposition. □ 

Lemma 9.84. Let (M, </(<)) be a non-compact 3- dimensional n-solution of positive 
curvature and let p £ M. Then there is D' < oo, possibly depending on (M,g(0)) 
and p, such that every point of M x {0} \ B(p, 0, D'R(p, O) -1 / 2 ) is the center of an 
evolving e-neck in (M,g(t)) defined for an interval of normalized time of length 2. 
Furthermore, there is D[ < oo such that for any point x G B(p,0,D' O)^ 1 / 2 ) 
and any 2-plane P x in T X M we have {D' x )- 1 < K(P x )/R(p,0) < D[ where K{P X ) 
denotes the sectional curvature in the direction of the 2-plane P x . 

Proof. Given (M,g(t)) and p, suppose that no such D' < oo exists. Because 
the statement is scale invariant, we can arrange that R(p, 0) = 1. Then we can find a 
sequence of points p^ 6 M with do(p,pk) — > oo as k — > oo such that no p^ is the center 
of an evolving e-neck in (M, g(0)) defined for an interval of normalized time of length 
2. By passing to a subsequence we can assume that one of two possibilities holds: 
either dl(p,p k )R(p k ,0) -> oo as k -> oo or lim it ^ 00 G^(p,;> fc ).R(p fc , 0) = £ < oo. In 
the first case, set = R(pk, 0) and consider the based flows (M, A^A^), (p k , 0)). 
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According to Theorem 19.641 after passing to a subsequence there is a geometric 
limit. Thus, by Theorem 15.351 and Corollary 14.191 the limit splits as a product of a 

2- dimensional K-solution and R. By Corollary 19.501 it follows that the limit is the 
standard round evolving cylinder. This implies that for all k sufficiently large (pk, 0) 
is the center of an evolving e-neck in (M,g(t)) defined for an interval of normalized 
time of length 2. This contradiction establishes the existence of D' as required in 
this case. 

Now suppose that limk-*oodQ(p, Pk)R(Pk, 0) = I < oo. Of course, since do(p,pk) — ► 
oo, it must be the case that R(pk, 0) — > as k — > oo. Set Qk = R(pk, 0). By passing 
to a subsequence we can arrange that d^(p,pk)Qk < ^ + 1 for all k. Consider the 
^-solutions (Mk,gk(t)) = (M, QkgiQ^t))- For each k we have p € B gk (pk, 0, £ + 1), 
and R 9k (p,0) = Q^ 1 — > oo as k — > oo. This contradicts Lemma T9.651 and completes 
the proof of the existence of D as required in this case as well. 

The existence of D[ is immediate since the closure of the ball is compact and the 
manifold has positive curvature. □ 

In fact a much stronger result is true. The constants D' and D[ in the above 
lemma can be chosen independent of the non-compact ^-solutions. 

Proposition 9.85. For any < e sufficiently small there are constants D = 
.D(e) < oo and D\ = D\(e) < oo such that the following holds for any non-compact 

3- dimensional n-solution (M,g(t)) of positive curvature. Let p £ M be a soul of 
(M,g(0)). Then: 

(1) Every point in M\ B(p, 0, DR(p, 0) -1 / 2 ) is the center of a strong e-neck in 
(M,g(t)). Furthermore, for any x G B(p,0, DR(p,0)^ 1 ^ 2 ) and any 2-plane 
P x in T X M we have 

D^ 1 <K(P x )/R(p,0) <D 1 . 

Also, 

D~ 3/2 R(p,oy 3 / 2 < voi(s(p,o,z?i?(p,o)- 1/2 ) < Dl /2 R( P ,oy 3 / 2 . 

(2) Let f denote the distance function from p. For any e-neck N C (M,g(0)), 
the middle two-thirds of N is disjoint from p, and the central 2-sphere Sn 
of N is (topologically) isotopic in M \ {p} to / _1 (a) for any a > 0. In 
particular, given two disjoint central 2-spheres of e-necks in (M,g(0)) the 
region of M bounded by these 2-spheres is diffeomorphic to S 2 x [0,1]. 

Remark 9.86. In Part 1 of this theorem one can replace p by any point p' G M 
that is not the center of a strong e-neck. 

Proof. First suppose that no D exists so that the first statement holds. Then 
there is a sequence of such solutions (Mfc, gk(t)), with pk £ being a soul of 
(Mfc, gk(0)) and points qk £ Mk with d^{pk,qk)R{Pk^) — ► oo as k — > oo such that 
qk is not the center of a strong e-neck in (M/%, <?fc(0)). By rescaling we can assume 
that R(pk,0) = 1 for all k, and hence that do(pk,qk) oo. Then, according to 
Theorem 19.641 by passing to a subsequence we can assume that there is a geometric 
limit (Mqo, 9cx)(t), (j>oc, 0)) with R(p oo ,0) = 1. By Lemma [19.101 provided that e 
is sufficiently small for all k the soul (pk,0) is not the center of a strong 2e-neck 
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in (M k , gk(t))- Hence, invoking Part 4 of Proposition 19.791 and using the fact that 
R(Pk,fy = 1 for all k and hence R(poo,0) = 1, we see that (poo,0) is not the center 
of a strong e-neck in (Moo, 9oo(t))- Since the manifolds M k are non-compact and 
have metrics of positive curvature they are diffeomorphic to M 3 and in particular, do 
not contain embedded copies of MP 2 . Thus, the limit (Moo,0oo(t)) 

is a non-compact 

K-solution containing no embedded copy of MP 2 . Thus, by Proposition 19.831 either 
it is positively curved or it is a Riemannian product S 2 times R. In the second 
case every point is the center of a strong e-neck. Since we have seen that the point 
(Poo>0) is not the center of a strong e-neck, it follows that the limit is a positively 
curved K-solution. 

Then according to the previous lemma there is D' , depending on (Moo, Soo(O)) 
and poo, such that every point outside B(p 00 ,Q,D') is the center of an evolving 
e/2-neck defined for an interval of normalized time of length 2. 

Now since (M k , g k (t), (p k ,0)) converge geometrically to (Moo,9oo(t), (Poo, 0)), by 
Part 2 of Proposition 19.791 for any L < oo, for all k sufficiently large, all points of 
B(pk,0,L) \ B(pk,0,2D') are centers of strong e-necks in (M k , g k (t)). In particu- 
lar, for all k sufficiently large, do(p kl q k ) > L. Let L k be a sequence tending to 
infinity as k — > oo. Passing to a subsequence, we can suppose that every point of 
(B(p k ,0, L k ) \ B(p k , 0, 2D')) C M k is the center of a strong e-neck in (M k , g k (0)). 
Of course, for all k sufficiently large, q k G M k \B(p k , 0, 2D')). By Corollary 19.801 the 
subset of points in M k x {0} that are centers of strong e-necks is an open set. Thus, 
replacing q k with another point if necessary we can suppose that it q k is a closest 
point to p k contained in M k \ B(p kl 0, 2D') with the property q k is not the center of 
a strong e-neck. Then q k S M k \ B(p k , 0, L k ) and (q k , 0) is in the closure of the set 
of points in M k that are centers of strong e-necks in (M k , g k (t)), and hence by Part 
3 of Proposition 19.791 each (q k ,0) is the center of a 2e-neck in (M k , g k (t)). 

Let 7^ be a minimizing geodesic connecting (p k ,0) to (q k ,0), and let fi k be a 
minimizing geodesic ray from (q k ,0) to infinity. Set Q k = R(q k ,0). Since (q k ,0) is 
the center of a 2e-neck, from Lemma [2.201 we see that, provided that e is sufficiently 
small, the 2e-neck centered at q k separates p from oo, so that "f k and \i k exit this 2e- 
neck at opposite ends. According to Theorem 19.641 after passing to a subsequence, 
the based, rescaled flows 

(M k ,Q k g(Q k 1 t), (q k ,0)) 

converge geometrically to a limit. Let (qoo,0) be the base point of the resulting 
limit. By Part 3 of Proposition 19.791 it is the center of a 4e-neck in the limit. 

Claim 9.87. d^(p k ,q k )Q k — > oo as k — > oo. 

Proof. Suppose not. Then by passing to a subsequence we can suppose that 
these products are bounded independent of k. Then since do(p k ,q k ) — > oo, we see 
that Q k — > 0. Thus, in the rescaled flows (M k ,Q k g k (Q~^ 1 t)) the curvature at (p k ,0) 
goes to infinity. But this is impossible since the Qfogfe-distance from (p k , 0) to (q k ,0) 
is VQkdo(Pk> Qk) which is bounded independent of k and the scalar curvature of (p, 0) 
in the metric Q k g k (0) is R(p k ,Q)Q k l = Q k l tends to oo. Unbounded curvature at 
bounded distance contradicts Lemma 19.651 and this establishes the claim. □ 
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A subsequence of the based flows Qk9k{Q~k (<Zfc> 0)) converge geometri- 
cally to a /{-solution. According Theorem 1 5 . 35 1 and Corollary 14,191 this limiting flow 
is the product of a 2-dimensional /{-solution with a line. Since M is orientable, this 

2- dimensional K-solution is an evolving family of round 2-spheres. This implies that 
for all k sufficiently large, (</fc,0) is the center of a strong e-neck in (M^, gk(t))- This 
is a contradiction and proves the existence of D < oo as stated in the proposition. 

Let (Mfc, gk(t), (pk, 0)) be a sequence of non-compact Ricci flows based at a soul p^ 
of (Mfc, gk(0))- We rescale so that R(pk,0) = 1. By Lemma [19. 101 if e is sufficiently 
small, then pk cannot be the center of an e-neck. It follows from Proposition 19.791 
that for any limit of a subsequence the point p^, which is the limit of the pk, is 
not the center of an 2e-neck in the limit. Since the limit manifold is orientable, 
it is either contractible with strictly positive curvature or is a metric product of a 
round 2-sphere and the line. It follows that the limit manifold has strictly positive 
curvature at (poo,0), and hence positive curvature everywhere. The existence of 
D\ < oo as required is now immediate from Theorem 19.641 

The fact that any soul is disjoint from the middle two-thirds of any e-neck and 
the fact that the central 2-spheres of all e-necks are isotopic in M \ {p} are contained 
in Lemma I19.1UI and Corollary [2301 □ 

Corollary 9.88. There is I2 > such that for any < e < I2 the following 
holds. There is Co = Cq(c) such that for any k > and any non-compact 3- 
dimensional n-solution not containing an embedded MP 2 with trivial normal bundle, 
the zero time-slice is either a strong e-tube or a Co-capped strong e-tube. 

Proof. For e > sufficiently small let -D(e) and -Di(e) be as in the previous 
corollary. At the expenses of increasing these, we can assume that they are at least 
the constant C in Corollary 19.711 We set 

C (e) = max(D(e),D 1 (e)). 

If the non-compact /{-solution has positive curvature, then the corollary follows 
immediately from Proposition 19.851 and Corollary 19.711 If the /{-solution is the 
product of an evolving round S 2 with the line, then every point of the zero time- 
slice is the center of a strong e-neck for every e > so that the zero time-slice of the 
solution is a strong e-tube. Suppose the solution is double covered by the product of 
an evolving round 2-sphere and the line. Let 1 be the involution and take the product 
coordinates so that S 2 x {0} is the invariant 2-sphere of l in the zero time-slice. Then 
any point in the zero time-slice at distance at least 3c" 1 from P = (S 2 x {0})/i is 
the center of a strong e-neck. Furthermore, an appropriate neighborhood of P in 
the time zero slice is a (C, e)-cap whose core contains the 3e _1 neighborhood of P. 
The derivative bounds in this case come from the fact that the metric is close in the 
C^/^-topology to the standard evolving flow. This proves the corollary in this case 
and hence completes the proof. □ 

Now let us consider compact /{-solutions. 

Theorem 9.89. There is 63 > such that for every < e < €3 there is C\ = 
Ci(e) < 00 such that one of the following holds for any k > and any compact 

3- dimensional n-solution (M,g(t)). 
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(1) The manifold M is compact and of constant positive sectional curvature. 

(2) The diameter of (M, g(0)) is less than C\ ■ (max x ^MR(x, 0)) _1//2 ; and M is 
diffeomorphic to either S s or RP 3 . 

(3) (M, g(0)) is a double C\-capped strong e-tube. 

Proof. First notice that if (M,g(t)) is not of strictly positive curvature, then 
the universal covering of (M,g(0)) is a Riemannian product S 2 x R, and hence 
(M,g(0)) is either non-compact or finitely covered by the product flow on S 2 x S 1 . 
The former case is ruled out since we are assuming that M is compact and the latter 
is ruled out because such flows are not K-non-collapsed for any k > 0. We conclude 
that (M,g(t)) is of positive curvature. This implies that the fundamental group 
of M is finite. If there were an embedded RP 2 in M with trivial normal bundle, 
that RP 2 cannot separate (since the Euler characteristic of RP 2 is one, it is not the 
boundary of a compact 3- manifold). But a non-separating surface in M induces a 
surjective homomorphism of H\(M) onto Z. We conclude from this that M does 
not contain an embedded RP 2 with trivial normal bundle. 

We assume that (M,g(Q)) is not round so that by Proposition 19.581 there is a 
universal kq > such that (M,g(Q)) is a Ko-solution. Let Co(e) be the constant 
from Corollary 19.881 

Claim 9.90. Assuming that (M,g(0)) is compact but not of constant positive sec- 
tional curvature, for each e > there is C\ such that if the diameter of (M,g(0)) 
is greater than Ci(m&x xe MR(x, O)) -1 / 2 then every point of (M,g(0)) is either con- 
tained in the core of (Cb(e), e)-cap or is the center of a strong e-neck in (M,g(t)). 

Proof. Suppose that for some e > there is no such C\. Then we take a se- 
quence of constants C' k that diverges to +oo as k — > oo and a sequence (-M&, g^if), (p^, 0)) 
of based Ko-sobvtions such that the diameter of 0) is greater than C' k R~ 1 ^ 2 (pk, 0) 
and yet (pfc,0) is not contained in the core of a (Cb(e), e)-cap nor is the center 
of a strong e-neck. We scale (Mk, gk(t)) by R(pk,0). This allows us to assume 
that R(pk,0) = 1 for all k. According to Theorem 19.641 after passing to a sub- 
sequence we can assume these based K-solutions converge to a based K-solution 
(Moo, <?oo(£)> (Poo 0)). Since the diameters of the (M^, 3^(0)) go to infinity, M m is 
non-compact. According to Corollary 19.881 the point p^ is either the center of a 
strong e-neck, or is contained in the core of a (Co(e), e)-cap. Since R(pk,0) = 1 for 
all k, it follows from Parts 1 and 4 of Proposition 19.791 that for all k sufficiently 
large, (?>&,()) is either the center of a strong e-neck in (M^, gi~(t)) or is contained in 
the core of a (Co(e), e)-cap. This is a contradiction, proving the claim. □ 

Now it follows from Proposition 119.251 that if the diameter of (M,g(0)) is greater 
than Ci(max X £MR( x , O)) -1 / 2 and if it is not of constant positive curvature, then M 
is diffeomorphic to either S 3 , RP 3 , RP 3 ^RP 3 or is a S^-fibration over S . On the 
other hand, since M is compact of positive curvature its fundamental group is finite, 
see Theorem 4.1 on p. 154 of [57]. This rules out the last two cases. This implies 
that when (M,g(0)) has diameter greater than Ci(max x& MR(x, 0)) -1 / 2 and is not 
of constant positive curvature, it is a double Co-capped e-tube. 

We must consider the case when (M,g(0)) is not of constant positive curvature 
and its diameter is less than or equal to Ci(max xg A/P(x, 0)) -1 / 2 . Since (M,g(0)) 
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is not round, by Corollary 19.441 its asymptotic soliton is not compact. Thus, by 
Theorem 19.421 its asymptotic soliton is either S 2 x R or is double covered by this 
product. This means that for t sufficiently negative the diameter of (M,g(t)) is 
greater than Ci(max x ^M R(x , 0)) _1//2 . Invoking the previous result for this negative 
time tells us that M is diffeomorphic to S 3 or MP 3 . □ 

Proposition 9.91. Let e 2 and e 3 be as in Corollary \9.88\ and Theorem \9.89\ 
respectively. For each < e < min(e2,e3) let C\ = C\{e) be as in Theorem \ 9.89[ 
There is C2 = C 2 {e) < 00 such that for any k > and any compact n-solution 
(M,g(t)) the following holds. If(M,g(0)) is not of constant positive curvature and 
if (M, g(0)) is of diameter less than Ci(max x& MR(x, 0)) -1 / 2 then for any x E M we 
have 

C^ l R{x, O)- 3 / 2 < Vol(M,s(0)) < C 2 R(x,0)- 3 / 2 . 
In addition, for any y E M and any 2-plane P y in T y M we have 

x K(P y ) 
° 2 < R(x^) <C2 > 
where K{P y ) is the sectional curvature in the P y -direction. 

Proof. The result is immediate from Corollary 19.581 and Theorem 19. 641 □ 

Remark 9.92. For a round K-solution (M,g(t)) we have R(x,0) = R(y,0) for 
all x,y E M, and the volume of (M,g(0)) is bounded above by a constant times 
R{x,0)~ 3 / 2 . There is no universal lower bound to the volume in terms of the cur- 
vature. The lower bound takes the form C2 \n\ (M) | ~ 1 R(x, 0) _3//2 , where |7i"i(M)| is 
the order of the fundamental group tti(M). 

Let us summarize our results. 

Theorem 9.93. There ise>0 such that the following is true for any < e < e. 
There is C = C(e) such that for any k > and any n-solution (M,g(t)) one of the 
following holds. 

(1) (M,g(t)) is round for all t < 0. In this case M is diffeomorphic to the 
quotient of S 3 by a finite subgroup of SO (4) acting freely. 

(2) (M, g(0)) is compact and of positive curvature. For any x,y E M and any 
2-plane P y in T y M we have 

C~ 1/2 R{x,Q)~ l <diam(M,#(0)) < CR(x, 0)~ 1/2 
C -1 i2(z,0) -3 / a <Vol(M, 5 (0)) < CR(x,0)- 3/2 
C~ l R{x,$) <K(P y ) <CR(x,0). 

In this case M is diffeomorphic either to S 3 or to MP 3 . 

(3) (M, g(Q)) is of positive curvature and is a double C -capped strong e-tube, 
and in particular M is diffeomorphic to S 3 or to MP 3 . 

(4) (M, g(0)) is of positive curvature and is a C -capped strong e-tube and M is 
diffeomorphic to M 3 . 

(5) (M, g(Q)) is isometric to the quotient of the product of a round S 2 and M 
by a free, orientation-preserving involution. It is a C-capped strong e-tube 
and is diffeomorphic to a punctured MP 3 . 
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(6) (M,g(0)) is isometric to the product of a round S 2 and R and is a strong 
e-tube. 

(7) (M,g(0)) is isometric to a product RP 2 x R, where the metric on RP 2 is 
of constant Gaussian curvature. 

In particular, in all cases except the first two and the last one, all points of 
(M,g(0)) are either contained in the core of a (C,e)-cap or are the centers of a 
strong e-neck in (M, g(0)). 

Lastly, in all cases we have 

, ,n \dR(p,t)/dt\ 
(9-34) sup peMit < ' Jg^L <C. 

An immediate consequence of this result is: 

Corollary 9.94. For every < e < e' there is C = C(e) < oo such that every 
point in a K-solution has a strong (C, e)-canonical neighborhood unless the K-solution 
is a product RP 2 x R. 

Corollary 9.95. Fix < e < e', and let C(e) be as in the last corollary. Sup- 
pose that (A4 n ,G n ,x n ) is a sequence of based, generalized Ricci flows with t(x n ) = 
for all n. Suppose that none of the time-slices of the M n contain embedded 
RP 2 's with trivial normal bundle. Suppose also that there is a smooth limiting flow 
(Mqo ) floo (t) j (^oo)O)) defined for —oo < t < that is a K-solution. Then for all n 
sufficiently large x n has a strong (C, e)- canonical neighborhood in (Ai n ,G n ,x n ). 

Proof. The limiting manifold cannot contain an embedded RP 2 with triv- 
ial normal bundle. Hence, by the previous corollary, the point (xqojO) has a strong 
(C, e)-canonical neighborhood in the limiting flow. If the limiting K-solution is round, 
then for all n sufficiently large x n is contained in a component of the zero time-slice 
that is e-round. If (xqo, 0) is contained in a C-component of the zero time-slice of the 
limiting K-solution, then for all n sufficiently large x n is contained in a C-component 
of the zero time-slice of M. n . Suppose that [x^, 0) is the center of a strong e-neck in 
the limiting flow. This neck extends backwards in the limiting solution some amount 
past an interval of normalized time of length 1, where by continuity it is an evolving 
e-neck defined backwards for an interval of normalized time of length greater than 
1. Then by Part 2 of Proposition 19. 791 any family of metrics on this neck sufficiently 
close to the limiting metric will determine an strong e-neck. This implies that for 
all n sufficiently large x n is the center of a strong e-neck in (A4 n ,G n ). Lastly, if 
(xqo, 0) is contained in the core of a (C, e)-cap in the limiting flow, then by Part 1 of 
Proposition 19.791 for all n sufficiently large x n is contained in the core of a (C, e)-cap 
in (M n ,G n ). □ 
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Bounded curvature at bounded distance 



This chapter is devoted to Perelman's result about bounded curvature at bounded 
distance for blow-up limits. Crucial to the argument is that each member of the 
sequence of generalized Ricci flows has curvature pinched toward positive and also 
has strong canonical neighborhoods. 

1. Pinching toward positive: the definitions 

In this section we give the definition of what it means for a generalized Ricci flow 
to have curvature pinched toward positive. This is the obvious generalization of the 
corresponding notion for Ricci flows. 

Definition 10.1. Let (Ai, G) be a generalized three-dimensional Ricci flow whose 
domain of definition is contained in [0, oo). For each x E Ai, let v{x) be the smallest 
eigenvalue of Rm(j;) on A 2 T x M t ^, as measured with respect to a G(a;)-orthonormal 
basis for the horizontal space at x, and set X(x) = max(0, — v{x)). We say that 
{Ai , G) has curvature pinched toward positive if, for all x 6 Ai, if the following two 
inequalities hold: 

(1) 

w ~ 1 + 4t(x) 

(2) 

R(x) > 2X(x) (logX(x) + log(l + t{x)) - 3) , 
whenever < X(x). 

According to Theorem [02] if (M,g(t)), < a < t < T, is Ricci flow with M 
a compact three-manifold, and if the two conditions given in the definition hold at 
the initial time a, then they hold for all t £ [a,T). In particular, if a = and 
if |Rm(p, 0)| < 1 for all p G M, then the curvature of the flow is pinched toward 
positive. 

Next we fix eo > sufficiently small such that for any < e < eo all the results 
of the Appendix hold for 2e and a = 10 -2 , and Proposition 12.191 holds for 2e. 

2. The statement of the theorem 

Here is the statement of the main theorem of this chapter, the theorem that 
establishes bounded curvature at bounded distance for blow-up limits. 

Theorem 10.2. Fix < e < eo and C < oo. Then for each A < oo there 
are Dq < oo and D < oo depending on A, e and C such that the following holds. 
Suppose that (Ai,G) is a generalized three-dimensional Ricci flow whose interval of 
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definition is contained in [0, oo), and suppose that x G M.. Set t = t(x). We suppose 
that these data satisfy the following: 

(1) (M,G) has curvature pinched toward positive. 

(2) Every point y G Ai with R(y) > AR(x) and t(y) < t has a strong (C, e)- 
canonical neighborhood. 



IfR(x) > D , then R(y) < DR(x) for all y G B(x,t,AR(x) 



-1/2) 



This chapter is devoted to the proof of this theorem. The proof is by contradic- 
tion. Suppose that there is some Aq < oo for which the result fails. Then there are 
a sequence of generalized three-dimensional Ricci flows (A4 n , G n ) whose intervals of 
definition are contained in [0, oo) and whose curvatures are pinched toward positive. 
Also, there are points x n G M n satisfying the second condition given in the theorem 
and points y n G M. n such that for all n we have: 

(1) lim n ^ 00 i?(x n ) = oo. 

(2) t(y n ) = t(x n ), 

(3) d(x n ,y n ) < AqR^Xu)- 1 / 2 , 
(4) 

R(Vn) 

For the rest of this chapter we assume that such a sequence of generalized Ricci 
flows exists. We shall eventually derive a contradiction. 

Let us sketch how the argument goes. We show that there is a (partial) geometric 
blow-up limit of the sequence (Ai n , G n ) based at the x n . We shall see that the 
following hold for this limit. It is an incomplete manifold Uoo diffeomorphic to 
S 2 x (0, 1) with the property that the diameter of Uoo is finite and the curvature 
goes to infinity at one end of Uoo, an end denoted £ , while remaining bounded at the 
other end. (The non-compact manifold in question is diffeomorphic to S 2 x (0, 1) 
and, consequently, it has two ends.) Every point of Uoo sufficiently close to £ is 
the center of a 2e-neck in Uoo- In fact, there is a partial geometric limiting flow on 
Uoo so that these points are centers of evolving 2e-necks. Having constructed this 
incomplete blow-up limit of the original sequence we then consider further blow-up 
limits about the end £, the end where the scalar curvature goes to infinity. On the 
one hand, a direct argument shows that a sequence of rescalings of Uoo around points 
converging to the end £ converge in the Gromov-Hausdorff sense to a cone. On the 
other hand, a slightly different sequence of rescalings at the same points converges 
geometrically to a limiting non-flat Ricci flow. Since both limits are non-degenerate 
three-dimensional spaces, we show that the ratio of the rescaling factors used to 
construct them converges to a finite, non-zero limit. This means that the two limits 
differ only by an overall constant factor. That is to say the geometric blow-up limit 
is isometric to an open subset of a non-flat cone. This contradicts Hamilton's result 
(Theorem I4.22j) which says that it is not possible to flow under the Ricci flow to an 
open subset of a non-flat cone. Now we carry out all the steps in this argument. 
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3. The incomplete geometric limit 

We fix a sequence (Ai n ,G n ,x n ) of generalized Ricci flows as above. The first 
step is to shift and rescale this sequence of generalized Ricci flows so that we can 
form an (incomplete) geometric limit which will be a tube of finite length with scalar 
curvature going to infinity at one end. 

We shift the time parameter of (M n ,G n ) by —t(x ri ). We change notation and 
denote these shifted flows by (Ai n ,G n ). This allows us to arrange that t{x n ) = 
for all n. Since shifting leaves the curvature unchanged, the shifted flows satisfy a 
weaker version of curvature pinched toward positive. Namely, for the shifted flows 
we have 

R(x) > -6 

(10.1) R(x) > 2X(x) (log(X(x)) - 3) . 

We set Q n = R(x n ), and we denote by M n the 0-time-slice of M. n . We rescale 
(A4 n ,G n ) by Q n . Denote by (Ai' n ,G' n ) the rescaled (and shifted) generalized flows. 
For the rest of this argument we implicity use the metrics G' n . If we are referring to 
G n we mention it explicitly. 

— 1/2 

3.1. The sequence of tubes. Let 7 n be a smooth path in Bq u (x n , 0, AqQ ti ) 
from x n to y n . For all n sufficiently large we have Rc^iUn) S> 1. Thus, there is a 
point z n £ 7„ such that Rg> ( z n) = 4 and such that on the sub-path j n \ [ Zn ,y n ] we have 
Rqi > 4. We replace 7 n by this sub-path. Now, with this replacement, according 
to the second condition in the statement of the theorem, every point of 7 n has a 
strong (C, e) canonical neighborhood. As n tends to infinity the ratio of R{y n ) / R(z n ) 
tends to infinity. This means that for all n sufficiently large, no point of 7„ can be 
contained in an e-round component or a C-component, because if it were then all of 
j n would be contained in that component, contradicting the fact that the curvature 
ratio is arbitrarily large for large n. Hence, for n sufficiently large, every point of 
j n is either contained in the core of a (C, e)-cap or is the center of a strong e-neck. 
According to Proposition 119.211 for all n sufficiently large j n is contained an open 
submanifold X n of the zero time-slice of M' n that is one of the following: 

(1) an e-tube and both endpoints of 7 n are centers of e-necks contained in X n , 

(2) a C-capped e-tube with cap C, and each endpoint of 7„ either is contained 
in the core Y of C or is the center of an e-neck contained in X n , 

(3) a double C-capped e-tube, or finally 

(4) the union of two (C, e)-caps. 

The fourth possibility is incompatible with the fact that the ratio of the curvatures 
at the endpoints of 7„ grows arbitrarily large as n tends to infinity. Hence, this fourth 
possibility cannot occur for n sufficiently large. Thus, for all n sufficiently large X n 
is one of the first three types listed above. 

Claim 10.3. There is a geodesic ■jn in X n with endpoints z n and y n . This geodesic 
is minimizing among all paths in X n from z n to y n . 

Proof. This is clear in the third case since X n is a closed manifold. 
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Let us consider the first case. There are e-necks N(z n ) and N(y n ) centered at z n 
and y n and contained in X n . Suppose first that the central 2-spheres S(z n ) and S(y n ) 
of these necks are disjoint. Then they are the boundary of a compact sumanifold 
X' n of X ri . It follows easily from Lemma [19. II that any sequence of minimizing paths 
from z n to y n is contained in the union of X' n with the middle halves of N(z n ) and 
N(y n ). Since this manifold has compact closure in X n , the usual arguments show 
that one can extract a limit of a subsequence which is a minimizing geodesic in 
X n from z n to y n . If S(z n ) n S(y n ) ^ 0, then y n is contained in the middle half of 
N(z n ), and again it follows immediately from Lemma [19.1l that there is a minimizing 
geodesic in N(z n ) between these points. 

Now let us consider the second case. If each of z n and y n is the center of an 
e-neck in X n , the argument as in the first case applies. If both points are contained 
in the core of C then, since that core has compact closure in X n , the result is again 
immediate. Lastly, suppose that one of the points, we can assume by the symmetry 
of the roles of the points that it is z n , is the center of an e-neck N{z n ) in X n and 
the other is contained in the core of C. Suppose that the central 2-sphere S(z n ) of 
N{z n ) meets the core Y of C. Then z n lies in the half of the neck N = C\Y whose 
closure contains the frontier of Y. Orient sn so that this half is the positive half. 
Thus, by Lemma 119. II any minimizing sequence of paths from z n to y n is eventually 
contained in the union of the core of C and the the positive three-quarters of this 
neck. Hence, as before we can pass to a limit and construct a minimizing geodesic 
in X n connecting z n to y n . On the other hand, if S{z n ) is disjoint from Y, then 
S(z n ) separates X n into a compact complementary component and a non-compact 
complementary component and the compact complementary component contains Y . 
Orient the SAr-direction so that the compact complementary component lies on the 
positive side of S(z n ). Then any minimizing sequence of paths in X n from z n to y n 
is eventually contained in the union of the compact complementary component of 
N(z n ) and the positive 3/4's of N(z n ). As before, this allows us to pass to a limit 
to obtain a minimizing geodesic in X n . □ 

This claim allows us to assume (as we now shall) that 7„ is a minimizing geodesic 
in X n from z n to y n . 

Claim 10.4. For every n sufficiently large, there is a sub-geodesic j' n of "y n with 
end points z' n and y' n such that the following hold: 

(1) The length of 7^ is bounded independent of n. 

(2) R{z' n ) is bounded independent of n. 

(3) R(y' n ) tends to infinity as n tends to infinity. 

(4) j' n is contained in a strong e-tube T n that is the union of a balanced chain 
of strong e-necks centered at points 0/7^. The first element in this chain is 
a strong e-neck N(z' n ) centered at z' n . The last element is a strong e-neck 
containing y' n . 

(5) For every x £ T n , we have R(x) > 3 and x is the center of a strong e-neck 
in the flow (A4' n ,G' n ). 

Proof. The first item is clear since, for all n, the geodesic j n has G n -length at 

— 1/2 

most AqQu and hence G' n -length at most Aq. Suppose that we have a (C, e)-cap 
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C whose core Y contains a point of j n . Let N be the e-neck that is the complement 
of the closure of Y in C, and let Y be the union of Y and the closed negative half of 
N. We claim that Y contains either z n or y n . By Corollary 119.81 since Y contains a 
point of 7 n , the intersection of Y with ~f n is a sub interval containing one of the end 
points of 7„, i.e., either z n or y n . This means that any point w which is contained 
in a (C, e)-cap whose core contains a point of 7„ must satisfy one of the following: 

R(w) < CR{z n ) or R(w) > C -1 fl(i^). 

We pass to a subsequence so that R(y n )/R(z n ) > 4C 2 for all n, and we pass to 
a subinterval "y' n of 7„ with endpoints z' n and y' n such that: 

(1) = 2CR{z n ) 

(2) fl(y;) = (2C)- 1 R(y n ) 

(3) < i?H < R(y' n ) for all «; e Y n . 

Clearly, with these choices R(z' n ) is bounded independent of n and R(y' n ) tends 
to infinity as n tends to infinity. Also, no point of 7^ is contained in the core of 
a (C, e)-cap. Since every point of 7^ has a strong (C, e)-canonical neighborhood, 
it follows that every point of 7^ is the center of a strong e-neck. It now follows 
from Proposition 119.191 that there is a balanced e-chain consisting of strong e-necks 
centered at points of 7^ whose union contains j' n . (Even if the 2-spheres of these 
necks do not separate the zero time-slice of M' n , as we build the balanced e-chain 
as described in Proposition 119.191 the new necks we add can not meet the negative 
end of N(z' n ) since the geodesic j' n is minimal.) We can take the first element in the 
balanced chain to be a strong e-neck N(z' n ) centered at z' n , and the last element to 
be a strong e-neck containing y' n . The union of this chain is T n . (See Fig. [TJ) 




1 9 00 1 Zoo 



Figure 1 . Limiting tube 

Next, we show that every point of T n is the center of a strong e-neck in (Ai n , G ri ). 
We must rule out the possibility that there is a point of T n that is contained in the 
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core of a (C, e)-cap. Since T n is a union of e-necks centered at points of 7^ we see 
that every point w £ T n has 

(3C/2)R{z n ) < R(w) < (2/3C)R(y n ). 

This tells us that no point of T n is contained in a (C, e)-cap whose core contains 
a point of j n . Thus, to complete the argument we need only see that if there is a 
point of T n contained in the core of a (C, e)-cap then the core of that (C, e)-cap also 
contains a point of j n . The scalar curvature inequality implies that both z n and y n 
are outside T n . This means that j n traverses T n from one end to the other. Let u>_, 
resp. w+, be the point of 7 n that lies in the frontier of T n contained in the closure of 
the N(z' n ), resp. iV+. Since the scalar curvatures at these two points of 7 satisfy the 
weak version of the above inequalities, we see that there are strong e-necks N(w-) 
and N(w+) centered at them. Let T n be the union of T n , N(w~) and N(w+). It is 
also a strong e-tube, and every point w of T n satisfies 

(l.l)CR(z n ) < R(w) < (0.9)C^R(y n ). 

Thus, z n and y n are disjoint from T n and hence 7 crosses T n from one end to the 
other. 

Now suppose that T n meets the core Y of a (C, e)-cap C. Consider the boundary 
S of the closure of Y. If it is disjoint from T n then T n is contained in the core Y . 
For large n this is inconsistent with the fact that the ratio of the scalar curvature 
at the endpoints of j' n goes to infinity. Thus, we are left to consider the case when 
S contains a point of the tube T n . In this case S is completely contained in T n and 
by Corollary 119.31 S is isotopic to the 2-spheres of the product decomposition of T n . 
Hence, S meets a point of j n and consequently the core Y contains a point of j n . 
But we have already seen that this is not possible. 

Lastly, we must show that R(x) > 3 for every x S T n . We have just seen that 
every x G T n is the center of an e-neck. If x is contained in the e-neck centered at 
z' n or y' n , then since R(z' n ) > 4 and R{y' n ) > 4, clearly R{x) > 3. We must consider 
the case when x is not contained in either of these e-necks. In this case the central 
2-sphere S^of the e-neck centered at x is contained in the compact submanifold of 
T' n bounded by the central 2-spheres of the necks centered at z' n and y' n . These 2- 
spheres are disjoint and by Condition 4 in Proposition 119. 1T1 each is a homotopically 
non-trivial 2-sphere in T' n . Hence, the compact manifold with their disjoint union 
as boundary is diffeomorphic to S 2 x [0, 1] and, again according to Condition 4 of 
Proposition ll9.111 S x is isotopic to the 2-sphere factor in this product decomposition. 
Since the intersection of j' n with this submanifold is an arc spanning from one 
boundary component to the other, S x must meet 7^, in say w. By construction, 
since w E 7^ we have R(w) > 4. This implies that R(x) > 3. This completes the 
proof of the claim. □ 

3.2. Extracting a limit of a subsequence of the tubes. Passing to a sub- 
sequence we arrange that the R(z' n ) converge. Now consider the subset A C M. 
consisting of all A > such that there is a uniform bound, independent of n, for 
the curvature on B(z' n ,A) n T n . The set A is non-empty since R(z' n ) is bounded 
independent of n and for every n there is a strong e-neck N(z' n ) centered at z' n 
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contained in T n . On the other hand, since d,G' n (z' n ,y' n ) is uniformly bounded and 
R(y' n ) — * oo, there is a finite upper bound for A. Let A\ be the least upper bound 
of A. We set U n = T n D B(z' n ,Ai). This is an open subset of T n containing z' n . We 
let g' n = G' n \U n . 

Claim 10.5. For all n sufficiently large, 3R(z' n )~ 1 / 2 e~ 1 /2 is less than A\, and 
hence U n contains the strong e-neck N(z' n ) centered at z' n . 

Proof. The curvature on N(z' n ) is bounded independent of n. Consider a point 
w near the end of N(z' n ) that separates y' n from z' n . It is also the center of a strong 
e-neck N(w). By Proposition 119.111 and our assumption that e < e(10 -2 ), the 
scalar curvature on N(z' n ) U N(w) is between (0.9)R(z' n ) and (1.1) R(z' n ). Since, by 
construction, the negative end of N(z' n ) contains an end of T n , this implies that 

N(z' n ) U N(w) D B(z' n , 7R(z' n )- 1 / 2 e- 1 /A) n T n , 

so that we see that A 1 > 7e~ l \\m. n ^ O0 R(z' n )- 1 / 2 / '4. Thus, A 1 > 3R(z' n )~ 1 e- 1 /2 for 
all n sufficiently large. Obviously then f/ n contains N(z' n ). □ 

The next claim uses terminology from Definition 15.11 

Claim 10.6. For any 5 > i/iere is a uniform bound, independent of n, for the 
curvature on Reg s (U n ,g' n ). 

Proof. To prove this it suffices to show that given 5 > there is A < A\ such 
that Reg^C/n, g' n ) C B(z' n ,A) for all n sufficiently large. Of course, if we establish 
this for every 5 > sufficiently small, then it follows for all S > 0. First of all, by 
Corollary 119.51 and Lemma [19.21 the fact that e < e(10 -2 ) implies that any point 
w with the property that the strong e-neighborhood centered at w contains z' n is 
contained in the ball of radius (l.l)R(z' n )~ 1 ^ 2 e~ 1 < A\ centered at z' n . Thus, it 
suffices to consider points w n in Kegg(U n , g' n ) with the property that the strong e- 
neck centered at w n does not contain z' n . Fix such a w n . Take a path /i n (s) starting 
at w n moving in the s-direction at unit speed measured in the s-coordinate of the 
e-neck centered at w n away from z' n and ending at the frontier of this neck. Let U\ 
be the final point of this path. The rescaled version of Lemma 119.91 implies that the 
forward difference quotient for the distance from z' n satisfies 

(o.gg^K)- 1 / 2 < ^-d(z' n ,fi n ( s )) < (l.oi) R(w n y 1 / 2 . 

as 

Of course, since we are working in an e-neck we also have 

(1 - e)R( Wn )-V 2 < < (1 + e)R( Wn )-^. 

as 

We continue the path \x n moving in the s-direction of a neck centered at U\ . Applying 
Lemma 119.91 again both to the distance from w n and the distance from z' n yields: 

(o.gg)^)- 1 / 2 < d M^pM)l < (i.oi)i2( Ul )-V2 

as 

(o.gg)^)- 1 / 2 < d(d(w n vn(8))) ^ {1M)R{uir i/2 
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on this part of the path \i n . We repeat this process as many times as necessary until 
we reach a point w' n £ U n at distance 5/2 from w n . This is possible since the ball of 
radius 5 centered at w n is contained in U n . By the difference quotient inequalities, 
it follows that d(z' n ,w' n ) — d(z' n ,w n ) > 5/4. Since w' n £ U n and consequently that 
d(z' n ,w' n ) < A\. It follows that d(z' n ,w n ) < A\ — 5/4. This proves that, for all 
n sufficiently large, Hegg(U n , g' n ) C B(z' n ,Ai — 5/4), and consequently that the 
curvature on Reg$(U n , g' n ) is bounded independent of n. □ 

By Shi's theorem (Theorem I3.28p . the fact that each point of U n is the center 
of a strong e-neck means that there is a bound, independent of n, on all covariant 
derivatives of the curvature at any point of U n in terms of the bound on the curvature 
at the center point. In particular, because of the previous result, we see that for any 
e > and any £ > there is a uniform bound for |V £ Rm| on Reg$(U n , g' n ). Clearly, 
since the base point z' n has bounded curvature it lies in Reg s (U n , g' n ) for sufficiently 
small 5 (how small being independent of n). Lastly, the fact that every point in 
U n is the center of an e-neighborhood implies that (U n ,g' n ) is k non-collapsed on 
scales < ro where both k and ro are universal. Since the 7^ have uniformly bounded 
lengths, the e-tubes T' n have uniformly bounded diameter. Also, we have seen that 
their have curvatures are bounded from below by 3. It follows that their volumes 
are uniformly bounded. Now invoking Theorem 15.61 we see that after passing to a 
subsequence we have a geometric limit (Uoo, goo, £00) of a subsequence of (U n , g' n , z' n ). 

3.3. Properties of the limiting tube. Now we come to a result establishing 
all the properties we need for the limiting manifold. 

Proposition 10.7. The geometric limit (Uoo, goo, Zoo) is an incomplete Riemann- 
ian 3-manifold of finite diameter. There is a diffeomorphism tp: —> S 2 x (0,1). 
There is a 2e-neck centered at z^ whose central 2-sphere S' 2 (2: 00 ) maps under ip to 
a 2-sphere isotopic to a 2-sphere factor in the product decomposition. The scalar 
curvature is bounded at one end of but tends to infinity at the other end, the 
latter end which is denoted £. Let Uoo C Uoo x ( — 00, 0] be the open subset consisting 
of all (x,t) for which —R(x)^ 1 < t < 0. We have a generalized Ricci flow on Uoo 
which is a partial geometric limit of a subsequence of the generalized Ricci flows 
(M' n , G' n , z' n ). In particular, the zero-time slice of the limit flow is (Uoo, goo)- The 
Riemannian curvature is non-negative at all points of the limiting smooth flow on 
Uoo- Every point x G Uoo x {0} which is not separated from £ by S 2 (zoo) is the center 
of an evolving 2e-neck N(x) defined for an interval of normalized time of length 1/2. 
Furthermore, the central 2-sphere of N(x) is isotopic to the 2-sphere factor of Uoo 
under the diffeomorphism tp (see FlG. 

The proof of this proposition occupies the rest of Chapter [3l 

Proof. Let V\ C V2 C • • • C Uoo be the open subsets and (p n : V n — > U n be the 
maps having all the properties stated in Definition 15.31 so as to exhibit (Uoo, goo, ^00) 
as the geometric limit of the (U n , g' n , z' n ). 

Since the U n are all contained in B(z' n ,A{), it follows that any point of Uoo is 
within A\ of the limiting base point Zoo- This proves that the diameter of Uoo is 
bounded. 
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For each n there is the e-neck N(z' n ) centered at z' n contained in U n . The middle 
two-thirds, N' w of this neck has closure contained in Reg s (U n , g n ) for some 5 > 
independent of n (in fact, restricting to n sufficiently large, 6 can be taken to be 
approximately equal to R^Zoo) 1 ^ 2 ^ 1 /^). This means that for some n sufficiently 
large and for all m > n the image tp m (V n ) C U m contains N' m . For any fixed n 
as m tends to infinity the metrics ^Pm9m\v n converge uniformly in the C°°-topology 
to 9oo\v„- Thus, it follows from Proposition 19.791 that for all m sufficiently large, 
(^^(iV^) is a 3e/2-neck centered at Zoo- We fix such a neck N'(zoo) C fToo- Let 
S(zoo) be the central 2-sphere of N'(zoo). For each n sufficiently large, ip n (S(zoo)) 
separates U n into two components, one, say W~ contained in N{z' n ) and the other, 
W£ containing all of U n \ N(z' n ). It follows that S(z oc ) separates Uoo into two 
components, one, denoted W^, where the curvature is bounded (and where, in fact, 
the curvature is close to R(zoo)) and the other, denoted W+, where it is unbounded. 

Claim 10.8. Any point q E is the center of a 2e-neck in Uoo- 

Proof. Fix a point q E W+. For all n sufficiently large denote by q n = tp n (q)- 
Then for all n sufficiently large, q n E and lim n ^ 00 i?(g n ) = R(q). This means 
that for all n sufficiently large R{y' n ) » R(q n )), and hence the 3e/2-neck centered 
at q n E U n is disjoint from N(y' n ). Thus, by the rescaled version of Corollary |19.5l we 
see that the distance from the 3e/2-neck centered at q n to N(y' n ) is bounded below 
by (0.99)e" 1 i?(g n )- 1 / 2 / 4 > e^R^)- 1 / 2 /12. Also, since q n E W n , this 3e/2-neck 
N'{q n ) centered at q n does not extend past the 2-sphere at s _1 (— 3e _1 /4) in the e- 
neck N{z' n ). It follows that for all n sufficiently large that this 3e/2-neck has compact 
closure contained in Heg$(U n , g n ) for some d independent of n, and hence there is m 
such that for all n sufficiently large N'{q n ) is contained in the image f> n (V m ). Again 
using the fact that tPnidnWm) converges in the C°°-topology to <?oo|v m as n tends to 
infinity, we see, by Proposition 19 . 791 that for all n sufficiently large tp~ l (N m ) contains 
a 2e-neck in Uoo centered at q. □ 

It now follows from Proposition H9.2T1 that is contained in an 2e-tube that 
is contained in Uoo. Furthermore, the frontier of in Too is the 2-sphere ^(^oo) 
which is isotopic to the central 2-spheres of the 2e-necks making up Too- Hence, 
the closure W ^ of is a 2e-tube with boundary S(z 0O ). In particular, is 
diffeomorphic to S 2 x [0, 1). 

Now we consider the closure Woo °f ^oo- Since the closure of each W~ is the 
closed negative half of the e-neck N(z' n ) and the curvatures of the z' n have a finite, 
positive limit, the limit Woo ^ s diffeomorphic to a product S 2 x (—1,0]. Hence, Uoo 
is the union of W^ and W^ along their common boundary. It follows immediately 
that Uoo is diffeomorphic to S 2 x (0, 1). 

Claim 10.9. The curvature is bounded in a neighborhood of one end of Uoo and 
goes to infinity at the other end. 

Proof. A neighborhood of one end of Uoo, the end W^, is the limit of the 
negative halves of e-necks centered at z' n . Thus, the curvature is bounded on this 
neighborhood, and in fact is approximately equal to R(zoo). Let be any sequence 
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of points in Uoo tending to the other end. We show that R(xk) tends to oo as fc 
does. The point is that since the sequence is tending to the end, the distance from 
Xk to the end of Uoo is going to zero. Yet, each Xk is the center of an e-neck in Uoo- 
The only way this is possible is if the scales of these e-necks are converging to zero 
as k goes to infinity. This is equivalent to the statement that R(xk) tends to oo as 
k goes to infinity. □ 

The next step in the proof of Proposition I1U.7I is to extend the flow backwards 
a certain amount. As stated in the proposition, the amount of backward time that 
we can extend the flow is not uniform over all of Uoo, but rather depends on the 
curvature of the point at time zero. 

Claim 10.10. For each x £ U n C M n there is a flowline {x} x (— R(x)~ 1 , 0] in 
A4 n . Furthermore, the scalar curvature at any point of this flow line is less than or 
equal to the scalar curvature at x. 

Proof. Since x £ U n C T n , there is a strong e-neck in M. n centered at x. Both 
statements follow immediately from that. □ 

Let X C Uoo be an open submanifold with compact closure and set 

t (X) = sup^xi-Rg^ixy 1 ). 

Then for all n sufficiently large tp n is defined on X and the scalar curvature of the flow 
g n (t) on ip n (X) x (to,0] is uniformly bounded independent of n. Thus, according to 
Proposition 15 . 141 by passing to a subsequence we can arrange that there is a limiting 
flow defined on X x (to, 0] . Let Uoo C Uoo x (— oo, 0] consist of all pairs (x, t) with the 
property that — R gaa (x, 0) _1 < t < 0. Cover Uoo by countably many such boxes of 
the type X x (— to(X), 0] as described above, and take a diagonal subsequence. This 
allows us to pass to a subsequence so that the limiting flow exists (as a generalized 
Ricci flow) on Uoo- 

Claim 10.11. The curvature of the generalized Ricci flow onUoo is non-negative. 

Proof. This claim follows from the fact that the original sequence (M n ,G n ) 
consists of generalized flows whose curvatures are pinched toward positive in the 
weak sense given in Equation 110.11 and the fact that Q n — > oo as n — * oo. (See 
Theorem 15.331 ) □ 

This completes the proof that all the properties claimed in Proposition 110.71 hold 
for the geometric limit (Uoo, goo, Zoo)- This completes the proof of that proposition. 

□ 



4. Cone limits near the end £ for rescalings of Uoo 

The next step is to study the nature of the limit Uoo given in Proposition 110.71 
We shall show that an appropriate blow-up limit (limit in the Gromov-Hausdorff 
sense) around the end is a cone. 

Let (X, dx) be a metric space. Recall that the cone on X, denoted C(X), is the 
quotient space X x [0, oo) under the identification (x, 0) = (y, 0) for all x, y 6 X. 
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The image of X x {0} is the cone point of the cone. The metric on C(X) is given 
by 

(10.2) d((x, si), (y, s 2 )) = s? + s 2 2 - 2sis 2 cos(miu(dx(a;, y), 7r)). 

The open cone C'(X) is the complement of the cone point in C(X) with the induced 
metric. 

The purpose of this section is to prove the following result. 



Proposition 10.12. Let (Uoo i dooj z oo) be as in the conclusion of Proposition \10. 7[ 
Let Qoc = R goo (zoc) and let £ be the end of Uoo where the scalar curvature is un- 
bounded. Let \ n be any sequence of positive numbers with lim^^ooAn = +oo. Then 
there is a sequence x n in Uoo such that for each n the distance from x n to £ is 

— 1/2 

\ n , and such that the pointed Riemannian manifolds {Uoo, Kidoo, x n) converge in 
the Gromov-Hausdorff sense to an open cone, an open cone not homeomorphic to 
an open ray (i.e., not homeomorphic to the open cone on a point), (see Fig. [J|). 




Figure 2. Limiting cone. 

The rest of this section is devoted to the proof of this result. 

4.1. Directions at £. We orient the direction down the tube Uoo so that £ is 
at the positive end. This gives an s^-direction for each 2e-neck N contained in Uoo- 
Fix a point x G Uoo- We say a ray 7 with endpoint x limiting to £ is a minimizing 
geodesic ray if for every y G 7 the segment on 7 from x to y is a minimizing geodesic 
segment; i.e., the length of this geodesic segment is equal to d(x,y). 

Claim 10.13. There is a minimizing geodesic ray to £ from each x S Uoo with 
R(x) > 2Qoo- 

Proof. Fix x with R(x) > 2Qoo and fix a 2e-neck N x centered at x. Let S% be 
the central 2-sphere of this neck. Take a sequence of points q n tending to the end 
£, each being closer to the end than x in the sense that S% does not separate any 
q n from the end £ . We claim that there is a minimizing geodesic from x to each 
q n . The reason is that by Lemma 119.71 any minimizing sequence of arcs from x to 
q n cannot exit from the minus end of N x nor the plus end of a 2e-neck centered 
at q n . Consider a sequence of paths from x to q n minimizing the distance. Hence 
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these paths all lie in a fixed compact subset of U n . After replacing the sequence by 
a subsequence, we can pass to a limit, which is clearly a minimizing geodesic from 
x to q n . Consider minimizing geodesies fi n from x to q n . The same argument shows 
that, after passing to a subsequence, the fi n converge to a minimizing geodesic ray 
from x to £. □ 

Claim 10.14. (1) Any minimizing geodesic ray from x to the end £ is a shortest 
ray from x to the end £, and conversely any shortest ray from x to the end £ is a 
minimizing geodesic ray. 

(2) The length of a shortest ray from x to £ is the distance (see Section^ from 
x to £ . 

Proof. The implication in (1) in one direction is clear: If 7 is a ray from x to 
the end £ , and for some y £ 7 the segment on 7 from x to y is not minimizing, then 
there is a shorter geodesic segment fi from x to y. The union of this together with 
the ray on 7 from y to the end is a shorter ray from x to the end. 

Let us establish the opposite implication. Suppose that 7 is a minimizing geodesic 
ray from x to the end £ and that there is a 5 > and a shortest geodesic ray 7' 
from x to the end £ with |7 ; | = I7I — 5. As we have just seen, 7' is a minimizing 
geodesic ray. Take a sequence of points qi tending to the end £ and let Sf be the 
central 2-sphere in the 2e-neck centered at Of course, for all i sufficiently large, 
both 7' and 7 must cross Sf. Since the scalar curvature tends to infinity at the end 
£, it follows from Lemma [19.4l for all i sufficiently large, the extrinsic diameter of Sf 
is less than 5/3. Let pi be a point of intersection of 7 with Sf. For all i sufficiently 
large the length d{ of the sub-ray in 7 from pi to the end £ is at most 5/3. Let p\ be 
a point of intersection of 7' with Sf and let d\ be the length of the ray in 7' from p\ 
to the end £ . Let A be the sub-geodesic of 7 from x to pi and A' the sub-geodesic of 
7' from x to p;. Let f3 be a minimizing geodesic from p\ to pj. Of course, < 5/3 
so that by the minimality of A and A' we have 

-5/3 < |A| - |A'| < 5/3. 

Since | A' | + d[ = |A| + e?j — 5, we have 

25/3 <(k- d\. 

This is absurd since d' { > and di < 5/3. 

(2) follows immediately from (1) and the definition. □ 

Given this result, the usual arguments show: 

Corollary 10.15. If 7 is a minimizing geodesic ray from x to the end £, then 
for any y S 7\{^} the sub-ray of '7 from y to the end, is the unique shortest geodesic 
from y to the end. 

Also, we have a version of the triangle inequality for distances to £. 

Lemma 10.16. Let x and y be points of M. Then the three distances d(x,y), 
d(x,£) andd(y,£) satisfy the triangle inequality. 
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PROOF. From the definitions it is clear that d(x,y) + d(y,£) > d(x,£), and 
symmetrically, reversing the roles of x and y. The remaining inequality that we 
must establish is the following: d(x,£) + d(y,£) > d(x,y). Let q n be any sequence 
of points converging to £. Since the end is at finite distance, it is clear that d(x, £) = 
lim n _ K x)Ci(x, q n ). The remaining inequality follows from this and the usual triangle 
inequality applied to d(x,q n ), d(y,q n ) and d(x,y). □ 

Definition 10.17. We say that two minimizing geodesic rays limiting to £ are 
equivalent if one is contained in the other. From the unique continuation of geodesies 
it is easy to see that this generates an equivalence relation. An equivalence class is 
a direction at £, and the set of equivalence classes is the set of directions at £. 

Lemma 10.18. There is more than one direction at £. 

Proof. Take a minimal geodesic ray 7 from a point x limiting to the end and 
let y be a point closer to £ than x and not lying on 7. Then a minimal geodesic ray 
from y to £ gives a direction at £ distinct from the direction determined by 7. □ 

Remark 10.19. In fact, the general theory of positively curved spaces implies 
that the space of directions is homeomorphic to S 2 . Since we do not need this 
stronger result we do not prove it. 

4.2. The Metric on the space of directions at £. 

Definition 10.20. Let 7 and [x be minimizing geodesic rays limiting to £ , of 
lengths a and b, parameterized by the distance from the end. For < s < a and 
< s' < b construct a triangle a s e(3 s i in the Euclidean plane with |a s e| = s, \e{3 s /\ = 
s' and |a a /? s /| = d(j(s), fi(s')). We define #(7, s, fi, s') to be the angle at e of the 
triangle a s e(3 s >. 

Lemma 10.21. For all 7, s,/x, s' as in the previous definition we have 

< 9("f,8,fJl,sf) < 7T. 

Furthermore, 0(7, s,fx, s') is a non-increasing function of s when 7,/z, s' are held 
fixed, and symmetrically it is a non-increasing function of s' when 7, s, fx are held 
fixed. In particular, fixing 7 and fx, the function #(7, s,/x, s') is non- decreasing as s 
and s ; tend to zero. Thus, there is a well-defined limit as s and s' go to zero, denoted 
0(7, /x). This limit is greater than or equal to #(7, s, fx, s') for all s and s' for which 
the latter is defined. We have < 9^, fx) < it. The angle #(7,//) = if and only if 
7 and fx are equivalent. Furthermore, if 7 is equivalent to 7' and /x is equivalent to 
H , ,then6{ 1 ,Li) = e{i,n'). 

PROOF. By restricting 7 and fx to slightly smaller rays, we can assume that 
each is the unique shortest ray from its endpoint to the end £. Let x, resp., y be 
the endpoint of 7, resp., fx. Now let q n be any sequence of points in Uoo limiting 
to the end £, and consider minimizing geodesic rays 7„ from q n to x and fx n from 
q n to y, each parameterized by the distance from q n . By passing to a subsequence 
we can assume that each of the sequences {jn} and {Li n } converge to a minimizing 
geodesic ray, which by uniqueness, implies that the first sequence limits to 7 and 
the second to jx. For s,s' sufficiently small, let 9 n (s,s f ) be the angle at q n of the 
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Euclidean triangle a n q n (3 n , where \a n q n \ = d(-f n (s) , q n ) , \P n q n \ = d(fi n (s'),q n ) and 
|"n/3 n | = c£(7n(s) , /i n (s')) . Clearly, for fixed s and s' sufficiently small, 6 n (s,s') 
converges as n — > oo to #(7, s, fi, s'). By the Toponogov property (Theorem I2.4p for 
manifolds with non-negative curvature, for each n the function 9 n (s,s') is a non- 
increasing function of each variable, when the other is held fixed. This property 
then passes to the limit, giving the first statement in the lemma. 

By the monotonicity, ^(7,/x) = if and only if for all s,s' sufficiently small we 
have 0(7, s, /x, s') = 0, which means one of 7 and \x is contained in the other. 

It is obvious that the last statement holds. □ 

It follows that #(7, n) yields a well-defined function on the set of pairs of directions 
at £. It is clearly a symmetric, non-negative function which is positive off of the 
diagonal. The next lemma shows that it is a metric by establishing the triangle 
inequality for 6. 

Lemma 10.22. 7/7,/x, v are minimizing geodesic rays limiting to £, then 

0(7,M) + 0(M,")>0(7,")- 

Proof. By Corollary 110.151 after replacing 7,//, v by equivalent, shorter geo- 
desic arcs, we can assume that they are the unique minimizing geodesies from their 
end points, say x, y, z respectively, to £. Let q n be a sequence of points limit- 
ing to £, and let 7 n ,/U n ,^„ be minimizing geodesies from x,y,z to q n . Denote by 
9 n (x,y),9 n (y, z), and 9 n (x, z), respectively, the angles at q n of the Euclidean trian- 
gles with the following edge lengths: {d(x, y),d(x, q n ),d(y, q n )}, {d(y, z), d(y, q n ), d(z, q 
and {d(z, x),d(z, q n ),d(x, q n )}- According to Corollary |2.6l we have 9 n (x, y)+9 n (y, z) > 
9 n (x, z). Passing to the limit as n goes to 00 and then the limit as x, y and z tend 
to £ , gives the result. □ 

Definition 10.23. Let X(£ ) denote the set of directions at £ . We define the 
metric on X{£) by setting ^([7], \p]) = 0(7, /i). We call this the (metric) space of 
realized directions at £. The metric space of directions at £ is the completion X{£ ) 
of X{£) with respect to the given metric. We denote by {Cs-,ge) the cone on X{£) 
with the cone metric as given in Equation (|10.2p . (See Fig. [2j) 

Proposition 10.24. (Cs,gs) is a metric cone that is not homeomorphic to a 
ray. 

Proof. By construction (Cz^gz) is a metric cone. That it is not homeomorphic 
to a ray follows immediately from Lemma 110. 181 □ 

4.3. Comparison results for distances. 

Lemma 10.25. Suppose that 7 and fi are unique shortest geodesic rays from points 
x and y to the end £. Let [7] and [fi] be the points of X(£) represented by these two 
geodesies rays. Let a, resp. b, be the distance from x, resp. y, to £ . Denote by x' , 
resp. y' , the image in Cg of the point ([7], a), resp. ([//], 6), of X(£) x [0, 00). Then 

d 9oo (x,y) < d ge (x',y'). 
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Proof. By the definition of the cone metric we have 

d ge (x',y') = a 2 + b 2 - 2abcos(9(j, fi)). 

On the other hand by Definition ll0,20l and the law of cosines for Euclidean triangles, 
we have 

d goo (x,y) = a 2 + b 2 - 2abcos(9('j,a,fi,b)). 
The result is now immediate from the fact, proved in Lemma I1U.20I that 

0< 0(7, a, ji, 6) <0(7,A») < vr, 

and the fact that the cosine is a monotone decreasing function on the interval [0, tt}. 

□ 

Corollary 10.26. Let j,fx,x,y be as in the previous lemma. Fix A > 0. Let 
a = d\ 9ao (x,S) and b = d\ 9ao {y,£). Set x' x and y' x equal to the points in the cone 
([7], a) and (\p],b). Then we have 

d\ 9oc (x,y) < d ge (x' x ,y' x ). 

Proof. This is immediate by applying the previous lemma to the rescaled man- 
ifold (Uoo, A<?oo), and noticing that rescaling does not affect the cone Cs nor its 
metric. □ 

Lemma 10.27. For any 5 > there is K = K(5) < 00 so that for any set of 
realized directions at £ of cardinality K, i\, . . . ,£k, it must be the case that there 
are j and f with j ^ f such that 9(£j,£j/) < 5. 

Proof. Let K be such that, given K points in the central 2-sphere of any 2e- 
tube of scale 1, at least two are within distance 5/2 of each other. Now suppose that 
we have K directions £1, . . . ,£k at £. Let 71, . . . ,7^ be minimizing geodesic rays 
limiting to £ that represent these directions. Choose a point x sufficiently close to 
the end £ so that all the jj cross the central 2-sphere S 2 of the 2e-neck centered at 
x. By replacing the 7,- with sub-rays we can assume that for each j the endpoint 
Xj of 7j lies in S 2 . Let dj be the length of 7^. By taking x sufficiently close to £ 
we can also assume the following. For each j and j' , the angle at e of the Euclidean 
triangle ajectj*, where \aje\ = dj; \ctj<e\ = dy and la^-ayl = d(xj,Xj/) is within 8/2 
of 9(£j,£ji). Now there must be j ^ j' with d(xi,Xj) < (5/2)ri where r-j is the scale 
of iVj. Since dj,dj/ > e _1 rj/2, it follows that the angle at e of ctjectji is less than 
5/2. Consequently, 9{£j,£j>) < 5. □ 

Recall that a <5-net in a metric space X is a finite set of points such that X is 
contained in the union of the ^-neighborhoods of these points. The above lemma 
immediately yields: 

Corollary 10.28. The metric completion X{£) of the space of directions at £ 
is a compact space. For every 5 > this space has a 5 -net consisting of realized 
directions. For every < r < R < 00 the annular region A^{r, R) = X{£) x [r, R] in 
Cg has a 5-net consisting of points (£i, Si) where for each % we have £i is a realizable 
direction and r < Sj < R. 
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4.4. Completion of the proof of a cone limit at £. Now we are ready to 
prove Proposition 111), 12"! In fact, we prove a version of the proposition that identifies 
the sequence of points x n and also identifies the cone to which the rescaled manifolds 
converge. 

Proposition 10.29. Let (£/ 00) fl , oo) be an incomplete Riemannian 3-manifold of 
non-negative curvature with an end £ as in the hypothesis of Proposition [TO. 12\ Fix 
a minimizing geodesic ray 7 limiting to £ . Let \ n be any sequence of positive numbers 
tending to infinity. For each n sufficiently large let x n S 7 be the point at distance 
An 1 ^ 2 from the end £. Then the based metric spaces (Uoo, X n 9oo,x n ) converge in the 
Gromov-Hausdorff sense to (C' s ,gg, ([7], 1)). Under this convergence the distance 
function from the end £ in (Uoo, A n <?oo) converges to the distance function from the 
cone point in the open cone. 

Proof. It suffices to prove that given any subsequence of the original sequence, 
the result holds for a further subsequence. So let us replace the given sequence by 
a subsequence. Recall that for each 0<r<i?<oowe have Ag(r,R) C C' £ , the 
compact annulus which is the image of X(£) x [r, R]. The statement about the 
non-compact spaces converging in the Gromov-Hausdorff topology, means that for 
each compact subspace K of C'g containing the base point, for all n sufficiently large, 
there are compact subspaces K n C {Uoo, Kidoo) containing x n with the property that 
the (K n ,x n ) converge in the Gromov-Hausdorff topology to (K, x) (see Section D of 
Chapter 3, p. 39, of [25] ). 

Because of this, it suffices tofix0<r<l<i?<oo arbitrarily and prove 
the convergence result for Ag (r, R) . Since the Gromov-Hausdorff distance from 
a compact pointed metric space to a 5-net in it containing the base point is at 
most 5, it suffices to prove that for 5 > there is a <5-net (M, h) in A? (r, R) , with 
([7], 1) 6 AT such that for all n sufficiently large there are embeddings </? n of J\f into 
A n (r, R) = B Xngoo (£,R) \ B\ n9oc (£,r) with the following four properties: 

(1) (Pn(^n9oc) converge to h as n — > 00, 

(2) ^([7], 1) = x n , and 

(3) ip n (M) is a 5-net in A n (r,R), and 

(4) denoting the cone point by c G Cg, if d(p,c) = r then d(ip n (p),£) = r. 
According to Corollary 110.281 there is a <5-net N C Ag (r, R) consisting of points 

(£i,Si) where the £j are realizable directions and r < Si < R. Add ([7], 1) to J\f if 
necessary so that we can assume that ([7], 1) G M . Let 7» be a minimizing geodesic 
realizing ii and let di be its length. 

— 1/2 

Fix n sufficiently large so that A n R < di for all i. We define ip n : J\f — > A n (r, R) 
as follows. For any ai = ([7i],Si) 6 M we let ip n (ai) = 7i(A n s«). (Since A n ' s < 
A n R < di, the geodesic j{ is defined at A„ Sj.) This defines the embeddings <p n 
for all n sufficiently large. Notice that 

d gac {(Pn{ti,Si),(Pn{tj,Sj)) = X^sf + A" 1 ^ _ 2A~ 1 s i s j <9(7 i ,A~ 1/2 s i ,7 j , X~ 1/2 Sj), 

or equivalently 

d\ n9oo (fn(ii,Si),<f n (ij,Sj)) = sj + s) -2siS j 6(-ii,X n 1/2 Si,-i j ,\- ll2 s j ). 
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Because of the convergence result on angles (Lemma ll0.2ip . for all i and j we have 
]im n -* 00 d\ n g 00 (<Pn(£i,8i),<Pn(tj,Sj)) = sj +Sj- 2sjS : ,-cos(6 , (7i,7 : ,-)) 

= dg £ Si), (£j, Sj)) . 

This establishes the existence of the ip n for all n sufficiently large satisfying the first 
condition. Clearly, from the definition ^([7], 1) = x n , and for all p £ M we have 
d(<p n (p),£) = d(p,c). 

It remains to check that for all n sufficiently large cp n (M) is a 5-net in A n (r, R) . 
For n sufficiently large let z £ A n (r,R) and let 7^ be a minimizing geodesic ray 
from z to £ parameterized by the distance from the end. Set d n = d\ n9oo (z,£), 

— 1/2 

so that r < d n < R. Fix n sufficiently large so that X n R < di for all i. The 
point ([72], d n ) G Cg is contained in Ag(r, R) and hence there is an element a = 

— 1/2 

([7i]) s «) ^ N within distance 5 of ([7 2 ],d n ) i n @£- Since Sj < R, \ n Sj < di and 
hence x = ji {X n ' Si) is defined. By Corollary MM we have 

d\ ngoo {x,z) < d ge ((b/],d n ),([^i],Si)) < 5. 

This completes the proof that for n sufficiently large the image (p n (J\f) is a <5-net in 
A n (r,R). 

This shows that the (Uoo, A n goo,x n ) converge in the Gromov-Hausdorff topology 
to(C^ 5£ ,([7],l)). ' □ 

Remark 10.30. Notice that since the manifolds (Uoo, X n goo,x n ) are not complete, 
there can be more than one Gromov-Hausdorff limit. For example we could take 
the full cone as a limit. Indeed, the cone is the only Gromov-Hausdorff limit that is 
complete as a metric space. 

5. Comparison of the Gromov-Hausdorff limit and the smooth limit 

Let us recap the progress to date. We constructed an incomplete geometric 
blow-up limit (Uoo , Goo , Zoo ) for our original sequence. It has non- negative Riemann 
curvature. We showed that the zero time-slice Uoo of the limit is diffeomorphic to a 
tube S 2 x (0, 1) and that at one end of the tube the scalar curvature goes to infinity. 
Also, any point sufficiently near this end is the center of an evolving 2e-neck defined 
for an interval of normalized time of length 1/2 in the limiting flow. Then we took a 
further blow-up limit. We chose a sequence of points x n £ Uoo tending to the end £ 
where the scalar curvature goes to infinity. Then we formed (Uoo, Anffco x n) where 

— 1/2 

the distance from x n to the end £ is X n . By fairly general principles (in fact it is 
a general theorem about manifolds of non-negative curvature) we showed that this 
sequence converges in the Gromov-Hausdorff sense to a cone. 

The next step is to show that this second blow-up limit also exists as a geometric 
limit away from the cone point. Take a sequence of points x n £ Uoo tending to £. We 
let X' n = R(x n ), and we consider the based Riemannian manifolds (Uoo, X' n goo(0), x n ). 
Let B n C U n be the metric ball of radius e~ 1 /3 centered at x n in (J/qo, A / „g oo (0)). 
Since this ball is contained in a 2e-neck centered at x n , the curvature on this ball is 
bounded, and this ball has compact closure in Uoo- Also, for each y E B n , there is 
a rescaled flow X'g(t) defined on {y} x (—1/2,0] whose curvature on B n x (—1/2,0] 
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is bounded. Hence, by Theorem 15.111 we can pass to a subsequence and extract a 
geometric limit. In fact, by Proposition 15.141 there is even a geometric limiting flow 
defined on the time interval (—1/2,0]. 

We must compare the zero time-slice of this geometric limiting flow with the cor- 
responding open subset of the Gromov-Hausdorff limit constructed in the previous 
section. Of course, one obvious difference is that we have used different blow-up 
factors: d(x n ,£)~ 2 in the first case and R{x n ) in the second case. So one important 
ingredient in comparing the limits will be to compare these factors, at least in the 
limit. 

5.1. Comparison of the blow-up factors. Now let us compare the two lim- 
its: (i) the Gromov-Hausdorff limit of the sequence (Uoo, A n <?oo, x n ) and (ii) the 
geometric limit of the sequence {Uoo-, Ki9°°> x n) constructed above. 

Claim 10.31. The ratio p n = \' n /\ n is bounded above and below by positive 
constants. 

Proof. First of all, since there is a 2e-neck centered at x n , by Proposition 119. Ill 
we see that the distance A n from x n to £ is at least R(x n )~ 1 l 2 e~ 1 /2 = (\' n )~ l / 2 e~ l /2 
Thus, 

Pn 1 = Xn/K < 4e 2 . 

On the other hand, suppose that p n = A' n /A n — ► oo as n — ► oo. Rescale by A' n 
so that R{x n ) = 1. The distance from x n to £ is */Pn- Then by Lemma 119.41 with 
respect to this metric there is a sphere of diameter at most 2tt through x n that 
separates all points at distance at most yffhi — e _1 from £ from all points at distance 
at least ^/p~^+e~ 1 from £ . Now rescale the metric by p n . In the rescaled metric there 
is a 2-sphere of diameter at most 2ir/ \fp~^ through x n that separates all points at 
distance at most 1 — e" 1 / ^fp~^ from £ from all points at distance at least 1 + e -1 / yfp^ 
from £ . Taking the Gromov-Hausdorff limit of these spaces, we see that the base 
point Xoq separates all points of distance less than one from £ from all points of 
distance greater than one from £. This is impossible since the Gromov-Hausdorff 
limit is a cone that is not the cone on a single point. □ 

5.2. Completion of the comparison of the blow-up limits. Once we know 
that the \ n /\' n are bounded above and below by positive constants, we can pass to a 
subsequence so that these ratios converge to a finite positive limit. This means that 
the Gromov-Hausdorff limit of the sequence of based metric spaces (Uoo, Ki9oo,%n) is 
a cone, namely the Gromov-Hausdorff limiting cone constructed is Section H] rescaled 
by liuin^ooPn. In particular, the balls of radius e _1 /2 around the base points in this 
sequence converge in the Gromov-Hausdorff sense to the ball of radius e _1 /2 about 
the base point of a cone. 

But we have already seen that the balls of radius e _1 /2 centered at the base 
points converge geometrically to a limiting manifold. That is to say, on every ball 
of radius less than e~ 1 /2 centered at the base point the metrics converge uniformly 
in the C°°-topology to a limiting smooth metric. Thus, on every ball of radius less 
than e _1 /2 centered at the base point the limiting smooth metric is isometric to the 
metric of the Gromov-Hausdorff limit. This means that the limiting smooth metric 
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on the ball of radius e _1 /2 centered at the base point is isometric to an open 
subset of a cone. Notice that the scalar curvature of the limiting smooth metric at 
the base point is 1, so that this cone is a non-flat cone. 

6. The final contradiction 

We have now shown that the smooth limit of the balls of radius e _1 /2 centered at 
the base points of (JJoo-, ^' n 9oo,x n ) is isometric to an open subset of a non-flat cone, 
and is also the zero time-slice of a Ricci flow defined for the time interval (—1/2,0]. 
This contradicts Proposition 14.221 one °f the consequences of the maximum princi- 
ple established by Hamilton. The contradiction shows that the limit ({Too, goo, Xoo) 
cannot exist. The only assumption that we made in order to construct this limit 
was that Theorem 111). 21 did not hold for some Aq < oo. Thus, we have established 
Theorem 110.21 by contradiction. 



CHAPTER 11 



Geometric limits of generalized Ricci flows 

In this chapter we apply the main result of the last section, bounded curvature at 
bounded distance, to blow-up limits in order to establish the existence of a smooth 
limit for sequences of generalized Ricci flows. In the first section we establish a blow- 
up limit that is defined for some interval of time of positive length, where the length 
of the interval of time is allowed to depend on the limit. In the second section we 
give conditions under which this blow-up limit can be extended backwards to make 
an ancient Ricci flow. In the third section we construct limits at the singular time of 
a generalized Ricci flow satisfying appropriate conditions. We characterize the ends 
of the components of these limits. We show that they are e-horns - the ends are 
diffeomorphic to S 2 x [0, 1) and the scalar curvature goes to infinity at the end. In 
the fourth section we prove for any 5 > that there are <5-necks sufficiently deep in 
any e-horn, provided that the curvature at the other end of the horn is not too large. 
Throughout this chapter we fix e > sufficiently small such that all the results of 
the Appendix hold for 2e and a = 10 -2 , and Proposition 12.191 holds for 2e. 

1. A smooth blow-up limit defined for a small time 

We begin with a theorem that produces a blow-up limit flow defined on some 
small time interval. 

Theorem 11.1. Fix canonical neighborhood constants (C, e), and non-collapsing 
constants r > 0, k > 0. Let (M n ,G n ,x n ) be a sequence of based generalized 3- 
dimensional Ricci flows. We set t n = t(x n ) and Q n = R(x n ). We denote by M n the 
t n time-slice of M. n . We suppose that: 

(1) Each (M n ,G n ) either has a time interval of definition contained in [0,oo) 
and has curvature pinched toward positive, or has non-negative curvature. 

(2) Every point y n E (Ai n ,G n ) with t(y n ) < t n and with R(y n ) > 4R(x n ) has 
a strong (C, e)- canonical neighborhood. 

(3) lim^ocQn = oo. 

(4) For each A < oo the following holds for all n sufficiently large. The 

— 1/2 

ball B(x n ,t n , AQ n ) has compact closure in M n and the flow is K-non- 

— 1/2 

collapsed on scales < r at each point of B(x n ,t n , AQ n ). 

(5) There is ji > such that for every A < oo the following holds for all n 

— 1/2 

sufficiently large. For every y n E B(x n ,t n , AQ n ) the maximal flow line 
through y n extends backwards for a time at least [i (max(<5 n , R(y n )))~ ■ 

Then, after passing to a subsequence and shifting the times of each of the gen- 
eralized flows so that t n = for every n, there is a geometric limit (M^ , g^ , ) 
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of the sequence of based Riemannian manifolds (M n , Q n G n (0), x n ). This limit is a 
complete 3- dimensional Riemannian manifold of bounded, non-negative curvature. 
Furthermore, for some to > which depends on the curvature bound for (M^ , ) 
and on fi, there is a geometric limit Ricci flow defined on (Moo, 9oo(t))j —to < t < 0, 
with 5oo(0) = goo- 

Before beginning the proof of this theorem we establish a lemma that we shall 
need both in its proof and also for later applications. 

Lemma 11.2. Let (M,G) be a generalized 3- dimensional Ricci flow. Suppose 
that ro > and that any z £ A4 with R(z) > r^ 2 has a strong (C, e)- canonical 
neighborhood. Suppose z £ M and t(z) = to- Set 

1 



2C y m&x(R(z) , r Q 

and 

At 



-2\ 



16C (R(z) + Tq 2 ) ' 

Suppose that r' < r and that \t' — to| < and let I be the interval with endpoints to 
and t' . Suppose that there is an embedding of j : B(z,to,r') x I into M compatible 
with time and with the vector field. Then R(y) < 2 (R(z) + ^q" 2 ) for all y in the 
image of j. 

Proof. We first prove that for any y € B(z,to,r) we have 
(11.1) R(y)<^(R(z)+r 2 ). 

Let 7: [0, so] — ► B(z,to,r) be a path of length so < r connecting z = 7(0) to 
V = 7( s o)- We take 7 parameterized by arc length. For any s £ [0, sq] l e t -R( s ) = 
R(l( s ))- According to the strong (C, e)-canonical neighborhood assumption at any 
point where R(s) > r Q 2 we have |-R'( S )I < CR 3/2 (s). Let J C [0,s ] be the closed 
subset consisting of s 6 [0, sq] for which R(s) > r^ 2 . There are three possibilities. 
If so J then R(y) < r^ 2 and we have established Inequality (jll.ip . If J = [0, so], 
then we have |-R'(s)| < CR?l 2 {s) for all s in J . Using this differential inequality and 
the fact that the interval has length at most -. , we see that R(y) < 16R(z)/9, 

again establishing Inequality (jll.ip . The last possibility is that J 7^ [0, sq] but 
so £ J- We restrict attention to the maximal interval of J containing so- This 
interval has length at most ^ and at its initial point R takes the value r^ 2 . For every 
s in this interval by our assumptions we again have the inequality \R'(s)\ < Ci? 3 / 2 (s), 
it follows immediately that R(y) < 16r^ 2 /9. This establishes Inequality (jll.ip in 
all cases. 

Now consider the vertical path j({y} X /). Let R(t) = R(j(y,t)). Again by 
the strong canonical neighborhood assumption |-R'(£)| < CR 2 (t) at all points where 
R(t) > r^ 2 . Consider the closed subset K of I where R(t) > r^ 2 . There are three 
cases to consider: t' ^ K, t' E K 7^ J, or K = I. In the first case, R(y, t') < r^ 2 and 
we have established the result. In the second case, let K' be the maximal subinterval 
of K containing t' . On the interval K' we have |-R'(t)| < CR 2 (t) and at one endpoint 
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R(t) = r^ 2 . Since this interval has length at most r 2 /16C, it follows easily that 
R(t') — 16r^" 2 /15, establishing the result. In the last case where K = I, then, by 
what we established above, the initial condition is R(to) = R(y) < 16(R(z) + r^~ 2 )/9, 
and the differential inequality |-R'(i)| < CR 2 {t) holds for all t 6 I. Since the length 
of I is at most 1 — we see directly that R(t') < 2(R(z) + r^ 2 ), completing 

the proof in this case as well. □ 
Now we begin the proof of Theorem 111.11 

Proof, (of Theorem lll.l|) We shift the times for the flows so that t n = 
for all n. Since Q n tends to oo as n tends to oo, according to Theorem I1U.2I for 
any A < oo, there is a bound Q(A) < oo on the scalar curvature of Q n G n (0) on 
BQ n G„(x n ,0, A) for all n sufficiently large. According to the hypothesis of Theo- 
rem [TTTTJ this means that there is to(A) > and, for each n sufficiently large, an 
embedding of BQ nGn (x n , 0, A) x [— to(A), 0] into M. n compatible with time and with 
the vector field. In fact, we can choose to(A) so that more is true. 

Corollary 11.3. For each A < oo, let Q(A) be a bound on the scalar curvature 
of the restriction of Q n G n to BQ n G n (x n , 0, A) for all n sufficiently large. Then there 
exist a constant t' (A) > depending on to(A) and Q(A), and a constant Q'(A) < oo 
depending only on Q(A), and, for all n sufficiently large, an embedding 

B QnGn (x n ,0,A) x (-t' (A),0] ^ M n 

compatible with time and with the vector field with the property that the scalar cur- 
vature of the restriction of Q n G n to the image of this subset is bounded by Q'{A). 

Proof. This is immediate from Lemma [11.21 and Assumption (5) in the hypoth- 
esis of the theorem. □ 

Now since the curvatures of the Q n G n are pinched toward positive or are non- 
negative, bounding the scalar curvature above gives a bound on |Rmg n G n | on the 
product BQ n G„(x n , 0, A) x (— t' (A), 0]. Now we invoke Shi's theorem ( Theorem [3728]) : 

Corollary 11.4. For each A < oo and for each integer £ > 0, there is a constant 
Ci such that for all n sufficiently large we have 

\V e Rm QnGn (x)\<C 2 

for all x e B QnGn (x n , 0, A) . 

Also, by the curvature bound and the K-non-collapsed hypothesis we have the 
following: 

Claim 11.5. There is n > such that for all n sufficiently large 

Vol(B QnGn (x n ,0,v)) > ™? 3 - 

Now we are in a position to apply Corollary 15. 101 This implies that, after passing 
to a subsequence, there is a geometric limit (A^oo , g^ , x^ ) of the sequence of based 
Riemannian manifolds (M n ,Q n G n (0),x n ). The geometric limit is a complete Rie- 
mannian manifold. If the (Ai n ,G n ) satisfy the curvature pinched toward positive 
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hypothesis, by Theorem 15.331 the limit Riemannian manifold (Moo, goo) has non- 
negative curvature. If the (Ai n ,G n ) have non-negative curvature, then it is obvious 
that the limit has non-negative curvature. By construction R(xoo) = 1. 

In fact, by Proposition 15. 141 for each A < oo, there is t(A) > and, after passing 
to a subsequence, geometrically limit flow defined on B(xoo,0, A) x (— t(A),0]. 

Claim 11.6. Any point in (Moo><7oo) of curvature greater than 4 has a (2C,2e)- 
canonical neighborhood. 

Proof. The fact that (Moo, goo, %<x>) is the geometric limit of the (M n , Q n G n (0),x n ) 
means that we have the following. There is an exhausting sequence V\ C V2 C • • • C 
Mqo of open subsets of Moo, with compact closure, each containing Xoo, and for each 
n an embedding <p n of V n into the zero time-slice of M. n such that ^(^oo) = x n 
and such that the Riemannian metrics <~p* n G n converge uniformly on compact sets 
to ^oo. Let q € Moo be a point with R goo (q) > 4. Then for all n sufficiently 
large, q £ V n , so that q n = tp n (q) is defined, and RQ n G„(Qn) > 4. Thus, q n has an 
(C, e)-canonical neighborhood, U n , in M. n ; and, since R(q n ) > 4 for all n, there is 
a uniform bound to the distance from any point of U n to q n . Thus, there exists m 
such that for all n sufficiently large (^ n (Kn) contains U n . Clearly as n goes to infinity 
the Riemannian metrics ip* n (Pn)\tp- X m\ converge smoothly to goo | ^-1 my Thus, by 
Proposition 19.791 for all n sufficiently large the restriction of goo to tp~ l (U n ) contains 
a (2C, 2e)-canonical neighborhood of q. □ 

Claim 11.7. The limit Riemannian manifold (Moo, goo) has bounded curvature. 

Proof. First, suppose that (Moo,goo) does not have strictly positive curvature. 
Suppose that y £ M^ has the property that Rm(y) has a zero eigenvalue. Fix 
A < 00 greater than d 9oo (xqo , y) ■ Then applying Corollary 14.191 to the limit flow 
on B(x oo ,0, A) x (—t(A),0], we see that the Riemannian manifold (B(x OQ , 0, A), g^o) 
is locally a Riemannian product of a compact surface of positive curvature with a 
one-manifold. Since this is true for every A < 00 sufficiently large, the same is true 
for (Moo,5oo)- Hence (Mx>,<?oo) has a one- or two-sheeted covering that is a global 
Riemannian product of a compact surface and one-manifold. Clearly, in this case 
the curvature of (Mx>,goo) is bounded. 

If Mqo is compact, then it is clear that the curvature is bounded. 

It remains to consider the case where (Mqo, goo) is non-compact and of strictly 
positive curvature. Since any point of curvature greater than 4 has a (2C, 2e)- 
canonical neighborhood, and since M^ is non-compact, it follows that the only 
possible canonical neighborhoods for x £ M m are a 2e-neck centered at x or (2C, 2e)- 
cap whose core contains x. Each of these canonical neighborhoods contains a 2e-neck. 
Thus, if (Moo,goo) has unbounded and positive Riemann curvature or equivalently, 
it has unbounded scalar curvature, then it has (2C, 2e)-canonical neighborhoods 
of arbitrarily small scale, and hence 2e-necks of arbitrarily small scale. But this 
contradicts Proposition 12.191 It follows from this contradiction that the curvature 
of (Moo, goo) is bounded. □ 

To complete the proof of Theorem 111.11 it remains to extend the limit for the 
time-slices of the (A4 n ,G n ) that we have just constructed to a limit flow defined 
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for some positive amount of time backward. Since the curvature of (M^^g^) is 
bounded, this implies that there is a bound, Q, such that for any A < oo the 
curvature of the restriction of Q n G n to Bq n G n {x n , 0, A) is bounded by Q for all 
n sufficiently large. Thus, we can take the constant Q(A) in Corollary 111.31 to be 
independent of A. According to that corollary this implies that there is a t' > and 
Q' < oo such that for every A there is an embedding BQ n G„(xN, 0, A) x (— 1' ,0] — ► 
M n compatible with time and with the vector field so that the scalar curvature of 
the restriction of Q n G n to the image is bounded by Q' for all n sufficiently large. 
This uniform bound on the scalar curvature yields a uniform bound, uniform in 
the sense of being independent of n, on |RmQ n <2 n | on the image of the embedding 
B QnGn (x N ,0,A)x(-t' o ,0]. 

Then by Hamilton's result, Proposition l5.14l we see that, after passing to a further 
subsequence, there is a limit flow defined on (—t' , 0]. Of course, the zero time-slice of 
this limit flow is the limit (Moo, 5oo)- This completes the proof of Theorem 1 11.11 □ 

2. Long-time blow-up limits 

Now we wish to establish conditions under which we can, after passing to a 
further subsequence, establish the existence of a geometric limit flow defined on 
— oo < t < 0. Here is the main result. 

Theorem 11.8. Suppose that {(Ai n ,G n ,x n )}^ =1 is a sequence of generalized 
3- dimensional Ricci flows satisfying all the hypothesis of Theorem Suppose 
in addition that there is Tq with < To < oo such that the following holds. For 
any T < Tq, for each A < oo, and all n sufficiently large, there is an embedding 
B(x n , t n , AQ n 1//2 ) x (t n — TQ^ 1 , t n ] into M n compatible with time and with the vector 
field and at every point of the image the generalized flow is n-non- collapsed on scales 
< r. Then, after shifting the times of the generalized flows so that t n = for all n 
and passing to a subsequence there is a geometric limit Ricci flow 

(Moo, 9oo {t),Xoo), -T < t < 0, 

for the rescaled generalized flows (Q n Mn, QnG n , x n ). This limit flow is complete and 
of non-negative curvature. Furthermore, the curvature is locally bounded in time. If 
in addition Tq = oo, then it is a n-solution. 

Remark 11.9. Let us point out the differences between this result and Theo- 
rem lll.ll The hypotheses of this theorem include all the hypotheses of Theorem 1 11.11 
The main difference between the conclusions is that in Theorem 1 1 1 . 1 1 the amount of 
backward time for which the limit flow is defined depends on the curvature bound 
for the final time-slice of the limit (as well as how far back the flows in the sequence 
are defined). This amount of backward time tends to zero as the curvature of the 
final time-slice limit tends to infinity. Here, the amount of backward time for which 
the limit flow is defined depends only on how far backwards the flows in the sequence 
are defined. 

Proof. In Theorem 1 1 1 . 1 1 we proved that, after passing to a subsequence, there 
is a geometric limit Ricci flow, complete of bounded non-negative curvature, 

(Moo,5oo(*),^oo), ~to<t< 0, 
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defined for some to > 0. Our next step is to extend the limit flow all the way back 
to time —To. 

Proposition 11.10. With the notation of, and under the hypotheses of The- 
orem [TOl suppose that there is a geometric limit flow (M 00 ,g 00 (t)) defined for 
—T < t < which has non-negative curvature locally bounded in time. Suppose that 
T < Tq . Then the curvature of the limit flow is bounded and the geometric limit flow 
can be extended to a flow with bounded curvature defined on (— (T + 5), 0] for some 



Proof. The argument is by contradiction, so we suppose that there is a T < Tq 
as in the statement of the proposition. Then the geometric limit flow on (— T, 0] is 
complete of non-negative curvature and with the curvature locally bounded in time. 
First suppose that the scalar curvature is bounded by, say Q < oo. Fix T' < T. 
The Riemannian manifold (Moo, 9oo(T')) is complete of non-negative curvature with 
the scalar curvature, and hence the norm of the Riemann curvature, bounded by Q. 
Thus, for any A < oo for all n sufficiently large, the norm of the Riemann curvature 
of Q n G n (—T') on BQ n G„( x n, —T, A) is bounded above by 2Q. Also, arguing as 
in the proof of Theorem 111.11 we see that any point y £ Mqo with R(y, —T') > 
4 has a (2C, 2e)-canonical neighborhood. Hence, applying Lemma 111.21 as in the 
argument in the proof of Corollary 111.31 shows that for all n sufficiently large, every 
point in BQ n G n {x n , —T' , A) has a uniform size parabolic neighborhood on which 
the Riemann curvature is uniformly bounded, where both the time interval in the 
parabolic neighborhood and the curvature bound on this neighborhood depend only 
on C and the curvature bound on Q for the limit flow. According to Hamilton's 
result (Proposition I5,14"|) this implies that, by passing to a further subsequence, we 
can extend the limit flow backward beyond —T' a uniform amount of time, say 25. 
Taking T" > T — 5 then gives the desired extension under the condition that the 
scalar curvature is bounded on (— T, 0]. 

It remains to show that, provided that T < Tq, the scalar curvature of the limit 
flow (Moo, 9oc(t)), —T < t < 0, is bounded. To establish this we need a couple of 
preliminary results. 

Lemma 11.11. Suppose that there is a geometric limit flow defined on (— T, 0] for 
some < T < Tq with T < oo. We suppose that this limit is complete with non- 
negative curvature, and with curvature locally bounded in time. Suppose that X C 
Mqo is a compact, connected subset. If min xg x(-Rg 00 ( a; ) t)) is bounded, independent 
oft, for all t £ (-T, 0], then there is a finite upper bound on R gaa (x, t) for all x G X 
and all t £ (-T, 0]. 

PROOF. Let us begin with: 

Claim 11.12. Let Q be an upper bound on R(x, 0) for all x £ Mqo- Then for any 
points x, y G Mqo and any t £ (— T, 0] we have 
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Proof. Fix —to G (— T, 0]. Then for any e > sufficiently small, by the Harnack 
inequality (the second result in Theorem I4.37|) we have 

dR, s R(x,t) 
-5rOM)> 



dt v ' ' ~ t + T-e 
Taking the limit as e — > gives 

9R (x t) > R M 

and hence, fixing x, 

dR(x,t) ^ -dt 



R(x,t) ~ (t + T) 
Integrating from —to to shows that 

log(i?(x, 0)) - log(#(x, -t )) > log(T - t ) - log(T), 

and since R(x, 0) < Q, this implies 

R(x,-t ) < Q—^—. 

l — 1 

Recalling that n = 3 and that the curvature is non-negative we see that 

Ric(x, -t ) < (n - 1) — — — . 
v u; _ v 1 2 T-t Q 

Hence by Corollary 13.261 for all —to G (— T, 0] we have that 

f° I QT Iq 
dist_ to (x, y) < dist (x, y) + 8 J J 3 ^ T + ^ ^ dist (x, y) + 16y —T. 



□ 



It follows immediately from this claim that any compact subset X C M m has 
uniformly bounded diameter under all the metrics goo(t)', —T < t < 0. 

By the hypothesis of the lemma there is a constant C < oo such that for each 
t G (— T, 0] there is yt G X with R goo (yt,t) < C . Suppose that the conclusion of 
the lemma does not hold. Then there is a sequence t m — * —T as m — > oo and 
points z m £ X such that R goo (z rn ,t rn ) — > oo as m — > oo. In this case, possibly 
after redefining the constant C", we can also assume that there is a point y m such 
that 2 < R(y m ,t m ) < C . Since the sequence (Ai n ,Q n G n ,x n ) converges smoothly 
to (Mqo, 9oo(t), a?oo) ^ or * e ( — 0], it follows that for each m there are sequences 
{y m ,n G -A/f n }£° =1 and {z m>n G .A/f n }£° =1 with t(y m , n ) = t(z m>n ) = t m converging to 
(ym,t m ) and (z m ,t m ) respectively. Thus, for all m there is no = no(m) such that 
for all n > no we have: 

(1) l<R QnGn (ym,n)<2C', 

(2) Rq 

(3) rfo„G„((l/ mi ™),(^,n)) < 2diam goo(tm) (X). 

Because of the third condition and the fact that X has uniformly bounded diameter 
under all the metrics Sbo(i) for t G (— T, 0], the distance dQ mn c m ,S z m,m ym,n) IS 
bounded independent of m and n as long as n > no- Because of the fact that 
RQ n G n (ym,n) > 1 = R(x n ), it follows that any point z G .M„ with t(z m ) < t m 
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and with R(z) > AR(y 

m ,n) has a strong (C, e)-canonical neighborhood. This then 
contradicts Theorem I1U.2I and completes the proof of the lemma. □ 

Clearly, this argument will be enough to handle the case when M m is compact. 
The case when M m is non-compact uses additional results. 

Lemma 11.13. Let (M,g) be a complete, connected, non-compact manifold of 
non-negative sectional curvature and let xo £ M be a point. Then there is D > 0, 
such that for any y £ M with d{xQ, y) = d> D, there is x £ M with d(y, x) = d and 
with d(xo,x) > 3d/2. 

Proof. Suppose that the result is false for (M,g) and x £ M. Then there is 
a sequence y n £ M such that setting d n = d(x, y n ) we have lim n ,_ >0 od n = oo and 
yet B(y n ,d n ) C B(x,3d n /2) for every n. Let 7 n be a minimal geodesic from x to 
y n . By passing to a subsequence we arrange that the 7 n converge to a minimal 
geodesic ray 7 from x to infinity in M. In particular, the angle at x between j n and 
7 tends to zero as n — > 00. Let w n be the point on 7 at distance d n from x, and 
let a n = d(y n ,w n ). Because (M,g) has non-negative curvature, by Corollary 12.51 
Imxn-xxOin/ d n = 0. In particular, for all n sufficiently large, a n < d n . This implies 
that there is a point z n on the sub-ray of 7 with endpoint w n at distance d n from 
y n . By the triangle inequality, d{w n ,z n ) > d n — a n . Since 7 is a minimal geodesic 
ray, d(z,z n ) = d(z,w n ) + d(w n ,z n ) > 2d n — a n . Since a n /d n — > as n — ► 00, it 
follows that for all n sufficiently large d(z,z n ) > 3d n /2. This contradiction proves 
the lemma. □ 

Claim 11.14. Fix D < 00 greater than or equal to the constant given in the 
previous lemma for the Riemannian manifold (-A</oo5i?oo(0)) and the point Xqo* 

We 

also choose D > 32\J~^T. Then for any y £ M m \ B{x 00 ,{),D) the scalar curvature 
R goo {y,t) is uniformly bounded for all t £ (— T, 0]. 

Proof. Suppose this does not hold for some y £ \ B(x 00 , 0, D). Let d = 
do(xoo,y)- Of course, d > D. Thus, by the lemma there is z £ M m with do(y, z) = d 
and do(x oc ,z) > 3d/2. Since the scalar curvature R(y,t) is not uniformly bounded 
for all t £ (— T, 0], there is t for which R{y, t) is arbitrarily large and hence (y, t) has 
an (2C, 2e)-canonical neighborhood of arbitrarily small scale. By Claim 111.121 we 

have dt (xoo, y) < d + ^^J^T and d t {y, z) < d + &\J~^T. Of course, since Ric > the 
metric is non-increasing in time and hence d < mm(dt(y,z),dt(x 00 ,y)) and 3d/2 < 
dt(xo,z). Since y has a (2C, 2e)-canonical neighborhood in (Moo, goo(t)), either y is 
the center of an 2e-neck in (M^, goo(t)) or V is contained in the core of a (2C, 2e)- 
cap in (Moo, <7oo(t)). (The other two possibilities for canonical neighborhoods require 
that Mqo be compact.) 

Claim 11.15. y cannot lie in the core of a (2C, 2e)-cap in (Moo, <?oo(£)) ? an d hence 
it is the center of a 2e-neck N in (Mqo, <?oo(^))- Furthermore, minimal g(t)- geodesies 
from y to x^ and z exit out of opposite ends of N (see Fig. [7]j. 

Proof. Let C be a (2C, 2e)-canonical neighborhood of y in (M m , goo(t)). Since 
R(y,t) can be arbitrarily large, we can assume that d > 2CR(y)~ 1 / 2 , which is a 
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Figure 1. Minimal geodesies in necks and caps 

bound on the diameter of C. This means that minimal g(i)-geodesics 7 Xoo and -f z 
connecting y to and to z, respectively, must exit from C. Let a be a point on 
7zoc ^ ^ dose t° the complement of C. Let 6 be a point at the same g(i)-distance 
from y on j z . In the case that C is a cap or that it is a 2e-neck and j Xac and j z exit 
from the same end, then dt(b,y)/dt(a,y) < Aire. This means that the angle of the 
Euclidean triangle with these side lengths at the point corresponding to y satisfies 

coa(0) > 1 - ^f. 
Recall that Q is the maximum value of R(x, 0), and that by Claim n~l,12l we have 




d < dt(zoo,y) < d+ 16) 

with the same inequalities holding with dt(z,y) replacing d^x^^y). Also, by con- 
struction d > We set ao = dt(^oo ; y) arid a\ = dt(z,y). Then by the 
Toponogov property we have 

dt(x, z) 2 < al + a\ — 2aoa\ ^1 - J = (ao - ai) 2 + (47re) 2 aoai. 

Since |ao — a\\ < d/2 and ao,oi < 3d/2 and e < 1/8-7T, it follows that dt(x,z) < d. 
Since distances do not increase under the flow, it follows that do(x,z) < d. This 
contradicts the fact that do(x,z) = d. □ 

It follows that the point y is the center of a (2C, 2e)-neck N in (M 0O ,S , cx)(i)) 
and minimal g(i)-geodesics from y to z and to exit out of opposite ends of N. 
This implies that B(y,t,4:7rR(y,t)~ 1 ^ 2 ) separates Xqo and z. Since the curvature of 
the time-slices is non-negative, the Ricci flow does not increase distances. Hence, 
B(y, 0, 47ri?(y, t)" 1 / 2 ) separates z from Xoo- (Notice that since d > iirR(y, t)~ 1 / 2 , 
neither z nor Xqo lies in this ball.) Thus, if R(y, t) is unbounded as t — > —T then 
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arbitrarily small g(0)-balls centered at y separate z and Xoq. Since y is distinct from 
and z, this is clearly impossible. □ 

Next we establish that the curvature near the base point x^ is bounded for all 
t€(-T,0]. 

Corollary 11.16. Suppose that there is a geometric limit flow (M^, g^^t)) of 
a subsequence defined on (— T, 0] for some T < oo. Suppose that the limit flow 
is complete of non-negative curvature with the curvature locally bounded in time. 
Then for every A < oo the scalar curvature R gao {y,t) is uniformly bounded for all 
(y,t)eB(x oo ,0,A)x(-T,0]. 

Proof. First we pass to a subsequence so that a geometric limit flow 

(Moo, $«,(*), (loo, 0)) 

exists on (— T, 0]. We let Q be the upper bound for R(x, 0) for all x € We now 
divide the argument into two cases: (i) M m is compact, and (ii) M m is non-compact. 
Suppose that M m is compact. By Proposition 14. II we know that 

mm xeMoo (R gac (x,t)) 

is a non-decreasing function of t. Since R gao (x oo ,0) = 1, it follows that for each 
t G (— T, 0], we have xnin x& M x R(x, t) < 1, and hence there is a point xt G M m with 
R(xt, t) < 1. Now we can apply Lemma lll.lll to see that the scalar curvature of 
is bounded on all of M m x (— T, 0]. 

If Mqo is non-compact, choose D as in Lemma lll,14i According to that lemma 
every point in the boundary of B(x 00 , 0, D) has bounded curvature under <7oo(t) for 
all t £ (— T, 0]. In particular, for each t £ (— T, 0] the minimum of R(x,t) over 
B(xoo, 0, -D) is bounded independent of t. Now apply Lemma fl 1.1 II to the closure of 
B(xoo,0, D). We conclude that the curvature of B(xoo,0, D) is uniformly bounded 
for all goa{t) for all t S (— T, 0]. In particular, R(xoo,t) is uniformly bounded for all 

t€(-r,o]. 

Now for any A < oo we apply Lemma lll.lll to the compact subset B(x 00 , 0, A) 
to conclude that the curvature is uniformly bounded on B{x 00l 0, A) x (— T, 0]. This 
completes the proof of the corollary. □ 

Now let us return to the proof of Proposition 111.101 

Claim 11.17. For each A < oo and for all n sufficiently large, there are 5 > 
with 5 < To — T and a bound, independent of n, on the scalar curvature of the 
restriction of Q n G n to B QnGn (x n , 0, A) x [—{T + S),0]. 

Proof. Fix A < oo and let K be the bound for the scalar curvature of on 
B(xoo, 0, 2A) x (— T, 0] from Corollarv lll.161 Lemma [11.21 shows that there are 5 > 
and a bound in terms of K and C on the scalar curvature of the restriction of Q n G n 
to B QnGn (x n ,0,A) x [_(T + 5),0]. □ 

Since the scalar curvature is bounded, by the assumption that either the curvature 
is pinched toward positive or the Riemann curvature is non-negative, this implies 
that the sectional curvatures of Q n G n are also uniformly bounded on the products 
RQnG n ( x n, 0, A) x [— (T + <5),0] for all n sufficiently large. Consequently, it follows 
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that by passing to a further subsequence we can arrange that the — T time-slices of 
the (M. n , G n , x n ) converge to a limit (Moo, 9oo(— T)). This limit manifold satisfies 
the hypothesis of Proposition 12.191 and hence, by that proposition, it has bounded 
sectional curvature. This means that there is a uniform 5 > such that for all n 
sufficiently large and for any A < oo the scalar curvatures (and hence the Riemann 
curvatures) of the restriction oiQ n G n to B-Q n G n (x n ,0, A) x [— (T+S), 0] are uniformly 
bounded. This allows us to pass to a further subsequence for which there is a 
geometric limit defined on (— (T + 5/2),— T]. This geometric limit is complete of 
bounded, non-negative curvature. Hence, we have now constructed a limit flow on 
(— (T + 5/2), 0] with the property that for each t € (— (T + 5/2), 0] the Riemannian 
manifold (M,g(t)) is complete and of bounded non-negative curvature. (We still 
don't know whether the entire flow is of bounded curvature.) But now invoking 
Hamilton's Harnack inequality (Theorem l4.37p . we see that the curvature is bounded 
on [— T, 0]. Since we already know it is bounded in (— T + 5/2, —T], this completes 
the proof of the proposition. □ 

It follows immediately from Proposition 1 1 1 . 101 that there is a geometric limit flow 
defined on (—To, 0]. The geometric limit flow on (—To, 0] is complete of non-negative 
curvature, locally bounded in time. 

It remains to prove the last statement in the theorem. So let us suppose that 
To = oo. We have just established the existence of a geometric limit flow defined 
for t G (—oo,0]. Since the (A4 n , G n ) either have curvature pinched toward positive 
or are of non-negative curvature, it follows from Theorem 15.331 that all time-slices 
of the limit flow are complete manifolds of non-negative curvature. Since points 
of scalar curvature greater than 4 have (2C, 2e)-canonical neighborhoods, it follows 
from Proposition 12.191 that the curvature is bounded on each time-slice, and hence 
universally bounded by the Harnack inequality (Theorem l4.37p . Since for any A < oo 
and every T < oo the parabolic neighborhoods BQ n G„( x n, 0, A) x [— T, 0] are K-non- 
collapsed on scales Q n r for every n sufficiently large, the limit is K-non-collapsed on 
scales < lim^^ooQ^r. Since r > and lim.n—.ooQn = oo, it follows that the limit 
flow is K-non-collapsed on all scales. Since RQ n c n (x n ) = 1, R gca (x oo ,0) = 1 and the 
limit flow is non-flat. This establishes all the properties need to show that the limit 
is a K-solution. This completes the proof of Theorem 111.81 □ 

3. Incomplete smooth limits at singular times 

Now we wish to consider smooth limits where we do not blow up, i.e., do not 
rescale the metric. In this case the limits that occur can be incomplete, but we have 
strong control over their ends. 

3.1. Assumptions. We shall assume the following about the generalized Ricci 
flow (M,G): 

Assumption 11.18. (a) The singular times form a discrete subset of M, and 
each time slice of the flow at a non-singular time is a compact 3-manifold. 
(b) The time interval of definition of the generalized Ricci flow (M, G) is con- 
tained in [0, oo) and its curvature is pinched toward positive. 
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(c) There are ro > and C < oo, such that any point x £ M. with R(x) > r^ 2 
has a strong (C, e)-canonical neighborhood. In particular, for every x £ M 
with R(x) > the following two inequalities hold: 



dR(x) 



< CR 2 ( 



dt 

\VR{x)\ < CR 3/2 (x). 

With these assumptions we can say quite a bit about the limit metric at time T. 

Theorem 11.19. Suppose that (M,G) is a generalized Ricci flow defined for 
< t < T < oo satisfying the three assumptions given in \11.18l Let T~ < T be 
such that there is a diffeomorphism p: M T - x [T - ,T) — » t -1 ([T~,T)) compatible 
with time and with the vector field. Set M = M T - and let g(t), T~ < f <T, be the 
family of metrics p*G(t) on M . Let C M be the subset of defined by 

(] = {i6 M\limmf t ^ T R g {x,t) < oo} . 

Then Q C M is an open subset and there is a Riemannian metric g(T) with the 
following properties: 

(1) As t — > T the metrics g(t)\n limit to g(T) uniformly in the C°° -topology on 
every compact subset ofQ. 

(2) The scalar curvature R(g(T)) is a proper function from — > E and is 
bounded below. 

(3) Let 

M = Mu nx[T - tT) (fix[r,Tj). 

Then the generalized Ricci flow (M,G) extends to a generalized Ricci flow 
(M, G). 

(4) Every end of a connected component of Vt is contained in a strong 2e-tube. 

(5) Any point x € x {T} with R(x) > r^ 2 has a strong (2C, 2e)- canonical 
neighborhood in A4 . 

Remark 11.20. Recall that by definition a function / is proper if the pre- image 
under / of every compact set is compact. 

In order to prove this result we establish a sequence of lemmas. The first in the 
series establishes that f2 is an open subset and also establishes the first two of the 
above five conclusions. 

Lemma 11.21. Suppose that (A4,G) is a generalized Ricci flow defined for < 
t < T < oo satisfying the three assumptions given in \ll.l£i[ Let T' < T be as in the 
previous theorem, set M = M T - , and let g(t) be the family of metrics on M and 
let Q C M , each being as defined in the previous theorem. Then VL C M is an open 
subset of M . Furthermore, the restriction of the family g(t) to 0, converges in the 
C°° -topology, uniformly on compact sets of SI, to a Riemannian metric g(T). Lastly, 
R{g{T)) is a proper function, bounded below, from 0, to M. 
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Proof. We pull back GtoMx [T~,T) to define a Ricci flow (M,g(t)), T~ < 
t < T. Suppose that Then there is a sequence t n — ► T as n — » oo such that 

t n ) is bounded above, independent of n, by say Q. For all n sufficiently large 
we have T — t n < igc ^q 2+ ■ Fix such an n. Then, according to the Lemma lll.2t 

there is r > such that R(y,t) is uniformly bounded for y £ B(x,t n ,r) x [t n , T). 
This means that B(x,t n ,r) C f2, proving that f2 is open in M. 

Furthermore, since R(y,t) is bounded on B(x,t n ,r) x [t n ,T), it follows from 
the curvature pinching toward positive hypothesis that |Rm(y, t)| is bounded on 
B(x,t n ,r) x [t n , T). Now applying Theorem 13.281 we see that in fact Rm is bounded 
in the C°°-topology on B(x,t n ,r) x [(t n + T)/2,T). The same is of course also 
true for Ric and hence for ^ in the C°°-topology. It then follows that there is a 
continuous extension of g to B(x,t n ,r) x [f n ,T]. Since this is true for every x £ 0, 
we see that g(t) converges in the C°°-topology, uniformly on compact subsets of Q, 
to g(T). 

Lastly, let us consider the function R(g(T)) on 0. Since the metric g{T) is 
a smooth metric on f2(T), this is a smooth function. Clearly, by the curvature 
pinching toward positive hypothesis, this function is bounded below. We must show 
that it is proper. Since M is compact, it suffices to show that if x n is a sequence 
inflcM converging to a point x £ M \ Q then R(x n ,T) is unbounded. Suppose 
that R(x n ,T) is bounded independent of n. It follows from Lemma 111 .21 that there 
is a positive constant At such that R(x n ,t) is uniformly bounded for all n and all 
t £ [T — At, T), and hence, by the same result, there is r > such that R(y n ,t) 
is bounded for all n, all y n £ B(x n ,T — At, r), and all t £ [T — At, T). Since the 
x n — ► x £ M, it follows that for all n sufficiently large that x £ B(x n ,T — At, r), 
and hence R(x, t) is uniformly bounded as t — > T. This contradicts the fact that 
x Q. □ 

Definition 11.22. Let 

M = Mu nx[T - tT) (fix[r,T]). 

Since both Ai and 17 x [T~ , T] have the structure of space-times and the time 
functions and vector fields agree on the overlap, M inherits the structure of a space- 
time. Let G'(t), T~ < t < T, be the smooth family of metrics on £1. The horizontal 
metrics, G, on M and this family of metrics on Q, agree on the overlap and hence 
define a horizontal metric G on M. Clearly, this metric satisfies the Ricci flow 
equation, so that (Ai, G) is a generalized Ricci flow extending (M, G). We call this 
the maximal extension of (Ai, G) to time T. Notice that even though the time-slices 
Mt of A4 are compact, it will not necessarily be the case that the time-slice f2 is 
complete. 

At this point we have established the first three of the five conclusions stated in 
Theorem 111.191 Let us turn to the last two. 

3.2. Canonical neighborhoods for (Ai,G). We continue with the notation 
and assumptions of the previous subsection. Here we establish the fifth conclusion in 
Theorem lll,19| namely the existence of strong canonical neighborhoods for (M, G) 
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Lemma 11.23. For any x G Q x {T} with R(x,T) > r 2 one of the following 
holds: 

(1) (x,T) is the center of a strong 2e-neck in (Ai,G). 

(2) There is a (2C,2e)-cap in (U(T), G(T)) whose core contains (x,T). 

(3) There is a 2C -component of tt(T) that contains (x,T). 

(4) There is a 2e-round component of Q(T) that contains (x,T). 

Proof. We fix x £ O(T) with R(x,T) > r^ 2 . First notice that for all t < T 
sufficiently close to T we have R(x,t) > r^ 2 . Thus, for all such t the point (x,t) 
has a strong (C, e)-canonical neighborhood in (Ai, G) C (M, G). Furthermore, since 
\\m.t^TR{x, t) = R(x, T) < oo, for all t < T sufficiently close to T, there is a constant 
D < oo such that for any point y contained in a strong (C, e)-canonical neighborhood 
containing (x,t), we have D^ 1 R(x,T) < R(y,t) < DR(x,T). Again assuming that 
t < T is sufficiently close to T, by Lemma 111.21 there is D' < oo depending only on 
D, t, and ro such that the curvature R(y,T) satisfies (£>') 1 R(x,T) < R(y,T) < 
D'R(x,T). By Lemma 1 1 1 . 2 1 1 this implies that there is a compact subset K C O(T) 
containing all the (C, e)-canonical neighborhoods for (x,t). By the same lemma, 
the metrics G(t)\x converge uniformly in the C^-topology to G(T)\k. If there is a 
sequence of t converging to T for which the canonical neighborhood of (y, t) is an 
e-round component, resp. a C-component, then (y,T) is contained in a 2e-round, 
resp. a 2C-component of f2. If there is a sequence of t n converging to T so that 
each (y, t n ) has a canonical neighborhood C n that is a (C, e)-cap whose core contains 
(y, t n ), then by Proposition 19. 791 since these caps are all contained in a fixed compact 
subset K and since the G(t n )\K converge uniformly in the C°°-topology to G(T)\k, 
it follows that for any n sufficiently large, the metric G(T) restricted to C n contains 
a (2C, 2e)-cap C whose core contains (y,T). 
Now we examine the case of strong e-necks. 

Claim 11.24. Fix a point x £ 0. Suppose that there is a sequence t n — > T such 
that for every n, the point (x, t n ) is the center of a strong e-neck in M. Then (x, T) 
is the center of a strong 2e-neck in Ai. 

Proof. By an overall rescaling we can assume that R(x, T) = 1. For each n let 
N n C Q and let tp n : S 2 x (— e -1 ^ -1 ) — > N n x {t} be a strong e-neck centered at 
(x,t n ). Let B = B{x, T, 2e _1 /3). Clearly, for all n sufficiently large B C -/V n . Thus, 
for each point y £ B and each n there is a flow line through y defined on the interval 
(t n — R(x, tn)' 1 , t n ]. Since the t n — > T and since R(x, t n ) — > T) = 1 as n — > cxd, 
it follows that there is a flow line through y defined on (T — 1, T]. 
Consider the maps 

a n : B x (-1,0] -> At 
that send to the value at time t n — tR{x,t n )~ 1 of the flow line through y. 

Pulling back the metric R(x,t n )G by a n produces the restriction of a strong e-neck 
structure to B. The maps a n converge uniformly in the C°°-topology to the map 
a: B x (—1,0] — > M defined by sending (y,t) to the value of the flowline through 
(y, T) at the time T—t. Hence, the sequence of metrics a n (R(x, t n ))G on B x (—1, 0] 
converges uniformly on compact subsets of B x (— 1, 0] in the C°°-topology to the 
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family a*(G). Then, for all n sufficiently large, the image ip n (S 2 x (— e~ 1 /2, e~ 1 /2)) 
is contained in B and has compact closure in B. Since the family of metrics i\)* n G 
on B converge smoothly to ip*G, it follows that for every n sufficiently large, the 
restriction of tp n to S 2 x (— e /2, e -1 /2) gives the coordinates showing that the 
restriction of the family of metrics tp*(G) to the image ip n (S 2 x (— e~ 1 /2, e~ 1 /2)) is 
a strong 2e-neck at time T. □ 

This completes the proof of the lemma. □ 

The lemma tells us that every point x G Q x {T} with R(x) > r^ 2 has a strong 
(2C, 2e)-canonical neighborhood. Since, by assumption, points at time before T 
with scalar curvature at least r^ 2 have strong (C, e)-canonical neighborhoods, this 
completes the proof of the fifth conclusion of Theorem lll.l9i It remains to establish 
the fourth conclusion of that theorem. 

3.3. The ends of (0,#(T)). 

Definition 11.25. A strong 2e-horn in (Q, g(T)) is a submanifold of f2 diffeo- 
morphic to S 2 x [0, 1) with the following properties: 

(1) The embedding t/j of S 2 x [0, 1) into U is a proper map. 

(2) Every point of the image of this map is the center of a strong 2e-neck in 
(M, G). 

(3) The image of the boundary S 2 x {0} is the central sphere of a strong 2e-neck. 

Definition 11.26. A strong double 2e-horn in (f2,g(T)) is a component of f2 
diffeomorphic to S 2 x (0, 1) with the property that every point of this component is 
the center of a strong 2e-neck in M. This means that a strong double 2e-horn is a 
2e-tube and hence is a component of Q diffeomorphic to S 2 x (—1, 1). Notice that 
each end of a strong double 2e-horn contains a strong 2e-horn. 

For any C < oo, a C'-capped 2e-horn in (Q, g{T)) is a component of Q that is a 
the union of a the core of a (C, 2e)-cap and a strong 2e-horn. Such a component is 
diffeomorphic to an open 3-ball or to a punctured RP 3 . 

See Fig. [2j 

Definition 11.27. Fix any p, < p < r . We define fl p C to be the closed 
subset of all x G Q for which R(x,T) < p~ 2 . We say that a strong 2e-horn tp: S 2 x 
[0, 1) — ► O has boundary contained in Q p if its boundary, il)(S 2 x {0}), is contained 
in £lp. 

Lemma 11.28. Suppose that < p < ro and that Q° is a component of $7 which 
contains no point of £l p . Then one of the following holds: 

(1) Q° is a strong double 2e-horn and is diffeomorphic to S 2 x R. 

(2) Q° is a 2C -capped 2e-horn and is diffeomorphic to R 3 or to a punctured 
MP 3 . 

(3) Q° is a compact component and is the union of the cores of two (2C, 2e)-caps 
and a strong 2e-tube. It is diffeomorphic to S s , RP 3 orRP 3 #RP 3 . 

(4) Q° is a compact 2e-round component and is diffeomorphic to a compact 
manifold of constant positive curvature. 
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Figure 2. Horns. 

(5) Q° is a compact component that fibers over S 1 with fibers S 2 . 

(6) Q° is a compact 2C -component and is diffeomorphic to S 3 or to MP 3 . 
See Fig 

Proof. Let Cl° be a component of f2 containing no point of Q p . Then for every 
x G Q°, we have R(x,T) > r^ 2 . Therefore, by Lemma QX23] (x, T) has a (2C,2e)- 
canonical neighborhood. Of course, this entire neighborhood is contained in M 
and hence is contained in Q° (or, more precisely, in the case of strong 2e-necks in 
the union of maximum backward flow lines ending at points of If the canonical 
neighborhood of (x, T) £ $7° is a 2C-component or is an 2e-round component, then of 
course Cl° is that 2C-component or 2e-round component. Otherwise, each point of 0° 
is either the center of a strong 2e-neck or is contained in the core of a (2C, 2e)-cap. We 
have chosen 2e sufficiently small so that the result follows from Proposition ll9.25l □ 

Remark 11.29. We do not claim that there are only finitely many such compo- 
nents; in particular, as far as we know there may be infinitely double 2e-horns. 

It follows immediately from this lemma that if X is a component of Q not con- 
taining any point of $l p , then every end of X is contained in a strong 2e-tube. To 
complete the proof of Theorem lll.191 it remains only to establish the same result for 
the components of Vt that meet £l p . That is part of the content of the next lemma. 

Lemma 11.30. Let (Ai,G) be a generalized 3- dimensional Ricci flow defined for 
< t < T < oo satisfying Assumptions \11.TR Fix < p < r$. Let be the 

union of all components o/O containing points of£l p . Then has finitely many 
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Figure 3. Components of f2 disjoint from Q p . 

components and is a union of a compact set and finitely many strong 2e-horns each 
of which is disjoint from f2 p and has its boundary contained in £l p /2C ■ 

Proof. Since R: Q x {T} — » R is a proper function bounded below, £l p is 
compact. Hence, there are only finitely many components of Q containing points of 
Q p . Let be a non-compact component of Q containing a point of Q p , and let £ 
be an end of Q°. Let 

X = {x e n°\R(x) > 2C 2 p- 2 }. 

Then X is a closed set and contains a neighborhood of the end £. Since Q° contains 
a point of Q p , fi° \ X is non-empty. Let Xq be the connected component of X that 
contains a neighborhood of £. This is a closed, connected set every point of which 
has a (2C, 2e)-canonical neighborhood. Since Xq includes an end of 0°, no point of 
Xq can be contained in an e-round component nor in a C-component. Hence, every 
point of Xq is either the center of a strong 2e-neck or is contained in the core of 
a (2C, 2e)-cap. Since 2e is sufficiently small to invoke Proposition 119.211 the latter 
implies that Xq is contained either in a 2e-tube which is a union of strong 2e-necks 
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centered at points of Xq or Xq is contained in a 2C-capped 2e-tube where the core of 
the cap contains a point of Xq. (Xq cannot be contained in a double capped 2e-tube 
since the latter is compact.) In the second case, since this capped tube contains an 
end of f2°, it is in fact equal to Since a point of Xq is contained in the core of the 
(2C, 2e)-cap, the curvature of this point is at most 2C 2 p~ 2 and hence the curvature 
at any point of the cap is at least 2Cp~ 2 > p~ 2 . This implies that the cap is disjoint 
from Sip. Of course, any 2e-neck centered at a point of Xq has curvature at least 
C 2 p~ 2 and hence is also disjoint from S7 p . Hence, if £7° is a 2C-capped 2e-tube and 
there is a point of Xq in the core of the cap, then this component is disjoint from 
Sip, which is a contradiction. Thus, Xq is contained in a 2e-tube made up of strong 
2e-necks centered at points of Xq. 

This proves that Xq is contained in a strong 2e-tube, Y, every point of which has 
curvature > C 2 p~ 2 . Since Xq is closed but not the entire component Sl°, it follows 
that Xq has a frontier point y. Of course, R(y) = 2C 2 p~ 2 . Let N be the strong 
2e-neck centered at y and let Sj^ be its central 2-sphere. Clearly, every y' £ Sjj 
satisfies R(y') < 4C 2 p -2 , so that S 2 ^ is contained in Q p /2C- Let Y' C Y be the 
complementary component of S 2 ^ in Y that contains a neighborhood of the end E. 
Then the closure of Y' is the required strong 2e-horn containing a neighborhood of 
£, disjoint from Q p and with boundary contained in Q p /2C- 

The last thing to see is that there are only finitely many such ends in a given 
component Q°. First suppose that the boundary 2-sphere of one of the 2e- horns is 
homotopically trivial in S7°. Then this 2-sphere separates fi° into two components 
one of which is compact and hence Sl° has only one boundary component. Thus, 
we can assume that all the boundary 2-spheres of the 2e-horns are homotopically 
non-trivial. Suppose that two of these 2e-horns containing different ends of £1° have 
non-empty intersection. Let N be the 2e-neck whose central 2-sphere is the boundary 
of one of the 2e- horns. Then the boundary of the other 2e-horn is also contained 
in N. This means that the union of the two 2e-horns and N is a component of O. 
Clearly, this component has exactly two ends. Thus, we can assume that all the 
2e-horns with boundary in £l p /2C are disjoint. If two of the 2e-horns have boundary 
components that are topologically parallel in Q° n fl p /2c (meaning that they are the 
boundary components of a compact submanifold diffeomorphic to S 2 x /), then $1° 
is diffeomorphic to S 2 x (0, 1) and has only two ends. By compactness of S!p/2C> 
there can only be finitely many disjoint 2e-horns with non-parallel, homotopically 
noon-trivial boundaries in fi° n Q p /2C- This completes the proof of the fact that 
each component of Q p /2C nas only finitely many ends. □ 

This completes the proof of Theorem 111.191 

4. Existence of strong 5-necks sufficiently deep in a 2e-horn 

We keep the notation and assumptions of the previous section. 

Theorem 11.31. Fix p > 0. Then for any 5 > there is an < h = h(5,p) < 
min(/) • 5,p/2C), implicitly depending on r and (C, e) which are fixed, such that for 
any generalized Ricci flow (A4,G) defined for < t < T < oo satisfying Assump- 
tions [TI.18\ and for any 2e-horn 7i of (£l,g(T)) with boundary contained in £l p /2C> 
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every point x G 7i with R(x,T) > h~ 2 is the center of a strong 5-neck in (A4,G) 
contained in Tt. Furthermore, there is a point y G H with R(y) = h~ 2 with the 
property that the central 1-sphere of the 5-neck centered at y cuts off an end of the 
7i disjoint from O p . See FlG. [7} 




Proof. The proof of the first statement is by contradiction. Fix p > and 
5 > and suppose that there is no < h < min(p ■ 5,p/2C) as required. Then 
there is a sequence of generalized Ricci flows (M. n , G n ) defined for < t < T n < oo 
satisfying Assumptions [TT.18I and points x n G M n with t(x n ) = T n contained in 
2e-horns 7i n in Q n with boundary contained in {Q n )p/2C with Q n = R(x n ) — > oo as 
n — > oo but such that no x n is the center of a strong <5-neck in (M. n , G n ). Form the 
maximal extensions, (Ai n , G n ), to time T of the (M. n , G n ). 

Claim 11.32. The sequence (A4 n ,G n , x n ) satisfies the five hypothesis of Theo- 
rem \11.7[ 

Proof. By our assumptions, Hypotheses (1) and (3) of Theorem 111.11 hold for 
this sequence. Also, we are assuming that any point y £ M. n with R(y) > r^ 2 
has a strong (C, e)-canonical neighborhood. Since R(x n ) = Q n — > oo as n — > oo 
this means that for all n sufficiently large, any point y £ M n with R(y) > R(x n ) 
has a strong (C, e)-canonical neighborhood. This establishes Hypothesis (2) in the 
statement of Theorem 111.11 
Next, we have: 

— 1/2 

Claim 11.33. For any A < oo for all n sufficiently large, B(x n ,0, AQ n ) is 
contained in the 2e-horn TC n and has compact closure in A4 n . 

Proof. Any point z G d7i n has scalar curvature at most lGC 2 p~ 2 and there is 
a 2e-neck centered at z. This means that for all y with dc n (z, y) < e~ 1 p/2C we have 
R(y) < 32C 2 p~ 2 . Hence, for all n sufficiently large, dc n {x n , z) > e~ 1 p/2C, and thus 
dQ n G n (x n , z) > Qn e~ l p/2C . This implies that, given A < oo, for all n sufficiently 
large, z BQ n c n (x n , 0, A). Since this is true for all z G dTL n , it follows that for 
all n sufficiently large i?Q nj G n (x n , 0, A) C TL n . Next, we must show that, for all n 
sufficiently large, this ball has compact closure. That is to say, we must show that 
for every A for all n sufficiently large the distance from^S^ El fc IJ T 5 rjle end of the horn 
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7i n is greater than AQ n . If not, then since the curvature at the end of H n goes 
to infinity for each n, this sequence would violate Theorem 110.21 □ 

— 1/2 

Because B[x n , 0, AQ n ) is contained in a 2e-horn, it is k- non-collapsed on scales 
< r for a universal k, > and r > 0. Also, because every point in the horn is the cen- 

— 1/2 

ter of a strong 2e-neck, for every n sufficiently large and every y € B(x n , 0, AQ n ) 
the flow is defined on an interval through y defined for backward time R(y) . 

This completes the proof that all the hypotheses of Theorem 111.11 hold and es- 
tablishes Claim [THM □ 

We form a new sequence of generalized Ricci flows from the (A4 n , G n ) by trans- 
lating by — T n , so that the final time-slice is at t n = 0, where t n is the time function 
for M n - 

Theorem 111.11 implies that, after passing to a subsequence, there is a limit 
flow (Mqo, 9oo(t), (xoo,0)), t G [— £o>0]) defined for some to > for the sequence 
{Qn-Mn-, QnG n , x n ). Because of the curvature pinching toward positive assumption, 
by Theorem 15.331 the limit Ricci flow has non-negative sectional curvature. Of 
course, i?(xoo) = 1 so that the limit (Moo, #00(0)) is non-flat. 

Claim 11.34. (Moo,(foo(0)) is isometric to the product (S 2 ,h) x (R,cLs 2 ), where 
h is a metric of non-negative curvature on S 2 and ds 2 is the usual Euclidean metric 
on the real line. 

Proof. Because of the fact that the (A4 n ,G n ) have curvature pinched toward 
positive, and since Q n tend to 00 as n tends to infinity, it follows that the geometric 
limit (Moo,<?oo) has non- negative curvature. In Ti n take a minimizing geodesic ray 
a n from x n to the end of TC n and a minimizing geodesic (3 n from x n to &H n . As 
we have seen, the lengths of both a n and (3 n tend to 00 as n — > 00. By passing 
to a subsequence, we can assume that the a n converge to a minimizing geodesic 
ray a in (Mqc^oo) and that the (3 n converge to a minimizing geodesic ray (3 in 
(Moo, #00)- Since, for all n, the union of a n and (3 n forms a piecewise smooth ray in 
7i n meeting the central 2-sphere of a 2e-neck centered at x n in a single point and 
at this point crossing from one side of this 2-sphere to the other, the union of a 
and (5 forms a proper, piecewise smooth map of M. to Mqo that meets the central 
2-sphere of a 2e-neck centered at x^ in a single point and crosses from one side to 
the other at the point. This means that Mqo has at least two ends. Since (Mqc^oo) 
has non-negative curvature, according to Theorem 12.131 this implies that M m is a 
product of a surface with R. Since M has non-negative curvature, the surface has 
non-negative curvature. Since M has positive curvature at at least one point, the 
surface is diffeomorphic to the 2-sphere. □ 

According to Theorem 111.11 after passing to a subsequence there is a limit flow 
defined on some interval of the form [— to,0] for to > 0. Suppose that, after passing 
to a subsequence there is a limit flow defined on [— T, 0] for some < T < 00. It 
follows that for any t £ [— T, 0], the Riemannian manifold (M 00 ,5 o(i)) is of non- 
negative curvature and has two ends. Again by Theorem 12.13^ this implies that for 
every t G [— T, 0] the Riemannian manifold (Moo,5oo(i)) is a Riemannian product of 
a metric of non-negative curvature on S 2 with R. Thus, by Corollary HJ2] the Ricci 
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flow is a product of a Ricci flow (S 2 , h(t)) with the trivial flow on (R, ds 2 ). It now 
follows from Corollary 14,141 that for every t G (— T, 0] the curvature of goc(t) on S 2 
is positive. 

Let M n be the zero time-slice of A4 n . Since (M m , g^ , Xqo ) is the geometric limit of 
the (M n , Q n G n (0), x n ), there is an exhausting sequence Xoo G V\ C Vi C • • • of open 
subsets of Mqo with compact closure and embeddings <p n : V n — > M n sending x^ 
to x n such that ip* n (Q n G n (0)) converges in the C°°-topology, uniformly on compact 
sets, to goo. 

Claim 11.35. For any z G Mx> for all n sufficiently large, z G V n , so that <p n (z) 
is defined. Furthermore, for all n sufficiently large, there is a backward flow line 
through (f n (z) in the generalized Ricci flow (Q n Mn,QnG n ) defined on the interval 
(-T— (RQ nGn (tp n (z), 0)/2), 0]. The scalar curvature is bounded above on this entire 
flow line by R(ip n (z),0). 

Proof. Of course, for any compact subset K C M^ and any t' < T for all n 
sufficiently large, K C V n , and there is an embedding (p n {K) x [— 1',0] C Q n M. n 
compatible with time and the vector field. The map f n defines a map Q~ l tp n : K x 
[-Q-H',0] -► M n . Since the scalar curvature of the limit is positive, and hence 
bounded away from zero on the compact set K x [— 1',0] and since Q n — > oo as 
n tends to infinity the following is true: For any compact subset K C M and 
any t' < T, for all n sufficiently large, the scalar curvature of G n on the image 
Qn ll Pn{K) x [— Q~ l t' is greater than r^ 2 , and hence for all n sufficiently large, 
every point in Q~ l ip n (K) x [— Q~ t',0] has a strong (C, e)-canonical neighborhood 
in A4 n . Since having a strong (C, e)-canonical neighborhood is invariant under 
rescaling, it follows that for all n sufficiently large, every point of (p n (K) x [—t',0] 
has a strong (C, e)-canonical neighborhood. 

Next we claim that, for all n sufficiently large and for any t G [— t', 0], the point 
((p n (z),t) is the center of a strong e-neck. We have already seen that for all n 
sufficiently large (if n (z),t) has a strong (C, e)-canonical neighborhood. Of course, 
since M m is non-compact, for n sufficiently large, the canonical neighborhood of 
(ip n (z),t) must either be a (C, e)-cap or a strong e-neck. We shall rule out the 
possibility of a (C, e)-cap, at least for all n sufficiently large. 

To do this, take K to be a neighborhood of (z, 0) in the limit (Moo, goo(0)) with 
the topology of S 2 x / and with the metric being the product of a positively curved 
metric on S 2 with the Euclidean metric on /. We take K to be sufficiently large 
to contain the 2C-ball centered at (z,0). Because the limit flow is the product 
of a positively curved flow on S 2 with the trivial flow on R, the flow is distance 
decreasing. Thus, for every t G [— t', 0] the submanifold K x {t} contains the ball in 
(Mqo, goo (t)) centered at (z,t) of radius 2C. For every n sufficiently large, consider 
the submanifolds (p n (K) x {t} of (M n ,Q n G n (t)). Since the metrics (p* n Q n G n {t) are 
converging uniformly for all t G [— t', 0] to the product flow on K, for all n sufficiently 
large and any t G [— t', 0], this submanifold contains the C-ball centered at ((p n (z), t) 
in (M n ,Q n G n (t)). Furthermore, the maximal curvature two-plane at any point of 
ip n (K) x {t} is almost tangent to the S^-direction of K. Hence, by Lemma ll9.2l the 



290 



11. GEOMETRIC LIMITS OF GENERALIZED RICCI FLOWS 



central 2-sphere of any e-neck contained (p n (K) x {t} is almost parallel to the S 2 - 
factors in the product structure on K at every point. This implies that the central 
2-sphere of any such e-neck is isotopic to the S^-factor of ip n (K) x {t}. Suppose 
that (ip n (z),t) is contained in the core of a (C, e)-cap C. Then C is contained in 
ip n {K) x {t}. Consider the e-neck N C C that is the complement of the core of C. Its 
central 2-sphere, E, is isotopic in K to the 2-sphere factor of K, but this is absurd 
since E bounds a 3-ball in the C. This contradiction shows that for all n sufficiently 
large and all t G [— t', 0], it is not possible for (ip n (z),t) to be contained in the core 
of a (C, e)-cap. The only other possibility is that for all n sufficiently large and all 
t G [— 1',0] the point (ip n (z),t) is the center of a strong e-neck in (M n ,Q n G n (t)). 

Fix n sufficiently large. Since, for all t G [— t', 0], the point ((p n (z),t) is the center 
of a strong e-neck, it follows from Definition 19.781 that for all t G [— 1',0] we have 
R((p n (z),t) < R(cp n (z),0) (this follows from the fact that the partial derivative in 
the time-direction of the scalar curvature of a strong e-neck of scale one is positive 
and bounded away from 0) . It also follows from Definition 19.781 that the flow near 
(ip n (z),—t') extends backwards to time 

with the same inequality for scalar curvature holding for all t in this extended inter- 
val. Applying this for t' < T but sufficiently close to T establishes the last statement 
in the claim, and completes the proof of the claim. □ 

Let Qo be the upper bound of the scalar curvature of (Moo, <?oo(0)). By the 
previous claim, Qo is also an upper bound for the curvature of (M m , (— t')) for any 
t' < T. Applying Theorem [TP] to the flows (M n , Q n G n (t)), -t' - 1 /2 < t < -t' , 
we conclude that there is to depending only on the bound of the scalar curvature 
of (Mqo, 5(00 (— 0)> an d hence depending only on Qo, such that, after passing to a 
further subsequence the limit flow exists for t G [— t' — to, —t?]. Since the limit flow 
already exists on [— 1',0], we conclude that, for this further subsequence, the limit 
flow exists on [—if — to ; 0]. Now apply this with t' = T — to/2. This proves that 
if, after passing to a subsequence, there is a limit flow defined on [— T, 0], then, 
after passing to a further subsequence there is a limit flow defined on [— T — to/2, 0] 
where to depends only on Qo, and in particular, is independent of T. Repeating 
this argument with T+ (to/2) replacing T, we pass to a further subsequence so that 
the limit flow is defined on [— T — to,0]. Repeating this inductively, we can find a 
sequence of subsequences so that for the n subsequence the limit flow is defined on 
[— T — nto, 0]. Taking a diagonal subsequence produces a subsequence for which the 
limit is defined on (— 00, 0]. 

The limit flow is the product of a flow on S 2 of positive curvature defined for t G 
(—00, 0] and the trivial flow on M. Now, invoking Hamilton's result (Corollary I9.50p . 
we see that the ancient solution of positive curvature on S 2 must be a shrinking 
round S 2 . This means that the limit flow is the product of the shrinking round S 2 
with 1R, and implies that for all n sufficiently large there is a strong <5-neck centered 
at x n . This contradiction proves the existence of h as required. 

Now let us establish the last statement in Theorem 111.311 The subset of TC 
consisting of all z G TL with R(z) < p~ 2 is compact (since R is a proper function), 
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and disjoint from any 5-neck of scale h since h < p/2C. On the other hand, for 
any point z G TL with R(z) < p~ 2 take a minimal geodesic from z to the end of TL. 
There must be a point y on this geodesic with R(y) = h~ 2 . The J-neck centered at 
y is disjoint from z (since h < p/2C) and hence this neck separates z from the end 
of Ti. It now follows easily that there is a point y E H with R(y) = h~ 2 and such 
that the central 2-sphere of the <5-neck centered at y divides H into two pieces with 
the non-compact piece disjoint from £l p . □ 

Corollary 11.36. We can take the function h(p, 8) in the last lemma to be < bp, 
to be a weakly monotone non- decreasing function of 5 when p is fixed, and to be a 
weakly monotone non- decreasing function of p when 5 is held fixed. 

Proof. If h satisfies the conclusion of Theorem 111.311 for p and 5 and if p' > p 
and 6 1 > 8 then h also satisfies the conclusion of Theorem 111.311 for p' and 5' . 
Also, any h' < h also satisfies the conclusion of Theorem 111.311 for 5 and p. Take a 
sequence (8 n , p n ) where each of the sequences {5 n } and {p n } is a monotone decreasing 
sequence with limit 0. Then we choose h n = h(p n , 5 n ) < p n 5 n as in the statement of 
Theorem 111.311 We of course can assume that {h n } n is a non-increasing sequence 
of positive numbers with limit 0. Then for any (p, 5) we take the largest n such that 
P > Pn and 5 > 5 n , and we define h(p, 5) to be h n for this value of n. This constructs 
the function h(5, p) as claimed in the corollary. □ 



CHAPTER 12 



The standard solution 

The process of surgery involves making a choice of the metric on a three-ball to 
'glue in'. In order to match approximatively with the metric coming from the flow, 
the metric we glue in must be asymptotic to the product of a round two-sphere and 
an interval near the boundary. There is no natural choice for this metric; yet it 
is crucial to the argument that we choose an initial metric so that the Ricci flow 
with these initial conditions has several properties. Conditions on the initial metric 
that ensure the required properties for the subsequence flow are contained in the 
following definition. 

Definition 12.1. A standard initial metric is a metric go on R 3 with the following 
properties: 

• go is a complete metric. 

• go has non- negative sectional curvature at every point. 

• go is invariant under the usual S'0(3)-action on R 3 . 

• there is a compact ball B C R 3 so that the restriction of the metric go to 
the complement of this ball is isometric to the product (S 2 , h) x (R + , ds 2 ) 
where h is the round metric of scalar curvature 1 on S 2 . 

• go has constant sectional curvature 1/4 near the origin. (This point will be 
denoted p and is called the tip of the initial metric.) 

See Fig. Q] 

Actually, one can work with an alternative weaker version of the fourth condition, 
namely: 

(iv) go is asymptotic at infinity in the C°°-topology to the product of the round 
metric ho on S 2 of scalar curvature 1 with the usual metric ds 2 on the real line. By 
this we mean that if x n £ R 3 is any sequence converging to infinity, then the based 
Riemannian manifolds (M. 3 ,go,x n ) converge smoothly to (S 2 ,ho) x (R, ds 2 ). But we 
shall only use standard initial metrics as given in Definition 112.11 




Figure 1. A standard initial metric. 
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Lemma 12.2. There is a standard initial metric. 

Proof. We construct our Riemannian manifold as follows. Let (xo, x\, x 2 , £3) 
be Euclidean coordinates on M 4 . Let y = f(s) be a function denned for s > and 
satisfying: 

(1) / is C°° on (0, 00) 

(2) f(s) > for all s > 0. 

(3) f"{s) < for all s > 0. 

(4) There is s\ > such that f(s) = \/2 for all s > s\. 

(5) There is s > such that f(s) = y/As — s 2 for all s € [0, s ]. 
Given such a function /, consider the graph 

r = {(x ,xi)|x > and x x = f(x )} 

in the (xq, xi)-plane. We define £(/) by rotating T about the xo-axis in four-space: 

s (i0 = {(xo,Xi,x 2 ,x 3 )\x > and x\ + x\ + x\ = f(x ) 2 }- 

Because of the last condition on /, there is a neighborhood of G £(/) that is 
isometric to a neighborhood of the north pole in the three-sphere of radius 2. Because 
of this and the first item, we see that £(/) is a smooth submanifold of M 4 . Hence, 
it inherits a Riemannian metric go. Because of the fourth item, a neighborhood of 
infinity of (E(f),go) is isometric to (S 2 , h) x (0, 00), and in particular, (£(/), go) is 
complete. Clearly, the rotation action of 50(3) on £(/), induced by the orthogonal 
action on the last three coordinates in IR 4 , is an isometric action with the origin as the 
only fixed point. It is also clear that £(/) is diffeomorphic to M 3 by a diffeomorphism 
that send the 50(3) action to the standard one on R 3 . 

It remains to compute the sectional curvatures of go. Let q G £(/) be a point 
distinct from the fixed point of the SO (3)-action. Direct computation shows that the 
tangent plane to the two-dimensional SO (3)-orbit through q is a principal direction 
for the curvature, and the sectional curvature on this tangent two-plane is given by 

1 

IWOTJW)' 

On the subspace in A 2 T q Y,(f) perpendicular to the line given by this two-plane, the 
curvature is constant with eigenvalue 

-/"(g) 
f(q)(l + f'(qW 

Under our assumptions about /, it is clear that £(/) has non-negative curvature 
and has constant sectional curvature 1/4 near the origin. It remains to choose the 
function / satisfying Items (1) - (5) above. 

Consider the function h(s) = (2 — s)/^J As — s 2 . This function is integrable from 
and the definite integral from zero to s is equal to y/As — s 2 . Let X(s) be a 
non-increasing C°°-function defined on [0,1/2], with A identically one near and 
identically equal to near 1/2. We extend A to be identically 1 for s < and 
identically for s > 1/2. Clearly, 

,3/2 

h(s)X(s - 3/2)ds > / h(s)ds > V2 
Jo 
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and 

,2 ,1/2 

/ h(s)\(s)ds < / < v/2. 

Jo Jo 
Hence, for some so £ (1/2,3/2) we have 

f 2 

/ h(s)\(s - s )ds = y/2. 
Jo 

We define 

f(s) = / h(a)X(a - s )da. 
Jo 

It is easy to see that / satisfies all the above conditions. □ 
The following lemma is clear from the construction. 
Lemma 12.3. There is Aq < oo such that 

(M. 3 \B(0,A ),g(0)) 

is isometric to the product of a round metric on S 2 of scalar curvature 1 with the 
Euclidean metric on [0, oo). There is a constant K < oo such that the volume of 
.E> 9 (o)(0, Aq) is at most K . Furthermore, there is a constant D < oo so that the scalar 
curvature of standard initial metric (M 3 , #(())) is bounded above by D and below by 
D- 1 . 

0.1. Uniqueness and properties: The statement. Fix once and for all 
a standard initial metric go on M 3 . 

Definition 12.4. A partial standard Ricci flow is a Ricci flow (R 3 ,g(t)), < t < 
T, such that g(0) = go and such that the curvature is locally bounded in time. We 
say that a partial standard Ricci flow is a standard Ricci flow if it has the property 
that T is maximal in the sense that there is no extension of the flow to a flow on 
a larger time interval [0, T") with T' > T with the property that the extension has 
curvature locally bounded in time. 

Here is the main result of this chapter. 

Theorem 12.5. There is a standard Ricci flow defined for some positive amount 
of time. Let (lR 3 ,(/(t)), < t < T, be a standard Ricci flow. Then the following 
hold. 

(1) (Uniqueness): If (M 3 , g ; (t)) } < t < T' , is a standard Ricci flow, then 
T = T and g'{t) = g(t). 

(2) (Time Interval): T = 1. 

(3) (Positive curvature): For each t G (0,1) the metric g(t) on M 3 is com- 
plete of strictly positive curvature. 

(4) (S*0(3)-invariance): For each t G [0, T) the Riemannian manifold (M 3 , g(t)) 
is invariant under the SO(3)-action on IR 3 . 

(5) (Asymptotics at oo): For any to < 1 and any e > there is a compact 
subset X of M 3 such that for any x £ M 3 \ X the restriction of the standard 
flow to an appropriate neighborhood of x for time t £ [0, to] is within e in the 
C^ 1 /^ -topology of the product Ricci flow (S 2 x (-e" 1 , e" 1 )), h(t) x ds 2 , < 
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t < to, where h(t) is the round metric with scalar curvature 1/(1 — t) on 
S 2 . 

(6) (Non-collapsing): There are r > and k > such that (M 3 , g(t)), < 
t < 1, is n-non- collapsed on scales less than r. 

The proof of this result occupies the next few subsections. All the properties 
except the uniqueness are fairly straightforward to prove. We establish uniqueness 
by reducing the Ricci flow to the Ricci-DeTurck by establishing the existence of a 
solution to the harmonic map flow in this case. This technique can be made to 
work more generally in the case of complete manifolds of bounded curvature, see 
|12j . but we preferred to give the more elementary argument that covers this case, 
where the symmetries allow us to reduce the existence problem for the harmonic 
map flow to a problem that is the essentially one-dimensional. Also, in the rest 
of the argument one does not need uniqueness, only a compactness result for the 
space of all Ricci flows of bounded curvature on each time-slice with the given initial 
conditions. Kleiner and Lott pointed out to us that this uniqueness can be easily 
derived from the other properties by arguments similar to those used to establish 
the compactness of the space of K-solutions. 



1. Existence of a standard flow 

For any R < oo, denote by Br C M 3 , the ball of radius R about the origin in the 
metric go . For R > Aq + 1, a neighborhood of the boundary of this ball is isometric to 
(S 2 ,h) x ([0,1], ds 2 ). Thus, in this case, we can double the ball, gluing the boundary 
to itself by the identity, forming a manifold we denote by S R . The doubled metric 
will be a smooth Riemannian metric gjt on S R . Let p S S R be the image of the 
origin in the first copy of Br. Now take a sequence, R n , tending to infinity to 
construct based Riemannian manifolds (S Rn , gR n ,p) that converge geometrically to 
(M. 3 ,go,p). For each n, let {S Rn , gn n (t)), < t < T n be maximal Ricci flow with 
(S Rn ,gn n ) as initial metric. The maximum principle applied to Equation (|3.7|) . 
dR/dt = AR + |Ric| 2 , then implies by Proposition 12.231 that the maximum of R 
at time t, R max (t) obeys the inequality <9i? max /<9i < -R m ax(£) 2 5 and integrating this 
inequality (i.e., invoking Lemma [2. 22 p one finds a positive constants to and Qo such 
that for each n, the norm of the scalar curvature of gR n (t) are bounded by Qo ° n 
the interval [0, max(io, T n )). By Corollary 14.141 for each n the sectional curvature 
of the flow (S R ,gR n (t)), < t < T n is non-negative, and hence the sectional 
curvature of this flow is also bounded by Qo on [0j max(io, T n )). It now follows 
from Proposition 14.121 and the fact that the T n are maximal that T n > to for all 
n. Since the Riemann curvatures of the (S R , gR n (t)), < t < to, are bounded 
independent of n, and since the (S Rn , gR n ,p) converge geometrically to (M?,go,p), it 
follows from Theorem 15.151 that there is a geometric limiting flow defined on [0,to)- 
Since this flow is the geometric limit of flows of uniformly bounded curvature, it has 
uniformly bounded curvature. Taking a maximal extension of this flow to one of 
locally bounded curvature gives a standard flow. 
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2. Completeness, positive curvature, and asymptotic behavior 

Let (M 3 ,g(t)), t E [0, T), be a partial standard solution. Let yi — > oo be the 
sequence of points in M 3 converging to infinity. From the definition we see that the 
based Riemannian manifolds (M 3 ,go>2/«) converge smoothly to (S 2 x IR, /i(0) x ds 2 ) 
where h(0) is the round metric of scalar curvature 1 on S 2 . 

Let us begin by proving the third item in the statement of Theorem 112.51 

Lemma 12.6. For each to E [0, T) the Riemannian manifold (M 3 ,g(to)) is com- 
plete and of positive curvature. 

PROOF. Fix t E [0,T). By hypothesis (R 3 ,g(t)), < t < t has bounded 
curvature. Hence, there is a constant C < oo such that g(0) < Cg(to), so that for 
any points x,y E M 3 , we have do(x,y) < VCdt (x,y). Since g(0) is complete, this 
implies that g(to) is also complete. 

Now let us show that (M, <?(io)) has non-negative curvature. Here, the argument 
is the analogue of the proof of Corollary 14. 131 with one additional step, the use of a 
function p> to localize the argument. Suppose this is false, i.e., suppose that there is 
x E M with Rm(x, to) having an eigenvalue less than zero. Since the restriction of 
the flow to [0, to] is complete and of bounded curvature, according to [33 J for any 
constants C < 00 and n > and any compact subset K C M x [0, to] there is e > 
and a function <p: M x [0, to] — > M with the following properties: 

(1) <p\k < V- 

(2) ip > e everywhere. 

(3) For each t E [0, to] the restriction of <p to M x {t} goes to infinity at infinity 
in the sense that for any A < 00 the pre-image <y9 -1 ([0, ^4] H (M x {t}) is 
compact. 

(4) On all of M x [0, t ] we have - A) ip > Cip. 

Recall from Section 12.11 that T is the curvature tensor written with respect to an 
evolving orthonormal frame {F a } for the tangent bundle. Consider the symmetric, 
horizontal two-tensor T = T + (pg. Let p,(x,t) denote the smallest eigenvalue of this 
symmetric two-tensor at (x,t). Clearly, since the curvature is bounded, it follows 
from the third property of (p that for each t E [0, to] the restriction of fx to M x {t} 
goes to infinity at infinity in M. In particular, the subset of (x, t) E M x [0, to] with 
the property that fi{x,t) < p,(y,t) for all y E M is a compact subset of M x [0,to]. 
It follows from Proposition 12.231 that f{t) = min x£ M/i(x, t) is a continuous function 
of t. Choosing 7/ > sufficiently small and K to include (a;, to), then T will have a 
negative eigenvalue at (x,to). Clearly, it has only positive eigenvalues on M x {0}. 
Thus, there is < t\ < to so that T has only positive eigenvalues on M x [0,ti) 
but has a zero eigenvalue at (y,t\) for some y E M. That is to say, T > —p>g on 
M x [0,ti]. Diagonalizing T at any point (x,t) with t < t\, all its eigenvalues are 
at least — (p(x,t\). It follows immediately that on M x [0, ti] the smallest eigenvalue 
of the symmetric form T 2 + is bounded below by 2tp. Thus, choosing C > 4 we 
see that for t < t\ every eigenvalue of T 2 + is at least —dp/2. 
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We compute the evolution equation using the formula in Lemma 14.131 for the 
evolution of T in an evolving orthonormal frame: 

df dT dp 

-at = -dt + m 9 - 2ipRlc{9) 

= AT + T 2 + T# + ^g-2pRi C (g) 

= Af + T 2 + T*+(^-A^jg-2^m C (g) 

> AT + T 2 + T# + (Cg-2mc(g))(p. 

Since every eigenvalue of T 2 + T# on M x [0, ti] is at least —dp/2, it follows that 
on M x [0,ii] 

df 

— > AT + {Cg/2 - 2Ric 9 )^. 

Once again assuming that C is sufficiently large, we see that for any t <t\ 

df ~ 
— — > AT. 
dt ~ 

Thus, at any local minimum x £ M for fi(-,t), we have 

This immediately implies by Proposition 12.231 that t/j(t) = mm x ^Mfi(x,t) is a non- 
decreasing function of t. Since its value at t = is at least e > and its value at t% 
is zero, this is a contradiction. This establishes that the solution has non-negative 
curvature everywhere. Indeed, by Corollary 14.201 it has strictly positive curvature 
for every t > 0. □ 

Now let us turn to the asymptotic behaviour of the flow. 

Fix T" < T. Let be a sequence tending to infinity in (IR 3 ,^)- Fix R < oo. 
Then there is ko(R) such that for all k > ko(R) there is an isometric embedding 
ipk : (S 2 , h) x (-R, R) -> (M 3 , g ) sending (x, 0) to y k . These maps realize the product 
(S 2 ,h) x (R, ds 2 ) as the geometric limit of the (R 3 , go,yi)- Furthermore, for each 
R < oo there is a uniform C°° point-wise bound to the curvatures of go restricted 
to the images of the for k > ko(R). Since the flow g(t) has bounded curvature 
on R 3 x [0, T'], it follows from Theorem 13.291 that there are uniform C°° point- 
wise bounds for the curvatures of g(t) restricted to tpk(S 2 x (—R,R)). Thus, by 
Theorem l5.14l after passing to a subsequence, the flows i^lg(t) converge to a limiting 
flow on S 2 x R. Of course, since the curvature of g(t) is everywhere > 0, the same 
is true of this limiting flow. Since the time-slices of this flow have two ends, it 
follows from Theorem 12. 131 that every manifold in the flow is a product of a compact 
surface with R. According to Corollary 14.201 this implies that the flow is the product 
(S 2 ,h(t)) x (R, ds 2 ). This means that given e > 0, for all k sufficiently large, the 
restriction of the flow to the cylinder of length 2R centered at yk is within e in the 
C[ 1//<E l-topology of the shrinking cylindrical flow on time [0,T"]. Given e > and 
R < oo this statement is true for all y outside a compact ball B centered at the 
origin. 
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We have now established the following 

Proposition 12.7. Given T' < T and e > there is a compact ball B centered 
at the origin o/M 3 such that the restriction of the flow (R 3 \ B,g(t)), < t < T' , is 
within e in the C^ 1 ' 6 ! -topology of the standard evolving cylinder (S 2 , h(t)) x (R + , ds 2 ). 

Corollary 12.8. The maximal time T is < 1. 

Proof. If T > 1, then we can apply the above result to T' with 1 < T' < T,and 
see that the solution at infinity is asymptotic to the evolving cylinder (S 2 ,h(t)) x 
(M, ds 2 ) on the time interval [0, T']. But this is absurd since this evolving cylindrical 
flow becomes completely singular at time T = 1. □ 

3. Standard solutions are rotationally symmetric 

Next, we consider the fourth item in the statement of the theorem. Of course, 
rotational symmetry would follow immediately from uniqueness. But here we shall 
use the rotational symmetry to reduce the uniqueness problem to a one-dimensional 
problem which we then solve. One can also use the general uniqueness theorem for 
complete, non-compact manifolds due to Chen and Zhu (|12j), but we have chosen 
to present a more elementary, self-contained argument in this special case which we 
hope will be more accessible. 

Let Ricjj be the Ricci tensor and Ric^, = g^Ricjfc be the dual tensor. Let X be 
a vector field evolving by 

(12.1) = AX + Ric(X,-)*- 

In local coordinates (z , . . . , x n ), if X = X l di, then the equation becomes 

(12.2) ^X l = (AXf + RiclX k 

Let X* denote the dual one- form to X. In local coordinates we have X* = X*dx % 
with X* = gijX 3 . Since the evolution equation for the metric is the Ricci flow, the 
evolution equation for X* is 

dX* 



or in local coordinates 



dt 
dX* 



AX* - Ric(X, 



0/ (AX^i-mcijXK 



Lemma 12.9. With X and its dual X* evolving by the above equations, set V 
VX*, so that V is a contravariant two-tensor. In local coordinates we have V 
Vijdx 1 <S> dx 3 with 

Vij = (ViX)j = g jk (ViX) k . 
This symmetric two-tensor satisfies 

(12.3) — V = AV - (2R k rl jV rl + Ric l k Vij + Ric^) dx k ® dx j . 
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Remark 12.10. The covariant derivative acts on one-forms uj in such a way that 
the following equation holds: 

<vh,o = (w,v(0> 

for every vector field £. This means that in local coordinates we have 

v dr (dx k ) = -r k rl dx l . 

Similarly, the Riemann curvature acts on one-forms u satisfying 

Rm(6,6)H(0 = -w (Rm(6,6)(0)- 
Recall that in local coordinates 

^ijfci = (Rm(di,dj)(di),d k ). 

Thus, we have 

Rm(d i ,d j )(dx k ) = -g ka R lja idx l = -Ri/^x 1 , 

where as usual we use the inverse metric tensor to raise the index. 

Also, notice that AXi — Rici k X k = — A^Xi , where by A^ we mean the Laplacian 
associated to the operator d from vector fields to one-forms with values in the vector 
field. Since 

- (dS + Sd) Xi = -Vi (- V fc X fe ) - (- V fe ) (V k Xi - ViX k ) 

= ViV k X k + V k V k X t - v k v t x k 

= R l k k j X j + V k V k Xi = AXi - BktXj. 

Proof, (of Lemma [12.9p The computation is routine, if complicated. We make 
the computation at a point (p, t) of space-time. We fix local g(t)-Gaussian coordi- 
nates (x , . . . , x n ) centered at p for space, so that the Christoffel symbols vanish at 
(P,t). 

We compute 

|v _ | ( vx-) = -(|ri,)x,-^»^ + v(^-) 

= (-V'Ricjy + V*Ric{- + VjRicO X? dx k ® dx j 
(12.4) +V (AX* - Ric(X, •)) • 

We have 

v(ai*) = v(( 5 r ' s (v r v,(x*)-r^x*)) 
= / s (v(v r v s (x*)-r< s v*x*)). 

Let us recall the formula for commuting V and V r . The following is immediate 
from the definitions. 

Claim 12.11. For any tensor (ft we have 

V(V r <£) = V r (V<£) + dx k Rm(d k ,d r )((ft) - V r (dx l ) Vi(<f>). 
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Applying this to our formula gives 
V(AI*) = g rs (v r VV s X* + dx k ®Rm(d k ,d r )(V s X*)- V r (dx l ) ®V t V s X* 

-v(r< a v,x*)) . 

Now we apply the same formula to commute V and V s . The result is 
V(AJT) = g rs (v r V s VX* + V r [dx k Rm(d k ,d s )X* - V s dx l ® V^* ) 

+dx k ® Rm(d k ,d r )(V s X*) - V r {dx l ) ® V t V s X* - V(rj s V;X*)) . 

Now we expand 

V r [dx k ® Rm(4, d s )X* - V s dx l ® V t X*^ 

= V r (dx k ) ® Rm(4, 5 S )X* + dx fc ® V r (Rm(d fc , <9 S ))X* 

+dx fc ® Rm(<9 fc , d s )V r A"* - V r V s dx l ® V t X* - V s dx l (g> V r V/X* 

Invoking the fact that the Christoffel symbols vanish at the point of space-time 
where we are making the computation, this above expression simplifies to 

V r [dx k ® Rm(d fc , d s )X* - V s dx l ® V;X*) 

= cix fc ® V r (Rm(d fc , d s ))X* + dx fc ® Rm(9 fc , 9 s )V r X* - V r V s dx' V f X*. 
Also, expanding and using the vanishing of the Christoffel symbols we have 

-v{r l rs ViX*) = -dv l rs ® ViX* - r l rs WiX* 

= -dT l rs ®V l X*. 

Plugging these computations into equation above and using once more the van- 
ishing of the Christoffel symbols gives 

V(AI*) = A(VX*)+g rs (dx k ®V r (Rm(d k ,d s ))X* + dx k ®Rm(d k ,d s )V r X* 
-V r V s dx l ® ViX* + dx k ® Rm(d k ,d r ){V s X*) - dT l rs ® ViX* 



Now by the symmetry of g rs we can amalgamate the second and fourth terms on 
the right-hand side to give 

V(AI*) = A(VX*)+g rs (dx k ®V r (Rm( y d k ,d s ))X* 



+2dx k ® Rm(d k , d s )V r X* - V r V s dx l ® V t X* - dT l rs ® V;X*) . 

We expand 

Rm(d k ,d s )V r X* = -RjjVridaP. 
Also we have (again using the vanishing of the Christoffel symbols) 

-V r V s dx l -dT l rs = V r T l ks dx k - d k V l rs dx k 

^rk ' 

Lastly, 

V r (Rm(d k ,d s ))X* = -{V r R) ks \Xtdxi. 
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Plugging all this in and raising indices yields 
V(AI*) = A(VJ*) - g rs (V r R) ks l j X?dx k ® dx j - 2R k rl j V r idx k ® dx j 
+g rs R rk l s Vijdx k ® dx j 
= A(VI*) - g rs (V r R) ks j l X*dx k ® dx' - 2R k rl j V ri dx k dx j 
-Ric l k Vijdx k <g> dx J . 

Thus, we have 

V(AX*) - V(Ric(X,-)*) = 

A(V1*) - g rs (V r R) ks l j X?dx k ® dx J ' - 2R k rl j V rl dx k ® dx J ' 

- (Ri<4^ + V fc (Ric)JX,* + RicjFfcj) dx fc 8) dx J ', 

and consequently, plugging back into Equation (|12.4|) . and canceling the two like 
terms appearing with opposite sign, we have 

— V = (-V'Ricfcj + VjRicjQ X;dx fc ® cfx J ' + A(V1*) 
-g rs {X7 r R) ks l j X?dx k dx j - 2R k rl j V H dx k <g> dx J ' 
- (^RiCfcV/j + RiCj-VfczJ ^ fc ® dx J '. 
The last thing we need to see in order to complete the proof is that 
-g rs (V r R)kJ j - V l Ric kj + VjRici = 0. 
This is obtained by contracting g rs against the Bianchi identity 

V r -Rfcs Z j + V l R ks j r + VjR ksr l = 0. 

□ 

Let hij be defined by hij = Vij + Vj%. It follows from f)12.3j) that 

d 

(12.5) — hij = A L hij, 

where by definition A^/t^ = A/tjj + 2Ri kl jh k i — Ric^ h k j — Hic k h k i is the Lich- 
nerowicz Laplacian. A simple calculation shows that there is a constant C > 
such that 

(12.6) (j^ - Aj |%| 2 = -2 |V fc ^| 2 + m ijkl hj h h u 

(12.7) -| |/^| 2 < A \hij\ 2 - 2 \V k h i3 \ 2 + C \h i3 \ 2 . 

Note that X(t) is a Killing vector field for g{t) if and only if hij(t) = 0. Since 
Equation (I12.1H is linear and since the curvature is bounded on each time-slice, 
for any given bounded Killing vector field X(0) for metric g(0), there is a bounded 
solution X 1 (t) of Equation (|12.1|) for t G [0, T]. Then \ hij (t)\ is a bounded function 
satisfying (|12.7p and \hij\ 2 (0) = 0. One can apply the maximum principle to (|12.7p 
to conclude that hij(t) = for all t > 0. This is done as follows: Let h(t) denote the 
maximum of \hy(x, t)\ 2 on the t time-slice. Note that, for any fixed t the function 
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\hij(x, t)\ 2 approaches as x tends to infinity since the metric is asymptotic at 
infinity to the product of a round metric on S 2 and the standard metric on the line. 
By virtue of (|12.7|) and Proposition 12.23] the function h(t) satisfies dh/dt < Ch in 
the sense of forward difference quotients, so that d(e~ h)/dt < 0, also in the sense 
of forward difference quotients. Thus, by Corollary 12.221 since /i(0) = and h > 0, 
it follows that e~ ct h{f) = for all t > 0, and consequently, h(t) = for all t > 0. 

Thus, the evolving vector field X(t) is a Killing vector field for g(t) for all t E 
[0,T). The following is a very nice observation of Bennett Chow; we thank him for 
allowing us to use it here. Prom hij = we have VjX* + VjX J = 0. Taking the Vj 



derivative and summing over j we get AX* + R\X k = for all t. Hence ([123]) gives 



jfiX 1 = and X(t) = -^(0), i.e., the Killing vector fields are stationary and remain 
Killing vector fields for the entire flow g{t). Since at t = the Lie algebra so(3) of 
the standard rotation action consists of Killing vector fields, the same is true for all 
the metrics g(t) in the standard solution. Thus, the rotation group SO(3) of M 3 is 
contained in the isometry group of g(t) for every t E [0, T). We have shown: 

Corollary 12.12. The standard solution g(t), t E [0, T), consists of a family of 
metrics all of which are rotationally symmetric by the standard action of SO (3) on 



3.1. Non-collapsing. 

Proposition 12.13. For any r > sufficiently small, there is a k > such that 
the standard flow is n-non- collapsed on all scales < r. 

Proof. Since the curvature of the standard solution is non-negative, it follows 
directly that 2 1 Flic | 2 < R 2 . By Equation (|3.7p this gives 

OR 
~dt 

Let C = max(2, max a;gR 3-R(x, 0)). Suppose that to < T and to < 1/C. 

Claim 12.14. For all x E M 3 and t E [0,i ] we have 

C 



Ai? + 2|Ric| 2 < AR + R 2 . 



R(x,t) < 



1 - Ct 



Proof. By the asymptotic condition, there is a compact subset X C M 3 such 
that for any point p E M 3 \ X and for any t < to we have R(p, t) < 2/(1 — t). Since 
C > 2, for all t for which sup a . gK 3i?(x, t) < 2/(1 — t), we also have 

C 

R(x,t) < 



1 - Ct 



Consider the complementary subset of t, that is to say the subset of [0, to] for 
which there is x E M 3 with R(x,t) > C/(l — Ct). This is an open subset of [0,to], 
and hence is a disjoint union of relatively open intervals. Let {ti < t2} be the 
endpoints of one such interval. If t\ ^ 0, then clearly -R ma x 

(ti) = C/(l — Ct{). Since 

C > sup rrg ] R 3-R(a;, 0), this is also true if t\ = 0. For every t E [ti, ta] the maximum of 
R on the t time-slice is achieved, and the subset of M 3 x [ti,t2] of all points where 
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maxima are achieved is compact. Furthermore, at any maximum point we have 
dR/dt < R 2 . Hence, according to Proposition 12.231 for all t E [ti,^] we have 

iimax(i) < G(t) 

where G'(t) = G 2 (t) and G(h) = C/(l - Ct{). It is easy to see that 

C 



G(t) 



l-Ct 

c 



This shows that for all t E [ti,^] we have R(x,t) < 1 _ ct , completing the proof of 
the claim. □ 

This shows that for to < T and to < 1/C the scalar curvature is bounded on 
M x [0, to] by a constant depending only on C and to- Since we are assuming that 
our flow is maximal, it follows that T > 1/C. 

Since (R 3 ,#o) is asymptotic to (S 2 x R, h(0) x ds 2 ), by compactness there is 
V > such that for any metric ball B(x,0, r) on which |Rm| < r~ 2 we have 
Vol B(x,r) > Vr s . Since there is a uniform bound on the curvature on [0, 1/2C], 
it follows that there is V' > so that any ball B(q,t,r) with t < 1/2C on which 
|Rm| < r~ 2 satisfies Vol B(q, t, r) > V'r 3 . Set to = 1/4C. For any point x = (p,t) 
with t > 1/2C there is a point (q, to) such that l x (q, to) < 3/2; this by Theorem 17. 1UI 
Since B(q,0,l/y/ R max (0)) C R 3 has volume at least V7-R max (0) 3 / 2 , and clearly ^ 
is bounded above on B(q, 0, 1/y 7 i? m ax(0)) by a uniform constant, we see that the 
reduced volume of -B(g, 0, l/y 7 -Rmax(O)) is uniformly bounded from below. It now 
follows from Theorem 18. II that there is kq > such that if |Rm| is bounded by r~ 2 
on the parabolic neighborhood P(p,t,r, —r 2 ) and r < W1/4C, then the volume of 
this neighborhood is at least Kor 3 . Putting all this together we see that there is a 
universal k > such that the standard solution is K-non-collapsed on all scales at 
most y/l/4C. □ 



4. Uniqueness 

Now we turn to the proof of uniqueness. The idea is to mimic the proof of unique- 
ness in the compact case, by replacing the Ricci flow by a strictly parabolic flow. 
The material we present here is closely related to and derived from the presentation 
given in |49| . The presentation here is the analogy in the context of the standard 
solution of DeTurck's argument presented in Section [3J 

4.1. From Ricci flow to Ricci-DeTurck flow. In this subsection we discuss 
the Ricci-DeTurck flow and the harmonic map flow. Let {M n , g(t)),t E [toj^l be 
a solution of the Ricci flow and let ip t : M — ► M, t E [to,7\] be a solution of the 
harmonic map flow 

(12-8) ^ = A g(t)Mto) ^ t , Vt =Id. 

Here, A g / t y g / to \ is the Laplacian for maps from the Riemannian manifold (M, g(t)) 
to the Riemannian manifold (M, g(to)). In local coordinates (x l ) on the domain M 



4. UNIQUENESS 



:-!()". 



and (y a ) on the target M, the harmonic map flow (112.81) can be written as 

(12.9, (| - A„ (t) ) r (,,«, = s « (M )r ?7 W (,,«» 8 ^- t)a ^'" 

where are the Christoffel symbols of g(to). Suppose ip (x, t) is a bounded smooth 
solution of 112.91 with tp to = Id. Then tp (t) , t G [toj^i] are diffeomorphisms when 
T\ > to is sufficiently close to to- F° r anv such Ti and for to < * < Ii, define 
g (t) = (v^" 1 ) 5 (t)- Then g(t) satisfies the following equation: 

(12.10) ^gij = -2Rk i;? - + ViWj(t) + VjWi(t) h (0) = h(0), 

where Ricjj and Vj are the Ricci curvature and Levi-Civita connection of g(t) re- 
spectively and W(t) is the time-dependent 1-form defined by 



W{t)j = g jk {t)g^{t) {r; q (t)-r; q (t 

Here, Tp q (t) denotes the Christoffel symbols of the metric g(t) and Tp q (to) denotes 
the Christoffel symbols of the metric g(to). (See, for example, ([65J Lemma 2.1).) 
We call a solution to this flow equation a Ricci-DeTurck flow (see [16J, or 
Chapter 3 for details). In local coordinates we have 



^ = g kl V k V igij - g kl g(t ) ip gPm jkql (g(t )) - g kl g{t ), P g pq R lkq i (g(t )) 



(12.11) + \g kl g™ 



^i9pk^j9ql + ^k9jp^q9il 

■2V k c ij p V ig iq - 2V jg pk V ig iq — 2V \g pk V Wjq 



where V is the Levi-Civita connection of g(to). This is a strictly parabolic equation. 

Lemma 12.15. Suppose that g(t) solves the Ricci flow equation and suppose that 
ipt solves the harmonic map flow equation, Equation \12. 8\) ; then g{t) = (t/^ -1 )* g(t) 
solves the Ricci-DeTurck flow, Equation \12.1U\) and ipt satisfies the following ODE: 

^ = -mm). 

Proof. The first statement follows from the second statement and a standard 
Lie derivative computation. For the second statement, we need to show 



\ { t ) , m r = -9 pq (f^(t)-r«(t ; 



Notice that this equation is a tensor equation, so that we can choose coordinates 
in the domain and range so that T(t) vanishes at the point p in question and r(t ) 
vanishes at i/)t(p)- With these assumptions we need to show 

g pq (t) " ; = -g pq (t)T° (t). 

This is a direct computation using the change of variables formula relating V and 

r. □ 
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Corollary 12.16. Suppose that (M,g 1 (t)), t < t < T, and (M,g 2 (t)), t < 
t <T, are solutions to the Ricci flow equation for which there are solutions 

V>i,t: (M,0i(t))-(M,ai(O)) 

and 

ih tt : (M,g 2 (t))^(M,g 2 (0)) 
to the harmonic map equation with ipit = i>2,t = Id. Let gi(t) = (ip^l)* g\(t) 
and g 2 (t) = (ifj^l)* g 2 (t) be the corresponding solutions to the Ricci- DeTurck flow. 
Suppose that g\{t) = g 2 (t) for all t £ [to,T]. Then gi(t) = g 2 {t) for all t £ [to , T]. 

Proof. Since ip ay t satisfies the equation 

= -taw®, 

where the time-dependent vector field W(t) depends only on g a , we see that ipij 
and ip 2 j both solve the same time-dependent ODE and since ipi,t = ^2,t = Id, it 
follows that tpi t t = ip 2 j for all t G [to,^1- On the other hand, g a (t) = ipat9a(t), so 
that it follows that gi{t) = g 2 (t) for t £ [to,^1- D 

Our strategy of proof is to begin with a standard solution g(t) and show that 
there is a solution to the harmonic map equation for this Ricci flow with appropriate 
decay conditions at infinity. It follows that the solution to the Ricci-DeTurck flow 
constructed is well-controlled at infinity. Suppose that we have two standard solu- 
tions gi(t) and g 2 {t) (with the same initial conditions go) that agree on the interval 
[0, to] which is a proper subinterval of the intersection of the intervals of definition 
of g\(t) and g 2 (t). We construct solutions to the harmonic map flow equation from 
g a (t) to g a (to) for a = 1,2. We show that solutions always exist for some amount 
of time past to- The corresonding Ricci-DeTurck flows g a (t) starting at gt are well- 
controlled at infinity. Since the Ricci-DeTurck flow equation is a purely parabolic 
equation, it has a unique solution with appropriate control at infinity and given 
initial condition <?i(io) = 52(^0) • This implies that the two Ricci-DeTurck flows we 
have constructed are in fact equal. Invoking the above corollary, we conclude that 
gi(t) and g 2 {t) agree on a longer interval extending past to- From this it follows 
easily that gi{t) and g 2 (t) agree on their common domain of definition. Hence, if 
they are both maximal flows, they must be equal. 

5. Solution of the harmonic map flow 

In order to pass from a solution to the Ricci flow equation to a solution of the 
Ricci-DeTurck flow we must prove the existence of a solution of the harmonic map 
flow associated with the Ricci flow. In this section we study the existence of the har- 
monic flow (|12.8p and its asymptotic behavior at the space infinity when h{t) = g(t) 
is a standard solution. Here we use in an essential way the rotationally symmetric 
property and asymptotic property at infinity of g(t). In this argument there is no 
reason, and no advantage, to restricting to dimension three, so we shall consider ro- 
tationally symmetric complete metrics on M n , i.e., complete metrics on M n invariant 
under the standard action of SO(n). Let 9 = (#,••• ,9 n ~ l ) be local coordinates 
on the round (n — l)-sphere of radius 1, and let da be the metric on the sphere. 
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We denote by f the standard radial coordinate in M. n . Since g(t) is rotationally 
symmetric and n > 3, we can write 



(12.12) g(t) = dr 2 + f{r,t) 2 da 

Here r = r(f,t) is the (time-dependent) radial coordinate on M n for the metric g(t). 

Claim 12.17. For any fixed t the function r: M. n — > [0, oo) is a function only of 
f. Considered as a function of two variables, r(f,t) is a smooth function defined for 
r > 0. It is an odd function of f. For fixed t it is an increasing function of f. 

Proof. Write the metric g(t) = gijdx l dx :i and let 

(12.13) x 1 = fcos9 1 , x 2 = f sinfl 1 cos6> 2 , • • • , x n = sintf 1 • • • sin0 n-1 . 

We compute f(r, t) by restricting attention to the ray f = x 1 and 9 1 = • • • = 6 n ~ l = 
0, i.e., x 2 = • • • = x n = 0. Then 

9(t) = gu(f, 0, • • • , 0, t)dr 2 + g 22 (f, 0, • • • , 0, t)f 2 da. 



Both gu and g 22 are positive smooth and even in f. Clearly, y gn (f, 0, • • • , 0, t) is a 
positive smooth function defined for all (f, t) and is invariant under the involution 
f i — > —r. Hence its restriction to f > is an even function. Since 



y/gn(s,0, ••• ,0,t)ds = f VSii(rs,0, • • • ,0,t)ds 



we see that r(f, t) is of the form f ■ cj>(f, t) where </>(f , t) is an even smooth function. 
This shows that r(r,t) is an odd function. It is also clear from this formula that 
dr/dr > 0. □ 

Since, for each to, the function r(r,to) is an increasing function of r, it can be 
inverted to give a function r(r, to). In Equation (|12.12p . we have chosen to write / 
as a function of r and t, rather than a function of r and t. We look for rotationally 
symmetric solutions to Equation (|12.8p . i.e., solutions of the form: 



(12.14) iP(t):R n ^R n i/>(t)(r,6) = (p(r,t),9) for t > t 

ip(r,t ) =Id 

We shall adopt the following conventions: we shall consider functions f(w,t) 
defined in the closed half-plane w > 0. When we say that such a function is smooth 
we mean that for each n, m > we have a continuous function f nm (w, t) defined for 
all w > with the following properties: 

(1) 

/oo = / 

(2) 

dfnm j, 

= Jn{m+l) 

(3) 

dfnm r 

Q w ~ J(n+l)m} 
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where in Item (3) the partial derivative along the boundary w = is a right-handed 
derivative only. We say such a function is even if /(2fc+i) m (0, t) = for all k > 0. 
We have the following elementary lemma: 

Lemma 12.18. (a) Suppose that f(w,t) is a smooth function defined for w > 0. 
Define 4>(r,t) = f(r 2 ,t). Then <ft(r,t) is a smooth function defined for all r £ M.. 
Now fix k and let f: M. k — > [0, oo) be the usual radial coordinate. Then we have a 
smooth family of smooth functions on M fc defined by 

k 

Ux\ ...,x\t) = 0(f (z\ . . . , x k ), t) = f(J2(x l ) 2 ,t). 

i=l 

(b) Iftp(r, t) is a smooth function defined for r > and if it is even in the sense that 
its Taylor expansion to all orders along the line r = involves only even powers of r , 
then there is a smooth function f(w, t) defined for w > such that tp(r, t) = f(r 2 , t). 
In particular, for any k > 2 the function ip{{x l , . . . , x k ),t) = %j:(r{x l , . . . , x k ),t) is a 
smooth family of smooth functions on R fc . 

PROOF. Item (a) is obvious, and Item (b) is obvious away from r = 0. We 
establish Item (b) along the line r = 0. Consider the Taylor theorem with remainder 
to order 2N in the r-direction for ip(r, t) at a point (0, t). By hypothesis it takes the 
form 

^2 Ci (t)w 2t + w 2N+l R(w,t). 

i=0 

Now we replace w by y/r to obtain 

f(r,t) = ^2cy + Vr~ 2N+1 R(Vr~,t). 
i=0 

Applying the usual chain rule and taking limits as r — > + we see that f(r,t) is iV 
times differentiable along the line r = 0. Since this is true for every N < oo, the 
result follows. □ 

Notice that an even function f(r, t) defined for r > extends to a smooth function 
on the entire plane invariant under r ^ —r. When we say a function f(r, t) defines 
a smooth family of smooth functions on W 1 we mean that, under the substitution 
/((x 1 , . . . ,x n ),t) = f(r(x 1 , . . . ,x n ),t), the function / is a smooth function on M. n 
for each t. 

We shall also consider odd functions f(r,t), i.e., smooth functions defined for 
r > whose Taylor expansion in the r-direction along the line r = involves only 
odd powers of r. These do not define smooth functions on M. n . On the other hand, 
by the same argument as above with the Taylor expansion one sees that they can 
be written as rg(r, t) where g is even, and hence define smoothly varying families 
of smooth functions on R n . Notice also that the product of two odd functions 
/i(r, t)f2(r, t) is an even function and hence this product defines a smoothly varying 
family of smooth function on W 1 . 
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5.1. The properties of r as a function of r and t. We shall make a change 
of variables and write the harmonic map flow equation in terms of r and 9. For 
this we need some basic properties of r as a function of r and t. Recall that we 
are working on W 1 with its usual Euclidean coordinates (x , . . . ,x n ). We shall also 
employ spherical coordinates r,0 ,. . . , 9 n ~ l . (We denote the fixed radial coordinate 
on W 1 by f to distinguish it from the varying radial function r = r(t) that measures 
the distance from the tip in the metric g(t).) 
As a corollary of Claim 112.171 we have: 

Corollary 12.19. r 2 (f,t) is a smoothly varying family of smooth functions on 
M. n . Also, r is a smooth function of (r,t) defined for r > and odd in r. In 
particular, any smooth even function of r is a smooth even function of f and thus 
defines a smooth function on R n . Moreover, there is a smooth function £(w,t) such 
that d(logr)/dt = r -1 (dr/dt) = i{r 2 ,t). 

For future reference we define 

1 r 

(12.15) B(w,t) = - £(u,t)du. 

2 Jo 

Then B(r 2 ,t) is a smooth function even in r and hence, as t varies, defines a smoothly 
varying family of smooth functions on M n . Notice that 

dB(r 2 ,t) 3B . . . fl,, 2 A dr 

-2r—(w,t)\ w=r2 =2r (~t(r 2 ,t) )=- 



8r dw K ' J ,w=r V2 7 dt 

Now let us consider f(r,t). 

Claim 12.20. f(r,t) is a smooth function defined for r > 0. It is an odd function 
ofr. 

PROOF. We have 

f(r,t) = f(r,t) v / 922 {f(r,t),0,...,0,t). 



Since \J gnifi 0, . . . , 0, t) is a smooth function of (f, t) defined for f > and since it 
is an even function of f, it follows immediately from the fact that r is a smooth odd 
function of r, that f(r,t) is a smooth odd function of r. □ 

Corollary 12.21. There is a smooth function h(w,t) defined for w > so that 
f(r,t) = rh(r 2 ,t). In particular, h(r 2 ,t) defines a smooth function on all ofW 1 . 
Clearly, h(w,t) > for all w > and all t. 

We set h(w,t) = log(h(w,t)), so that f(r,t) = re h ^^. Notice that h(r 2 ,t) 
defines a smooth function of r 2 and t and hence is a smoothly varying family of 
smooth functions on M n . 

5.2. The harmonic map flow equation. . 

Let ip{t) : W 1 — > M. n be a smoothly varying family of smooth functions as given 
in Equation (j 12 . 14j) . Using (|12.12p and (|12.14p it is easy to calculate the energy 
functional using spherical coordinates with r as the radial coordinate. 
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W = 2 / I^Wfo^^t) 



dp 



+ (n-l)/ 2 (p,t )r 2 (r,t) 



If we have a compactly supported variation dp = uu, then letting dvol CT denote 
the standard volume element on 5 n_1 , we have 



6E(i>(t))(w) 



dpdw df(p,t ) 2 



5p dw 



0f(p,t Q ) 



f n -\r,t)w 



-|( / ^ 1 |)" + (n - 1)/(/5 ' t ° ) 



d /(p,*o) 

(9/9 



dvol a 



5" 



dvolu 



r 2 (r,t) 



wdV, 



<?(*)■ 



The usual argument shows that for a compactly supported variation w we have 



S w ( - 



IV 



g(t),g(t ) 



! dvol 



(u>,-A 9(i)j9(to) ^)dvol 



Thus, 



dr \ dr 



(n-l)f(p,t ) 



df(p,t ) 



dp 



r z (r,t) 



d_ 

dr 



where we have written this expression using the coordinates (r, 8) on the range W 1 
(rather than the fixed coordinates (f,#)). 

Now let us compute difj/dt(f,t) in these same coordinates. (We use f for the 
coordnates for ifi in the domain to emphasize that this must be the time derivative 
at a fixed point in the underlying space.) Of course, by the chain rule, 



dip(r, t) 

at 



dip(r, t) dr dip(r, t) 



dr dt 



at 



dp(r, t) dr(f, t) dp(r, t) 



dr dt dt 
Consequently, for rotationally symmetric maps as in Equation (112. 14j) the har- 
monic map flow equation (|12.8p has the following form: 



dp . dpdr 1 d ( fn - 1( .dp\ ,\ f -2, . s9f(p,t ) 

+ ^T^7 = ^ 7SZ U -fa-*)/ (r,t)f(p,t )- 



dt dr dt f n ~ 1 (r,t)dr \ 7 dr J ' ' dp 

or equivalently 

(12.16) 

1 '^MilV^rMj/^o)^^ dpdr 



dt / n_1 (r, t) dr \ ' dr ) ' dp dr dt 
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The point of rewriting the harmonic map equation in this way is to find an 
equation for the functions p(r,t), f(r,t) defined on r > 0. Even though the terms 
in this rewritten equation involve odd functions of r, as we shall see, solutions to 
these equations will be even in r and hence will produce a smooth solution to the 
harmonic map flow equation on W n . 

5.3. An equation equivalent to the harmonic map flow equation. We 

will solve (|12.16p for solutions of the form 

p(r,t) = re^ r ' t \ t>t ; p(r,t o ) = 0. 

For t/j as in Equation (|12. 14j) to define a diffeomorphism, it must be the case that 
p(r, t) is a smooth function for r > which is odd in r. It follows from the above 
expression that p(r, t) is a smooth function of r and t defined for r > and even 
in r, so that it defines a smoothly varying family of smooth functions on K n . Then 
some straightforward calculation shows that (|12.16|) becomes 



(12 17) Q2p | n + l d P | ( n 1 \ dh(r 2 ,t) dp (dp 

dt dr 2 r dr dr dr \ dr 



+- 



n — 1 



a 2h (p 2 , to)- 2h (r 2 ,t) 



, dh / o \ 



9i 9i 9r 



Note that from the definition, /i (0, t) = 0, we can write h (w, t) = wh* (w, t) where 
h*(w,t) is a smooth function of w > and t. So 



n — 1 



1 



3 2/ l (p 2 ,t )-2fe(r 2 ,t) 



n — 1 



= 2r 2 [e 2 ^*(p 2 ,t )-/i*(r 2 ,i)] 



which is a smooth function of p,r 2 ,t. 
Let 



G(p,w,t) 



n — 1 



1 



a 2h(p 2 ,t )-2h(w,t) 



+ 2(n-l)^(w,t) 



(12.18) 



2 (n - 1) e 2fc(p 2 ,*o)+2p-2/i( u ,,0^. ( 2) t()) _ t)) 

aw 



where £ is the function from Corollary 112.191 Then G(p,w,t) is a smooth function 
defined for w > 0. Notice that when r and /0 are the functions associated with the 
varying family of metrics g(t) and the solutions to the harmonic map flow, then 
G(p,r 2 ,t) defines a smoothly varying family of smooth functions on W 1 . 
We have the following form of equation (j 12. 1T[) : 
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Now we think of p as a rotationally symmetric function defined on M n+2 and 
let G(p, (x 1 , . . . , x n+2 ),t) = G(p, ^7=1 ( x ' 1 ) 2 > anc ^ then the above equation can be 
written as 

(12.19) ^ = Ap + V[(n - l)h - B] • Vp + | Vp\ 2 + G?(p, x, t) 

where V and A are the Levi-Civita connection and Laplacian defined by the Eu- 
clidean metric on R n+2 respectively and where B is the function defined in Equa- 
tion (pgjsn . 

Remark 12.22. The whole purpose of this rewriting of the PDE for p is to present 
this equation in such a form that all its coefficients represent smooth functions of 
f and t that are even in f and hence define smooth functions on Euclidean space 
of any dimension. We have chosen to work on R n+2 because the expression for the 
Laplacian in this dimension has the term ((n + l)/r)dp/dr. 

It is important to understand the asymptotic behavior of our functions at spatial 
infinity. 

Claim 12.23. For any fixed t we have the following asymptotic expansions at 
spatial infinity. 

(1) e h ( r ' 2 ' t ^ 1 is asymptotic to ■ 

(2) h(r 2 ,t) is asymptotic to — logr. 

( 3 ) f|( r2 !*) is asymptotic to 

(4) r -1 ^ is asymptotic to 

(5) 9B< dr ~ ^ s asymptotic to C . 

(6) \G(p, r 2 ,t)\ < C* < oo where C* = C* fsupflpl, h}j is a constant depending 
only on sup{|p|, h}. 

Proof. The first item is immediate from Proposition 112.71 The second and 
third follow immediately from the first. The fourth is a consequence of the fact that 
by Proposition 112.71 dr I dt is asymptotic to a constant at infinity on each time-slice. 
The fifth follows immediately from the fourth and the definition of B(r 2 ,t). Given 
all these asymptotic expressions, the last is clear from the expression for G in terms 
of p, r 2 , and t. □ 

5.4. The short time existence. The purpose of this subsection is to prove 
the following short-time existence theorem for the harmonic map flow equation. 

Proposition 12.24. For any to > for which there is a standard solution g(t) 
defined on [0, T±] with to < T\ there is T > to and a solution to Equation H2.19\) 
with initial condition p(r,to) = defined on the time-interval [to,T]. 

At this point to simplify the notation we shift time by —to so that our initial 
time is 0, though our initial metric is not go but rather is the time to-shce of the 
standard solution we are considering, so that now to = and our initial condition is 
p(r,0) = 0. 
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Let x = (x 1 , ■ ■ ■ , x n+2 ) and y = (y 1 , ■ ■ ■ , y n+2 ) be two points in W n+1 and 
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H(x,y,t) 



1 



-e « 



(4vrt)(™+ 2 )/ 2 

be the heat kernel. We solve (|12.19p by successive approximation [47J. 
Define 

F(x, p, Vp, i) = V [(n - - 5] • Vp + I Vpf + G(p, x, t) 
Let po(x, t) = and for i > 1 we define pj by 

(12.20) pi= [ [ H(x,y,t-s)F(y,p^ 1 ,Vp i -i,t)dyds 

JO JR n + 2 

which solves 



(12.21) 



= Api + F(x,pi-i,Vpi-i,t) pi(x,0) = 0. 



To show the existence of pi by induction, it suffices to prove the following state- 
ment: For any i > 1, if |/3j_i|> |Vpj_i| are bounded, then p^ exists and \pi\, |V/3j| are 
bounded. Assume |/5i-i| < Ci, |Vpi-i| < C2 are bounded on M n+2 x [0,T]; then it 
follows from Claim MM that G(pi_i,x,t) is bounded on R n+2 x [0,T] 



\G(pi- U x,t)\ < C*(d,h), 

and also because of Claim [T2.23I both |V5| and |V/i| are bounded on all of 
[0, T], it follows that F(x,pi— 1, Vpj_i,t) is bounded: 

|F(x,pi_i, Vpi_i,t)| 



pn.+2 



< 



(n - 1) sup \Vh\ + sup |VB| C 2 + Cf + C*(Ci, h) = Q 



Hence pi exists. 

The bounds on and |Vpi| follow from the following estimates 

\Pi\ < / / H(x,y,t - s)C 3 dyds < C 3 t, 
Jo Ju. n + 2 

|Vpi| = I / / [Vx.iJ(x,y,t - s)]F(y,pj_i, Vpi-i,t)dyds\ 
Jo jR n + 2 

V x H(x, y, t - s)\C 3 dyds 



and 



JR n + 2 
t 



< 



7 R n +2 (4vr(t - s))("+2)/: 
(n + 2)C 3 



re 4^^^ — ^C 3 dyds 



2(t - s) 



7T 



/' ' ^ 2 <" + 2 > C3 v7. 
Jo yt — s V 71 " 
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Assuming, as we shall, that T < min{^-, ^+2) 2 c' x }> then for < t < T we have 
for all i, 

(12.22) \pi\ < d and |Vft| < C 2 . 

We prove the convergence of pi to a solution of (|12.19p via proving that it is a 
Cauchy sequence in C -norm. Note that pi — pi-i satisfies 

dCp' p~' ) 

^ ^ = A(pi - + F(x,pi-i,Vpi-i,t) - F(x,pi-2,^Pi-2,t) 

(12.23) (p i -p i - 1 )(x,0)=0. 
where 

F(x,pi-i, Vpi_i,i) - F(x,pi- 2 ,Vpi^2,t) 

= [(n - l)Vh -VB + V(a_i + pi_ 2 )] • V(pi_i - pi_ 2 ) 

+ G(pi-i,x,t) - G(pi- 2 ,x,t) 

By lengthy but straightforward calculations one can verify the Lipschitz property 
of G(p, x, t) 

|G(ft_i,x,t) - G(j3j_ 2) x,i)| < C & ,(C 1 ,C 2 ,f,fo) ■ \p~i-i - Pi-z\- 
This and (112.221) implies 

|F(x,pj_i, Vjoj_i,i) - F(x,pi- 2 , Vpi_ 2 , *)| 

(12.24) <C 4 • - Pi_ 2 | + C 5 • |Vpi_i - Vpi- 2 \ 

where C 4 = C&(Ci, C 2 , /, / ) and C 5 = [(n - 1) sup \Vf\ + sup |VB| + 2C 2 ]. 
Let 



Ai(t) = sup \pi - pi-i\(x,s) 

o<s<t,xm n + 2 

Bi{t)= sup \V(pi-pi-i)\(x,s). 

0<s<t,xeK n + 2 

From Equations (|12.23j) and (|12.24|) we can estimate \pi — Pi— 1 1 and \V(pi —pi-i) 
in the same way as we estimate \pi\ and \Vpt\ above; we conclude 



Ai(t) < [C 4 Ai_i(t) + C 5 Bi_i(t)] • t 

fl . (t) < 2(n + 2)[C 4 A-i(*) + C 5 ^-i(t)] ^ 

Let Cq = max{C 4 , C5}; then we get 

Mt) + Bt(t) < (c 6 t + 2(n + ^ 6 ^ ] • + iVi(t)) 
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Now suppose that T < T2 where T2 satisfies CqT^ + 2 ( n+2 K: sv/ ^2 _ 1. then f or a \\ 
t < T we have 

Ai(t) + Bi(t) < - (Ai- X (t) + Bi-\(t)) . 

This proves that pi is a Cauchy sequence in C 1 (IR n+2 ). Let limj^ +00 pi = p^. Then 
Vp~i — > Vpoo and F(x,p~i-i,Vpi-i,t) — > F(x,p 00 ,Vp 00 ,t) uniformly. Hence we get 
from (UlioD, 

(12.25) Poo= / H(x,y,t - s)F(y,p 00 ,X7p 00 ,t)dyds 

Jo JR n + 2 

The next argument is similar to the argument in [47J, p. 21. The function is 
a smooth solution of (|12.21[) with pj(x,0) = 0. Also, both jcij and F(x,pi 1 ,Vpi-\,t) 
are uniformly bounded on M n+2 x [0,T]. Thus, by Theorem 1.11 [46], p. 211 and 
Theorem 12.1 [46], p. 223, for any compact K C M n+2 and any < < T, there is 
C7 and a S (0, 1) independent of i such that 



|Vpi(x,t) - Vpt(y,s)\ <C 7 - (\x-y\ a + \t-s 



I a/2 



where x,y £ K and < t < s < t*. 
Letting i — > 00 we get 

(12.26) |Vp 00 (x,t)-Vp 00 (y,s)| < C 7 • (\x - y\ a + \t - s\ a ' 2 ) . 

Hence Vpoo G C a > a / 2 , i.e., it is a-H61der continuous in space and a/2-H61der 
continuous. 

From (112.251) we conclude that p^ is a solution of (112. 19|) on R n+2 x [0, T] with 
Poo (x, 0) = 0. 

5.5. The asymptotic behavior of the solutions. In the rest of this subsec- 
tion we study the asymptotic behavior of solution p(x,t) as x — > 00. First we prove 
inductively that there is a constant A and T3 such that, provided that T < T3, for 
x e R n+2 ,te [0,T], we have 

(12.27) \Pi(x,t)\ < ) and \Vpi(x,t)\ < — 

(i + \x\y (i + \x\y 

Clearly, since po = 0, these estimates hold for i = 0. It follows from (|12.22|) and 
Claim [T2.23I that there is a constant Cg independent of i such that 

\G(p llX ,t)\< ( ' s 



(l + |x|) 2 
(n-l)\Vh\ + |VS|1 (x,t) < C 8 . 

Now we assume these estimates hold for i. Then for < t < T we have 
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\Pi(x,t)\ < 



[ [ H(x,y,t-s) 

JO JM"+ 2 



C 8 A 



+ 



+ 



(l + |y|) 2 (l + |y|) 2 (l + |y|)2 



dyds 



o J Rn+2 (4vr(t- S ))(-+ 2 )/ 2 



e 4 ('- s ) 



C 8 A + A 2 + C 8 

(i + |y|) 2 



dyds 



< (C 8 A + A 2 + C 8 ) 



C(n)t 

(i + N) 



2 ' 



Also, we have 



|V^(x,t)| < / / |V x i?(x,y,t-s) 



C 8 A + A 2 + C 8 



dyds 



\x - y\ 



o 7 Mn+2 2(t - s) (4vr(t - s ))(™+ 2 )/ 2 



e 4 (*- s ) 



(i + |y|) 2 

J r G 8 A + A 2 + C 8 



(i + lvl 



dyds 



< (C 8 A + A 2 + C 8 ) 



C(n)y/ i 
(1 + N 



^2- 



If we choose T3 such that 



(C 8 A + A 2 + C 8 ) • C(n)T 3 < A and (C 8 A + A 2 + C 8 ) • C(n) y 7 ^ < A, 
then (|12.27p hold for all i. From the definition of poo we conclude 



(12.28) 



\poo(x,t)\ < 



A 



|Vpoo(x,t)| < 



A 



(i + M) 2 1 roov ' n ~ (1 + M) 2 

Recall that poo is a solution of the following linear equation (in v): 

dv ~ 

— = At; + V[(n - l)/t - B] • Vv + G^ , x, t) 
v(x,0) = 0. 

From (fT2T26|) and Claim we know that V[(n - l)h - B + p^] has C a ^ 2 - 

Holder-norm bounded (this means a-H61der norm in space and the a/2-H61der norm 
in time). By some lengthy calculation we get 



\G(poo,x,t) 



(Jot, a/2 



< 



G 9 



(l + |x|) 2 ' 

By local Schauder estimates for parabolic equations we conclude 



< 



G10 



|Poo| C 2+«.i+-/2 - n + U|)2- 

Using this estimate one can further show by calculation that 
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|VV[(n - 1)/ - B + Poo }\ ca , a/ 2 < C n 

\VG(poo,X,t)\ Ca , a /2 < (T^tW 

By local high order Schauder estimates for parabolic equations we conclude 

I V/Jqo | £2+^,1+0/2 < 7Z ) 3 , N2 • 

(l + \x\) 2 

We have proved the following: 

Proposition 12.25. For a standard solution < t < T, and for any 

to £ [0, T) there is a rotationally symmetric solution ?/>t(x) = xe^ x '*) to the harmonic 
map flow 

= \(t),g(to)^ ^(*o)(x) = x, 
and \V l p\(x,t) < njlxip / or < i < 3 defined on some non- degenerate interval 

[*o,n 

5.6. The uniqueness for the solutions of Ricci-DeTurck flow. We prove 
the following general uniqueness result for Ricci-DeTurck flow on open manifolds. 

Proposition 12.26. Let g\(t) and fait), < t < T, be two bounded solutions 
of the Ricci-DeTurck flow on complete and noncompact manifold M" with initial 
metric <7i(to) = 52 (*o) = 9- Suppose that for some 1 < C < 00 we have 

C^gKg^KCg 
C~ l g < g 2 (t) < Cg. 



Suppose that in addition we have 



\\9l{t)\\ C 2 { M),g < C 
\\92{t)\\c(M),g ^ C - 

Lastly, suppose there is an exhausting sequence of compact, smooth submanifolds 
of C M , i.e., C intS\. + i and UQ^ = M such that g~\ (t) and g 2 (t) have the 
same sequential asymptotic behavior at 00 in the sense that for any e > 0, there is a 
ko arbitrarily large with 



Then gi{t) = g 2 (t). 



Proof. Letting V be the covariant derivative determined by g, then, using the 
Ricci-DeTurck flow (j!2.11[) for g\ and g 2 , we can make the following estimate for an 
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appropriate constant Cu depending on 5. 

§- t \m - m\] = 2(1 m) - 92(f)) Mt) - hi*) 



< 2 (gfv a Vp (51 (t) - hit)) , ( 9l (t) - hit)) 



+ C u \gi(t) - h{t)\l + Cu V ( gi (t) - hit)) \gi(t) - fa(t)\ 



<gfv a Vp{\gi{t)-h{tt 



-a/3 



V/3 (gi(t)-g 2 (t)),V a (hit) -hit)) 



+ Cu Mt) - g 2 {t)\ 2 g + C u V ( 5 i (t) - hit)) \ 9l (t) - g 2 (t)\ 



< gfv a Vp (\ 91 (t) - 52 (t)\ 2 ) - 2c- 1 v (51 (t) - hit)) 



Cu \gi(t) - g 2 (t)V g + C- L V (51 it) - hit)) 



Cu 1 • , , , • m,i2 



4C 



where the last inequality comes from completing the square to replace the last term 
in the previous expression. Thus, we have proved 

(12.29) ^ I51 it) - 52 it)f g < 2gfV a Vp \ 9l (t) - 52 + C 15 \ 9 i (t) - h (t)£ 

pointwise on Q). with C15 a constant that depends only on n, C and 5. 

Suppose that 51 (t) ^ g 2 (t) for some t. Then there is a point xo such that 
\gi(x ,t) - g 2 (x ,t)\ 2 g > e for some e > 0. 

We choose a &o sufficiently large that xq E fifc and for all t' E [to;? 1 ] we have 



(12.30) 



sup |5i(M') - fai%,t')\ 2 n < e 



where e > is a constant to be chosen later. 

Recall we have the initial condition \g\ (0) — 52(0) \ g = 0. Using Equation (|12.29p 
and applying the maximum principle to |<7i(t) — h(t)\ 2 ) on the domain £lk , we get 

e" Cl5t \giit) - g 2 (t)\ 2 g ix) < e. for all x E tt ko . 

This is a contradiction if we choose e < eoe~ Cl5T . This contradiction establishes 
the proposition. □ 

Let 51 it), < t < T%, and g 2 (t), < t < T 2 , be standard solutions that agree 
on the interval [0, to] for some to > 0. By Proposition 1 12 .251 there are ip\{t) and 
ip 2 (t) which are solutions of the harmonic map flow defined for to < t < T for 
some T > to for the Ricci flows 51 (t) and g 2 (t). Let g% (t) = (ip^ 1 (t))* gi(t) and 
hit) = i'4 ) ~ 1 it))*g2(t)- Then 51 (t) and 52 (t) are two solutions of the Ricci-DeTurck 
flow with 51 (to) = hito)- Choose T' E (to,T] such that 51 (t) and hit) are 5- 
close to 51 (to) as required in Proposition 112.261 It follows from Lemma 112.71 and 
the decay estimate in Proposition 112.251 that 51 (t) and 52 (t) are bounded solutions 
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and that they have same sequential asymptotic behavior at infinity We can apply 
Proposition 1 12 .261 to conclude gi(t) = g% (t) on to < t < T' . We have proved: 

Corollary 12.27. Letg±(t) andg2{t) be standard solutions. Suppose that g\{t) = 
g2{t) for all t € [0, to] for some to > 0. The Ricci-DeTurck solutions gi(t) and fait) 
constructed from standard solutions gi(t) and g2{t) with <?i(to) = #2(^0) exist and 
satisfy <h(t) = gi{t) for t £ [t ,T'] for some V > t . 

6. Completion of the proof of uniqueness 

Now we are ready to prove the uniqueness of the standard solution. Let gi(t), < 
t < T\, and g2(t), < t < T2, be a standard solutions. Consider the maximal interval 
I (closed or half-open) containing on which g\ and 52 agree. 

Case 1: T x < T 2 and / = [0,T X ) 

In this case since g\ (t) = 52 (t) for all t < T\ and g2(t) extends smoothly past 
time Ti, we see that the curvature of gi(t) is bounded as t tends to T\. Hence, <?i(t) 
extends past time T±, contradicting the fact that it is a maximal flow. 

Case 2: T 2 < T x and / = [0,T 2 ) 

The argument in this case is the same as the previous one with the roles of gi{t) 
and g2(t) reversed. 

There is one more case to rule out. 

Case 3: / is a closed interval / = [0, to]- 

In this case, of course, to < min(Ti, T 2 ). Hence we apply Proposition 112.251 to 
construction solutions tpi and -02 to the harmonic map flow for gi{t) and 52 (t) with 
V>i and ip2 being the identity at time to- These solutions will be defined on an interval 
of the form [to,?"] for some T > to- Using these harmonic map flows we construct 
solutions <?i(t) and g 2 (£) to the Ricci-DeTurck flow defined on the interval [to,? 1 ]. 
According to Corollary 112.271 there is a uniqueness theorem for these Ricci-DeTurck 
flows, which implies that g\{t) = <? 2 (£) fo r ah t £ [*0;?"] fo r some T' > to- Invoking 
Corollary 112.161 we conclude that gi(t) = g2(t) for all t G [0, T'], contradicting the 
maximality of the interval I. 

If none of these three cases can occur, then the only remaining possibility is that 
T\ = T2 and I = [0,Ti), i.e., the flows are the same. This then completes the proof 
of the uniqueness of the standard flow. 

6.1. T = 1 and existence of canonical neighborhoods. At this point we 
have established all the properties claimed in Theorem 112.51 for the standard flow 
except for the fact that T, the endpoint of the time-interval of definition, is equal 
to 1. We have shown that T < 1. In order to establish the opposite inequality, we 
must show the existence of canonical neighborhoods for the standard solution. 

Here is the result about the existence of canonical neighborhoods for the standard 
solution. 

Theorem 12.28. Fix < e < 1. Then there is r > such that for any point 
(xo,to) in the standard flow with R(xQ,to) > r~ 2 the following hold. 

(1) t >r 2 . 
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(2) (xQ,to) has a strong canonical (C(e),e) -neighborhood. If this canonical 
neighborhood is a strong e-neck centered at (xQ,to), then the strong neck 
extends to an evolving neck defined for backward rescaled time (1 + e). 

Proof. Take an increasing sequence of times t' n converging to T. Since the 
curvature of (R 3 , g(t)) is locally bounded in time, for each n, there is a bound on the 
scalar curvature on M 3 x [0, t' n ]. Hence, there is a finite upper bound R n on R(x,t) 
for all points (x, t) with t <t' n for which the conclusion of the theorem does not hold. 
(There clearly are such points since the conclusion of the theorem fails for all (x, 0).) 
Pick (x n ,t n ) with t n < t' n , with R(x n ,t n ) > R n /2 and such that the conclusion of 
the theorem does not hold for (x n ,t n ). To prove the theorem we must show that 
lim n ^ 0O i?(x n , t n ) < oo. Suppose the contrary. By passing to a subsequence we can 
suppose that lim n _ +oc i?(x n , t n ) = oo. We set Q n = R(x n ,t n ). We claim that all the 
hypotheses of Theorem 111.81 apply to the sequence (M 3 , g(t), (x n ,t n )). First, we show 
that all the hypotheses of Theorem lll.il (except the last) hold. Since (M 3 , g(t)) has 
non-negative curvature all these flows have curvature pinched toward positive. By 
Theorem 112.131 there are r > and k > so that all these flows are k- non-collapsed 
on scales < r. By construction if t < t n and R(y,t) > 2Q n > R n then the point 
(y, t) has a strong canonical (C(e), e)-neighborhood. We are assuming that Qn — ^ oo 
as n —* oo in order to achieve the contradiction. Since all time-slices are complete, 
all balls of finite radius have compact closure. 

Lastly, we need to show that the extra hypothesis of Theorem ll 1 .81 (which includes 
the last hypothesis of Theorem lll.ip is satisfied. This is clear since t n — * T as 
n — » oo and Q n — ► oo as n — > oo. Applying Theorem 111.81 we conclude that after 
passing to a subsequence there is a limiting flow which is a K-solution. Clearly, this 
and Corollary 19.951 imply that for all sufficiently large n (in the subsequence) the 
neighborhood as required by the theorem exists. This contradicts our assumption 
that none of the points (x n ,t n ) have these neighborhoods. This contradiction proves 
the result. □ 

6.2. Completion of the proof of Theorem 112.51 The next proposition es- 
tablishes the last of the conditions claimed in Theorem 112.51 

Theorem 12.29. For the standard flow T = 1. 

Proof. We have already seen in Corollary 112.81 that T < 1. Suppose now that 
T < 1. Take Tq < T sufficiently close to T. Then according to Prop osition 112. 71 there 
is a compact subset IcR 3 such that restriction of the flow to (M 3 \ X) x [0, To] is 
e-close to the standard evolving flow on S 2 x (0, oo), (1 — t)ho x ds 2 , where ho is the 
round metric of scalar curvature 1 on S 2 . In particular, R(x, Tq) < (1 + e)(l — To) -1 
for all x G M 3 \X. Because of Theorem 112. 281 and the definition of (C(e), e)-canonical 
neighborhoods, it follows that at any point (x,t) with R(x,t) > r~ 2 , where r > 
is the constant given in Theorem we have dR/dt(x,t) < C(e)R 2 (x,t). Thus, 
provided that T — Tq is sufficiently small, there is a uniform bound to R(x, t) for all 
x G M 3 \ X and all t G [T ,T). Using Theorem EL29] and the fact that the standard 
flow is K-non-collapsed implies that the restrictions of the metrics g(t) to M 3 \ X 
converge smoothly to a limiting Riemannian metric g(T) on M 3 \X. Fix a non-empty 
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open subset !1 C I 3 \ I with compact closure. For each t G [0, T) let V(t) be the 
volume of (Cl,g(t)\n). Of course, lim t ^TV(t) = VaU<n(fi) > 0. 

Since the metric g{T) exists in a neighborhood of infinity and has bounded cur- 
vature there, if the limit metric g(T) exists on all of M 3 , then we can extend the flow 
keeping the curvature bounded. This contradicts the maximality of our flow subject 
to the condition that the curvature be locally bounded in time. Consequently, there 
is a point i£l 3 for which the limit metric g(T) does not exist. This means that 
lim t ^TR(x, t) = oo. That is to say, there is a sequence of t n — > T such that setting 
Q n = R(x, t n ), we have Q n — > oo as n tends to infinity. By Theorem ll2.28l the second 
hypothesis in the statement of Theorem 1 1 1 . 1 1 holds for the sequence (M 3 , git), (x, t n )). 
All the other hypotheses of this theorem as well as the extra hypothesis in Theo- 
rem 111.81 obviously hold for this sequence. Thus, according to Theorem 111.81 the 
based flows (M 3 , Q n g{Qn l t' + *n), (x, 0)) converge smoothly to a /t-solution. Since 
the asymptotic volume of any K-solution is zero (see Theorem I9.59P , we see that for 
all n sufficiently large, the following holds: 

Claim 12.30. For any e > 0, there is A < oo such that for all n sufficiently large 
we have 

Vol(B Qng (x,t n ,A)) <eA 3 . 

Rescaling, we see that for all n sufficiently large we have 

VolB g (x,tn,A/y/Qj < e{A/^/Q~ n f. 

Since the curvature of g{t n ) is non-negative and since the Q n tend to oo, it follows 
from the Bishop-Gromov Inequality (Proposition ll.34|) that for any < A < oo and 
any e > 0, for all n sufficiently large we have 

Vol B g (x,t n , A) < eA 3 . 

On the other hand, since $7 has compact closure, there is an A\ < oo with 
f2 C B(x, 0, A\). Since the curvature of g(t) is non-negative for all t £ [0, T), it 
follows from Lemma 13. 141 that the distance is a non- increasing function of t, so that 
for all t S [0, T) we have Q C B(x, t, A±). Applying the above, for any e > for all 
n sufficiently large we have 

Vol(0,<7(i n )) < Vol 5J B(x,t n ,A!) < e{A x f. 

But this contradicts the fact that 

lim^ooVolft, <?(t n ) = Vol(fi,s(T)) > 0. 

This contradiction proves that T = 1. □ 

This completes the proof of Theorem 112.51 

7. Some corollaries 

Now let us derive extra properties of the standard solution that will be important 
in our applications. 
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Proposition 12.31. There is a constant c > such that for all (p,t) in the 
standard solution we have 

R(p,t) > 

Proof. First, let us show that there is not a limiting metric g(l) defined on 
all of M. 3 . This does not immediately contradict the maximality of the flow because 
we are assuming only that the flow is maximal subject to having curvature locally 
bounded in time. Assume that a limiting metric (M 3 ,<?(1)) exists. First, notice 
that from the canonical neighborhood assumption and Lemma 111.21 we see that 
the curvature of g{T) must be unbounded at spatial infinity. On the other hand, 
by Proposition 19.791 every point of (M 3 ,g(l)) of curvature greater than Rq has a 
(2C, 2e)-canonical neighborhood. Hence, since (K 3 ,g(l)) has unbounded curvature, 
it then has 2e-necks of arbitrarily small scale. This contradicts Proposition 12.191 
(One can also rule this possibility out by direct computation using the spherical 
symmetry of the metric.) This means that there is no limiting metric g(l). 

The next step is to see that for any p 6 I 3 we have \\m.t^\R(p,t) = oo. Let 
O C I 3 be the subset of x £ R 3 for which liminf^ii?(x, t) < oo. We suppose 
that Vt ^ 0. According to Theorem 111.191 the subset O is open and the metrics 
g(t)\n converge smoothly to a limiting metric <?(l)|n. On the other hand, we have 
just seen that there is not a limit metric g(l) defined everywhere. This means 
that there is p £ M 3 with limt^±R(p,t) = oo. Take a sequence t n converging to 1 
and set Q n = R(p,t n ). By Theorem 111.81 we see that, possibly after passing to a 
subsequence, the based flows (M 3 , Q n g(t' — tn), ip, 0)) converge to a K-solution. Then 
by Proposition [2321 for any e > there is A < oo such that Vol BQ ng (p, t n , A) < eA 3 , 
and hence after rescaling we have VolB g (p, t n , A/^Q n ) < e{A/ VQn) 3 . By the 
Bishop-Gromov inequality (Proposition ll.34p it follows that for any < A < oo, 
any e > and for all n sufficiently large, we have Vol B g (p, t n , A) < eA 3 . Take a 
non-empty subset 0' C with compact closure. Of course, Vol (f2', g(t)) converges 
to Vol (£1' , g(T)) > as t — > T. Then there is A < oo such that for each n, the subset 
£1' is contained in the ball B(pQ,t n , A). This is a contradiction since it implies that 
for any e > for all n sufficiently large we have Vol (Q',g(t)) < eA 3 . This completes 
the proof that for every p £ M 3 we have lim.t^iR(p, t) = oo. 

Fix e > sufficiently small and set C = C(e). Then for every (p, t) with R(p, t) > 
r~ 2 we have 

< CR 2 {p,t). 



dR. , 



Fix to = 1 — l/2r 2 C. Since the flow has curvature locally bounded in time, there 
is 2C < C < oo such that R(p,t ) < 1/(C"(1 - t ) for all p & R 3 . Since R(p,t ) = 
1/C"(1 - t ), for all t £ [t , 1) we have 

R(p, t) < max ( [(C - C)(l - to)] , [r~ 2 - C(l - to)]"' 



This means that R(p, t) is uniformly bounded as t — > 1, contradicting what we just 
established. This shows that for t > 1- l/2r 2 C the result holds. For t < 1- l/2r 2 C 
there is a positive lower bound on the scalar curvature, and hence the result is 
immediate for these t as well. □ 
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Theorem 12.32. For any e > there is C"(e) < oo suc/i t/iai /or any point x in 
the standard solution one of the following holds (see Fig. \^). 

(1) (x,t) is contained in the core of a (C'(e),e)-cap. 

(2) (x, t) is the center of an evolving e-neck N whose initial time-slice is t = 
and whose initial time-slice is disjoint from the surgery cap. 

(3) (x,t) is the center of an evolving e-neck defined for rescaled time 1 + e. 



pi of type 1 



pi of type 2 



p 3 of type 3 



t=0 



Figure 2. Canonical neighborhoods in the standard solution. 



C ■:) ■:) 



p.', 



Remark 12.33. At first glance it may seem impossible for a point (x, t) in the 
standard solution to be the center of an evolving e-neck defined for rescaled time 
1 + e since the standard solution itself is only defined for time 1. But this is indeed 
possible. The reason is because the scale referred to for an evolving neck centered 
at (x,t) is R(x, t)~ 1 / 2 . As t approaches one, R(x,t) goes to infinity, so that rescaled 
time 1 at (x, t) is an arbitrarily small time interval measured in the scale of the 
standard solution. 

Proof. By Theorem 112.281 there is r such that if R(x,t) > Tq 2 , then (x,t) 
has a (C, e)-canonical neighborhood and if this canonical neighborhood is a strong 
e-neck centered at x, then that neck extends to an evolving neck defined for rescaled 
time (1 + e). By Proposition 112. 3T1 there is 9 < 1 such that if R(x,t) < r^ 2 then 
t < 6. By Proposition 112.71 there is a compact subset Xcl 3 such that if t < 9 
and x £ X, then there is an evolving e-neck centered at x whose initial time is zero 
and whose initial time-slice is at distance at least one from the surgery cap. Lastly, 
by compactness there is C < oo such that every (x, t) for x £ X and every t < 9 is 
contained in the core of a (C, e)-cap. □ 

Corollary 12.34. Fix e > 0. Suppose that (q,t) is a point in the standard 
solution witht < R(q, t) -1 (l + e)) and with (q,0) G B(p , 0, (e -1 / 2 ) + A> + 5). Then 
(q,t) is contained in an (C'(e),e)-cap. 

Remark 12.35. Recall that po is the origin in M 3 and hence is the tip of the 
surgery cap. Also, Aq is defined in Lemma fl 2. 31 
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Corollary 12.36. For any e > letC = C'(e) be as in Theorem U2. 32i Suppose 
that we have a sequence of generalized Ricci flows (M n ,G n ), points x n G M n with 
t(x n ) = 0, neighborhoods U n of x n in the zero time-slice of M. n , and a constant 
< 6 < 1. Suppose that there are erabeddings p n : U n x [0,9) — > _M n compatible with 
time and the vector field so that the Ricci flows p* n G n on U n based at x n converge 
geometrically to the restriction of the standard solution to [0,0). Then for all n 
sufficiently large, and any point y n in the image of p n one of the following holds: 

(1) y n is contained in the core of a (C"(e), e)-cap 

(2) y n is the center of a strong e-neck 

(3) y n is the center of an evolving e-neck whose initial time-slice is at time 0. 
Proof. This follows immediately from Theorem [12.32l and Proposition l9.7^l □ 

There is one property that we shall use later in proving the finite-time extinction 
of Ricci flows with surgery for manifolds with finite fundamental group (among 
others). This is a distance decreasing property which we record here. 

Notice that for the standard initial metric constructed in Lemma 112.21 we have 
the following: 

Lemma 12.37. Let S 2 be the unit sphere in TqM. 3 . Equip it with the metric ho 
that is twice the usual metric (so that the scalar curvature of ho is 1). We define a 
map p: S 2 x [0, oo) — > HL 3 by sending the point (x, s) to the point at distance s from 
the origin in the radial direction from given by x ( all this measured in the metric 
go). Then p*go < ho x ds 2 . 

Proof. Clearly, the metric p*g$ is rotationally symmetric and its component in 
the s-direction is ds 2 . On the other hand, since each cross section {s} x S 2 maps 
conformally onto a sphere of radius < v2 the result follows. □ 
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Surgery on a <5-neck 

1. Notation and the Statement of the Result 

In this chapter we describe the surgery process. For this chapter we fix: 

(1) A 5- neck (A, g) centered at a point xq. We denote by p : S 2 x (— 5 , S^ 1 ) — > 
A the diffeomorphism that gives the <5-neck structure. 

(2) Standard initial conditions (R 3 ,#o)- 

We denote by ho x ds 2 the metric on S 2 x R which is the product of the round 
metric /io on S 2 of scalar curvature 1 and the Euclidean metric ds 2 on R. We denote 
by N~ C A the image p((— <5 _1 ,0] x S 2 ) and we denote by s: N~ — > (— <5 _1 ,0] the 
composition p -1 followed by the projection to the second factor. 

Recall that the standard initial metric (R 3 ,go) is invariant under the standard 
50(3)-action on M 3 . We let po denote the origin in R 3 . It is the fixed point of this 
action and is called the tip of the standard initial metric. Recall from Lemma 112.31 
that there are Aq > and an isometry 

i/>: (S 2 x (-oo, 4], /m x ds 2 ) (R 3 \B(p ,4)),<?o)- 

The composition of V' -1 followed by projection onto the second factor defines a map 
s\ : R 3 \ B(pq,Aq) — > (—oo,4]. Lastly there is < ro < such that on B{pQ,ro) 
the metric 50 is of constant sectional curvature 1/4. We extend the map s± to a 
continuous map s\ : R 3 — ► (—00, 4 + Aq] defined by si(x) = Aq + 4 — d go (p, x). This 
map is an isometry along each radial geodesic ray emanating from pq. It is smooth 
except at po and sends po to 4 + Aq. The pre-images of si on (—00,4 + Aq) are 
2-spheres with round metrics of scalar curvature at least 1. 

The surgery process is a local one defined on the <5-neck (N,g). The surgery 
process replaces (N,g) by a smooth Riemannian manifold (S,g). The underlying 
smooth manifold S is obtained by gluing together p(S 2 x (— d^ 1 , 4)) and B(pq, Aq+A) 
by identifying p(x,s) with ip(x,s) for all iGS 2 and all s E (0,4). The functions s 
on N~ and s\ agree on their overlap and hence together define a function s: S — > 
(—<5 ,4 + .Ao]> a function smooth except at pq. In order to define the metric g 
we must make some universal choices. We fix once and for all two bump functions 
a: [1,2] — ► [0, 1], which is required to be identically 1 near 1 and identically near 
2, and (3: [4 + Aq — ro,4 + Aq] — * [0,1], which is required to be identically 1 near 
4 + Aq — ro and identically on [4 + Aq — tq/2,Aq]. These functions are chosen 
once and for all and are independent of 5 and (A, g) . Next we set 77 = VI - 5- The 
purpose of this choice is the following: 

Claim 13.1. Let £: A -> R 3 6e #te map sends p^ 2 x [A +4,5~ 1 )) to #ie 
origin OsE 3 ('i.e., to t/ie tip of the surgery cap) and for every s < Aq+4 sends (x, s) 
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to the point in M 3 in the radial direction x from the origin at go-distance Aq + 4 — s. 
Then £ is a distance decreasing map from (iV, R(xo)g) to (M 3 ,7/go)- 

PROOF. Since R(xo)g is within 5 of hox ds 2 , it follows that R(xo)g > r/(hoxds 2 ). 
But according to Lemma 112.371 the map £ given in the statement of the claim is a 
distance non- increasing map from ho x ds 2 to go- The claim follows immediately. □ 

The last choices we need to make are of constants Co < oo and q < oo, with 
Co S> q, but both of these are independent of 5. These choices will be made later. 
Given all these choices, we define a function 



/to 





Co5e-i/ s 



s < 
s > 0, 



and then we define the metric g on S by first defining a metric: 
'exp(-2f(s))R(x )p*g 

exp(-2/(s)) (a(s)R(x )p*g + (1 - a(s)) Wo ) 
exp(-2/(s))??5o 

^ [/3(s)exp(-2/( S )) + (1 - /3(s))exp(-2/(4 + A ))j Wo 
where ^4 ro = 4 + ^4o ~~ r o an d A' = Ao + 4. Then we define 

g = R(x s ~ l 

See Fig. CD 



on s (— oo, 1] 

on ^([1,2]) 

on s~ l ([2,A ro ] 

on 8 - 1 ([A ro ,A']), 



9- 



S 2 x {0} 




(5-neck N 



i standard initial 

TP metric 



B(p,A +4) 



S 2 x {0} 




B(p,A ) 



interpolate metric. 



Figure 1. Local Surgery 
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Theorem 13.2. There are constants Co,q,Ro < oo and 5' > such that the 
following hold for the result (S,g) of surgery on (N,g) provided that R(xq) > Rq, 
< 5 < 5' . Define f(s) as above with the constants Co, 5 and then use f to define 
surgery on a 5 -neck N to produce (S,g). Then the following hold. 

• Fix t > 0. For any p £ N, let X(p) = max(0, —v g (p)), where v g (p) is the 
smallest eigenvalue of Rm g (p). Suppose that for all p £ N we have: 

(1) R(p) >^ t ,and 

(2) R{p) > 2X(p) (logJf (p) + log(l + t) - 3), whenever < X(p). 

Then the curvature of (S,g) satisfies the same equations at every point of 
S with the same value oft. 

• The restriction of the metric g to s _1 ([l,4 + Aq]) has positive sectional 
curvature. 

• Let £ : N —* S be the map given in Claim \13.1\ Then it is a distance 
decreasing map from g to g. 

• For any 5" > there is 5[ = S[(5") > such that if 5 < vaxn(5' 1 ,S' ) > then the 
restriction of g to B g (po, (<5") _1 ) in (S,g) is 5" -close in the C^ 1 / 5 "! -topology 
to the restriction of the standard initial metric go to B go (po, (S")^ 1 ). 

The rest of this chapter is devoted to the proof of this theorem. 
Before starting the curvature computations let us make a remark about the 
surgery cap. 

Definition 13.3. The image in S of B go (po, 0, Aq + 4) is called the surgery cap. 

The following is immediate from the definitions provided that 5 > is sufficiently 
small. 

Lemma 13.4. The surgery cap in (S,g) has a metric that differs from the one 
coming from a rescaled version of the standard solution. Thus, the image of this cap 
is not necessarily a metric ball. Nevertheless for e < 1 /200 the image of this cap will 
be contained in the metric ball in S centered at po of radius i?(xo) _1 ^ 2 (^4o + 5) and 
will contain the metric ball centered at po of radius R(xo)~ 1 ^ 2 (Ao + 3). Notice also 
that the complement of the closure of the surgery cap in S is isometrically identified 
with N~ . 

2. Preliminary computations 

We shall compute in a slightly more general setup. Let / be an open interval 
contained in (— <5 -1 ,4 + ^q) and let h be a metric on S 2 x I within 5 in the C^ 1 /^- 
topology of the restriction to this open submanifold of the standard metric ho x ds 2 . 
We let h = e~ 2 fh. Fix local coordinates near a point y G S 2 xl. We denote by V the 
covariant derivative for h and by V the covariant derivative for h. We also denote 
by (Rijki) the matrix of the Riemann curvature operator of h in the associated basis 
of A 2 T(S 2 x I) and by (Rijkl) the matrix of the Riemann curvature operator of h 
with respect to the same basis. Recall the formula for the curvature of a conformal 
change of metric (see, (3.34) on p. 51 of [60J): 

(13.1) Rijki = e~ 2 ^ (Rijki — fjfkhu + fjfihik + fifkhji — fifihjk 

-(/\ 2 h)ij k i\V f\ 2 — fjkhn + fikfiji + fjihik — fuhjk) ■ 
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Here, fi means 

fij = Hessy (/) = djj - fiT l i:j , 
and A 2 h is the metric induced by h on A 2 TN, so that 

h 2 hijki = Kkhji — Kihjk- 

Now we introduce the notation 0(5). When we say that a quantity is 0(5) 
we mean that there is some universal constant C such that, provided that 5 > is 
sufficiently small, the absolute value of the quantity is < C5. The universal constant 
is allowed to change from inequality to inequality. 

In our case we take local coordinates adapted to the (5-neck: re 1 , re 2 ) where 
x° agrees with the s-coordinate and (x 1 ,^ 2 ) are Gaussian local coordinates on the 
S 2 such that dx 1 and dx 2 are orthonormal at the point in question in the round 
metric ho. The function / is a function only of x°. Hence fi = for i = 1,2. Also, 
/o = "%/• It follows that 



so that 



\Vf\ h = \f-(l + 0(5)), 



\Vf\l= q -J 2 -{l + 0{5)). 



Because the metric h is 5-close to the product ho x ds 2 , we see that hij(y) = 
(ha)ij(y) + 0{5) and the Christoffel symbols T^y) of h are within 5 in the C^ 1 /*]-!). 
topology of those of the product metric ho x ds 2 . In particular, r°- = 0(5) for all 
ij. The components of the Hessian with respect to h are given by 

fio = \fO(6) for 1 < i < 2, 

fij = ^f°( 6 ) for l<*,i<2. 

In the following a, b, c, d are indices taking values 1 and 2. Substituting in Equa- 
tion (TiXTI) yields 

Roaob = e~ 2 f (Roavb + -j 2 h ab -h ab {^)f 2 {\ + 0{5)) + (SL-^fhab 
V s s \ s s / 



Also, we have 



21 1 R ab0c + (y,)f 2 O(8) + ^fO(5) 
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Lastly, 

A1212 = e" 2/ (#1212 - (A 2 /i)i 2 i2 J/ 2 (l + 0(5)) + J*/0(*)) 

= e" 2 / (i? 1212 - ^/ 2 (1 + 0(5)) + J/0(<5)) . 

Now we are ready to fix the constant q. We fix it so that for all s £ [0, 4 + Ao] 
we have 

a 2 

(13.2) g>(4 + A ) 2 and \e" 9/s < 1. 



s 4 

It follows immediately that q 2 /s 4 3> g/s 3 for all s € [0,4+Ao]. We are not yet ready 
to fix the constant Co, but once we do we shall always require 8 to satisfy 8 <C Cq 1 
so that for all s £ [0,4 + Aq] we have 

\f 2 « "-J 2 « \f « 1. 

s z s 4 s z 

(These requirements are not circular, since Co and q are chosen independent of 8.) 

Using these inequalities and putting our computations in matrix form show the 
following. 

Corollary 13.5. There is 5' 2 > 0, depending on Co and q, such that if 8 < 8' 2 
then we have 
(13.3) 

'-if 2 o 



Similarly, we have the equation relating scalar curvatures 

i? = e 2 / (i? + 4A/-2|V/| 2 ), 

and hence 

A = + + 

Corollary 13.6. For an?/ constant Co < oo and any 5 < min(6~ 2 , Cq -1 ) we /iaue 
i? > i?. 

PROOF. By our choice of q, since Co<5 < 1, then f 2 <.f and a 2 /s 4 » max(g/s 3 , q/s 2 ) 
so that the result follows immediately from the above formula. □ 

Now let us compute the eigenvalues of the curvature Rijki(y) for any y e S 2 x I. 

Lemma 13.7. There is a 8' 3 > such that the following hold if 8 < 8' 3 . Let 
{eo,ei,e2} be an orthonormal basis for the tangent space at a point y £ S 2 x I for 
the metric ho x ds 2 with the property that eo points in the I-direction. Then there 
is a basis {/o,/i,/2} for this tangent space so that the following hold: 

(1) The basis is orthonormal in the metric h. 

(2) The change of basis matrix expressing the {/o, /i, / 2 } in terms o/{eo, e±, 
is of the form Id + 0(8) . 
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(3) The Riemann curvature of h in the basis {/q A A f'2, f'2 A fo} of 

A 2 T y (S 2 x /) is 

(1/2 0\ 

+ 0(5). 

PROOF. Since h is within 5 of /to x ds 2 in the C' 1 /^ -topology, it follows that 
the matrix for h(y) in {eo,ei,e2} is within 0(5) of the identity matrix, and the 
matrix for the curvature of h in the associated basis of A 2 T y (S 2 x I) is within 
0(5) of the curvature matrix for ho x ds 2 , the latter being the diagonal matrix 
with diagonal entries {1/2, 0, 0}. Thus, the usual Gram-Schmidt orthonormalization 
process constructs the basis {/o, fx, f'2} satisfying the first two items. Let A = (A ab ) 
be the change of basis matrix expressing the {/ a } in terms of the {ej,}, so that 
A = Id + 0(5). The curvature of h in this basis is then given by B tr (Rij] t i)B where 
B = A 2 A is the induced change of basis matrix expressing the basis {fo A/1,/1 A 
/2j /2 A fo} in terms of {eo A ex, e\ A e2, e2 A eo}. Hence, in the basis {fo A/1,/1 A 
/2,,/2 A fo} the curvature matrix for h is within 0(5) of the same diagonal matrix. 
For 5 sufficiently small then the eigenvalues of the curvature matrix for h are within 
0(5) of (1/2,0,0). □ 

Corollary 13.8. The following holds provided that 5 < 5' 3 . It is possible to 
choose the basis {/o,/i,/2} satisfying the conclusions of Lemma 13. 7| so that in 
addition the curvature matrix for (Rijki(y)) is of the form 




with |A - i| < 0(5) and \a\, |/3|, \j\ < 0(5). 

PROOF. We have an /i-orthonormal basis {/0A/1, fx A/2, /2 A/o} for A 2 T y (S 2 xR) 
in which the quadratic form (Rijki(y) is 

1/2 0\ 
+0(5). 
0/ 

It follows that the restriction to the /i-unit sphere in A 2 T y (S 2 x R) of this quadratic 
form achieves its maximum value at some vector v, which, when written out in this 
basis, is given by (x,y,z) with |y|,|z| < O(S) and \x — 1| < 0(5). Of course, this 
maximum value is within 0(5) of 1/2. Clearly, on the /i-orthogonal subspace to v, 
the quadratic form is given by a matrix all of whose entries are 0(5) in absolute value. 
This gives us a new basis of A 2 T y (S 2 x /) within 0(5) of the given basis in which 
(Rijki(y)) is diagonal. The corresponding basis for T y (S 2 x R) is as required. □ 

Now we consider the expression (Rijki(y)) in this basis. 
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Lemma 13.9. Set 5' 4 = min(<5 2 , 6' 3 ). Suppose that 5 < rmn(S^,C ). Then in the 
basis {/o, fx, /a} for T y (S 2 x /) as in Corollary \ 13. 81 we have 



(Rijki(y)) 



-2/ 




2q 
73" 



/ 



1 0\ I + ( ^/0(<5) 
1, 



where A, q, /?, 7 are i/ie constants in Lemma \13.8\ and the first matrix is the expression 
for (Rijki(y)) in this basis. 

Proof. We simply conjugate the expression in Equation f)13.3j) by the change 
of basis matrix and use the fact that by our choice of q and the fact that CqS < 1, 
we have / » f 2 and q/s 3 <C g 2 /s 4 . □ 

Corollary 13.10. Assuming that 5 < min^, Cq 1 ), there is an h-orthonormal 
basis {/o, /1, /2} so that in the associated basis for A 2 T y (S 2 x I) i/ie matrix (Rijiaiy)) 
is diagonal and given by 

'X N 
0^0 
,0 v, 

with I A — 1/2 1 < 0{6) and |z/| < 0{5). Furthermore, in this same basis the matrix 
(Rijki(y)) is 
















e-V 


1 





/' 





H 











-J 





<? 2 r2 



9 




Proof. To diagonalize (Rijki(y)) we need only rotate in the {f\ A /2, /2 A /a}- 
plane. Applying this rotation to the expression in Lemma 113.71 gives the result. □ 

Corollary 13.11. There is a constant A < 00 such that the following holds for 
the given value of q and any Cq provided that 5 is sufficiently small. Suppose that the 
eigenvalues for the curvature matrix of h at y are A > fx > v. Then the eigenvalues 
for the curvature of h at the point y are given by A',//, v' , where 



X' - e 2 M A 



J' 



< 



-JA6 



In particular, we have 



,2/ 



1 2g 



v + 



2q 

e 3 



»'>e 2 f{v + ±-J 



\i > e 2f ( 



< H -JA5 



< 



-fAS. 
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Proof. Let {/oj/ij/b} be the /i-orthonormal basis given in Corollary 113.101 
Then {e-* /o, & fi, & f"i\ is orthonormal for h = e~ 2 ^h. This change multiplies the 
curvature matrix by e 4 A Since / < 1, e 4 -^ < 2 so that the expression for (Rijki(y)) 
in this basis is exactly the same as in Lemma 113.91 except that the factor in front is 
e 2 f instead of e~ 2 ^. Now, it is easy to see that since ((q 2 j s 4 ) / AS) 2 <C (q 2 /s A )fA5 
the eigenvalues will differ from the diagonal entries by at most a constant multiple 
of {q 2 /s i )fA5. 

The first three inequalities are immediate from the previous corollary. The last 
two follow since q 2 / s S> q/s 3 and 5 <C 1. □ 

One important consequence of this computation is the following: 

Corollary 13.12. For the given value of q and for any Co, assuming that 5 > 
is sufficiently small, the smallest eigenvalue of Rm^ is greater than the smallest 
eigenvalue of Rmj, at the same point. Consequently, at any point where h has non- 
negative curvature so does h. 

2 

Proof. Since |A — 1/2|, \v\ are all 0(S) and since ^f <C 1, it follows that 
the smallest eigenvalue of (Rijki(y)) is either // or v' . But it is immediate from the 
above expressions that fj/ > /i and v' > v. This completes the proof. □ 

Now we are ready to fix Co- There is a universal constant K such that for all 
5 > sufficiently small and for any 5-neck (N, h) of scale one, every eigenvalue of 
Rmj, is at least —K5. We set 

Co = 2Ke q . 

Lemma 13.13. With these choices of q and Co for any 5 > sufficiently small 
we have u' > and // > for s G [1, 4 + A ) and X' > 1/4. 

Proof. Then by the previous result we have 

It is easy to see that since g » (4 + Aq) the function (q 2 /2s 4 )f is an increasing 
function on [1,4 + A)]- Its value at s = 1 is (q 2 /2)e~ q C S > K5. Hence ^ + ^r/ > 
for all s E [1,4 + Aq] and consequently v' > on this submanifold. The same 
argument shows y! > 0. Since q 2 /s 4 f 2 <ti 1 and < /, the statement about A' is 
immediate. □ 

3. The proof of Theorem [T3T21 

3.1. Proof of the first two items for s < 4. We consider the metric in the 
region s~ 1 (—5~ 1 ,4) given by 

h = a(s)R g (x )p*g + (1 - a(s))rjg . 

There is a constant K' < oo (depending on the C^/^-norm of a) such that h is 
within K'5 of the product metric in the C^'( K s ^ -topology. Thus, if 5 is sufficiently 
small, all of the preceding computations hold with the error term (q 2 j 's 4 ) / AK' '5 . 
Thus, provided that 5 is sufficiently small, the conclusions about the eigenvalues 
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hold for e~ 2 fh in the region s~ 1 (—5~ 1 ,4). But e~ 2 ^h is exactly equal to R(xo)g in 
this region. Rescaling, we conclude that on s _1 (— 5 _1 ,4) the smallest eigenvalue of 
g is greater than the smallest eigenvalue of g at the corresponding point and that 
Rg > Rg hi this same region. 

The first conclusion of Theorem 113.21 follows by applying the above considerations 
to the case of h = R g {xo)p*g. Namely, we have: 

Proposition 13.14. Fix 5 > sufficiently small. Suppose that for some t > 
and every point p 6 N the curvature of h satisfies: 

(1) R(p) > j^ t , and 

(2) R(p) > 2X{p) [\ogX(p) + log(l + 1) - 3) whenever < X(x, t). 

Then the curvature (S,g) satisfies the same equation with the same value oft in 
the region 6 ,4). Also, the curvature ofg is positive in the region s _1 [l,4). 

Proof. According to Corollary 113.121 the smallest eigenvalue of h at any point 
p is greater than or equal to the smallest eigenvalue of h at the corresponding point. 
According to Corollary 113.61 R(p) > R(p) for every p £ S. Hence, Xt(p) < X^ip). 
If X h (p) > e 3 /(l + t), then we have 

R(p) > R(p) > 2X h (p)(log(X h (p)+log(l+t)-3) > 2X h (p)(log(X h (p)+log(l+t)-3). 

If Xh(p) < e 3 (l + 1), then Xt{p) < e 3 /(l + t). Thus, in this case since we are in a 
5- neck, provided that 5 is sufficiently small, we have R(p) > and hence 

R(p) > Rip) > > 2Xp(p)(log(X k (p) + log(l + 1) - 3). 

This completes the proof in both cases. 

This establishes the first item in the conclusion of Theorem 113.21 for 5 > suf- 
ficiently small on s _1 (— <5 -1 , 4). As we have seen in Lemma |13.13| the curvature is 
positive on s _1 [l, 4). □ 

3.2. Proof of the first two items for s > 4. Now let us show that the 
curvature on g is positive in the region s _1 ([4, 4 + Aq]). First of all in the preimage 
of the interval [4, 4 + Aq, — ro] this follows from Corollary 113.121 and the fact that 
rjgo has non-negative curvature. As for the region s _1 ([4 + Aq — vq,A + Ao]), as 6 
tends to zero, the metric here tends smoothly to the restriction of the metric go to 
that subset. The metric go has positive curvature on s^ 1 ([4 + Aq — vq, 4 + A)])- 
Thus, for all 5 > sufficiently small the metric g has positive curvature on all of 
s _1 ([4 + Aq — ro, 4 + Aq]). This completes the proof of the first two items. 

3.3. Proof of the third item. By construction the restriction of the metric g 
to 5 , 0]) is equal to the metric p*g. Hence, in this region the mapping is an 
isometry. In the region s -1 ([0,4]) we have R(xo)p*g > ngQ so that by construction 
in this region p*g > g. Lastly, in the region s _1 ([4, Aq + 4]) we have i?(xo) _1 r/go ^ 
g. On the other hand, it follows from Lemma 113.11 that the map from ([0, S^ 1 ] x 
S 2 ,R(xQ)p*g) to (B(po, 4 + Aq), ng) is distance decreasing. This completes the proof 
of the third item. 
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3.4. Completion of the proof. As 5 goes to zero, / tends to zero in the 
C°°-topology and rj limits to 1. From this the fourth item is clear. 
This completes the proof of Theorem 113.21 

4. Other properties of the result of surgery 

Lemma 13.15. Provided that 5 > is sufficiently small the following holds. Let 
(N,g) be a S-neck and let (S,g) be the result of surgery along the cental 2-sphere of 
this neck. Then for any < D < oo the ball Bg(p, D + 5 + ^4o) C S has boundary 
contained in s^ 1 (—(2D + 2), —D/2). 

Proof. The Riemannian manifold (S,g) is identified by a diffeomorphism with 
the union of s^ r 1 (— 0] to B go (po, Aq + 4) glued along their boundaries. Thus, we 
have a natural identification of S with the ball B go (p, Aq + 4 + S^ 1 ) in the standard 
solution. This identification pulls back the metric g to be within 25 of the standard 
initial metric. The result then follows immediately for 5 sufficiently small. □ 
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Ricci Flow with surgery: the definition 

In this chapter we introduce Ricci flows with surgery. These objects are closely 
related to generalized Ricci flows but they differ slightly. The space-time of a Ricci 
flow with surgery has an open dense subset that is a manifold, and the restriction 
of the Ricci flow with surgery to this open subset is a generalized Ricci flow. Still 
there are other, more singular points allowed in a Ricci flow with surgery. 

1. Surgery space-time 

Definition 14.1. By a space-time we mean a paracompact Hausdorff space A4 
with a continuous function t : A4 — > R, called time. We require that the image of t 
be an interval J, finite or infinite with or without endpoints, in R. The interval / 
is called the time-interval of definition of space-time. The initial point of /, if there 
is one, is the initial time and the final point of I, if there is one, is the final time. 
The level sets of t are called the time-slices of space-time, and the preimage of the 
initial (resp., final) point of I is the initial (resp., final) time-slice. 

We are interested in a certain class of space-times, which we call surgery space- 
times. These objects have a 'smooth structure' (even though they are not smooth 
manifolds). As in the case of a smooth manifold, this smooth structure is given by 
local coordinate charts with appropriate overlap functions. 

1.1. An exotic chart. There is one exotic chart, and we begin with its de- 
scription. To define this chart we consider the open unit square (—1,1) x (—1,1). 
We shall define a new topology, denoted by V, on this square. The open sub- 
sets of V are the open subsets of the usual topology on the open square together 
with open subsets of (0, 1) x [0, 1). Of course, with this topology the 'identity' map 
l: V — > (—1, 1) x (—1, 1) is a continuous map. Notice that the restriction of the topol- 
ogy of V to the complement of the closed subset [0, 1) x {0} is a homeomorphism 
onto the corresponding subset of the open unit square. Notice that the complement 
of (0,0) in V is a manifold with boundary, the boundary being (0,1) x {0}. (See 
Fig. [5] in the Introduction.) 

Next, we define a 'smooth structure' on V by defining a sheaf of germs of 'smooth' 
functions. The restriction of this sheaf of germs of 'smooth functions' to the com- 
plement of (0, 1) x {0} in V is the usual sheaf of germs of smooth functions on the 
corresponding subset of the open unit square. In particular, a function is smooth 
near (0, 0) if and only if its restriction to some neighborhood of (0, 0) is the pullback 
under t of a usual smooth function on a neighborhood of the origin in the square. 
Now let us consider the situation near a point of the form x = (a, 0) for some 
< a < 1. This point has arbitrarily small neighborhoods V n that are identified 
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under l with open subsets of (0, 1) x [0, 1). We say that a function / defined in a 
neighborhood of x in V is smooth at x if its restriction to one of these neighbor- 
hoods V n is the pullback via i\y n of a smooth function in the usual sense on the 
open subset i(V n ) of the upper half space. One checks directly that this defines a 
sheaf of germs of 'smooth' functions on V. Notice that the restriction of this sheaf 
to the complement of (0, 0) is the structure sheaf of smooth functions of a smooth 
manifold with boundary. Notice that the map i: V — > (—1,1) x (—1,1) is a smooth 
map in the sense that it pulls back smooth functions on open subsets of the open 
unit square to smooth functions on the corresponding open subset of V. 

Once we have the notion of smooth functions on V, there is the categorical notion 
of a diffeomorphism between open subsets of V: namely a homeomorphism with the 
property that it and its inverse pull back smooth functions to smooth functions. 
Away from the origin, this simply means that the map is a diffeomorphism in the 
usual sense between manifolds with boundary, and in a neighborhood of (0,0) it 
factors through a diffeomorphism of neighborhoods of the origin in the square. While 
i: V — ► (— 1, 1) x (— 1, 1) is a smooth map, it is not a diffeomorphism. 

We define the tangent bundle of V in the usual manner. The tangent space at 
a point is the vector space of derivations of the germs of smooth functions at that 
point. Clearly, away from (0, 0) this is the usual (2-plane) tangent bundle of the 
smooth manifold with boundary. The germs of smooth functions at (0, 0) are, by 
definition, the pullbacks under i of germs of smooth functions at the origin for the 
unit square, so that the tangent space of V at (0, 0) is identified with the tangent 
space of the open unit square at the origin. In fact, the map t induces an isomorphism 
from the tangent bundle of V to the pullback under t of the tangent bundle of the 
square. In particular, the tangent bundle of V has a given trivialization from the 
partial derivatives d x and d y in the coordinate directions on the square. We use this 
trivialization to induce a smooth structure on the tangent bundle of V: that is to 
say, a section of TV is smooth if and only if it can be written as ad x + f3d y with a 
and (3 being smooth functions on V. The smooth structure agrees off of (0, 0) € V 
with the usual smooth structure on the tangent bundle of the smooth manifold with 
boundary. By a smooth vector field on V we mean a smooth section of the tangent 
bundle of V . Smooth vector fields act as derivations on the smooth functions on V . 

We let t-p: V — > R be the pullback via i of the usual projection to the second 
factor on the unit square. We denote by xv the smooth vector field iTdi- Clearly, 
X-p(t-p) = 1. Smooth vector fields on V can be uniquely integrated locally to smooth 
integral curves in V . (At a manifold with boundary point, of course only vector fields 
pointing into the manifold can be locally integrated.) 

1.2. Coordinate charts for a surgery space-time. Now we are ready to 
introduce the types of coordinate charts that we shall use in our definition of a 
surgery space-time. Each coordinate patch comes equipped with a smooth structure 
(a sheaf of germs of smooth functions) and a tangent bundle with a smooth structure, 
so that smooth vector fields act as derivations on the algebra of smooth functions. 
There is also a distinguished smooth function, denoted t, and a smooth vector field, 
denoted %, required to satisfy %(t) = 1. There are three types of coordinates: 



1. SURGERY SPACE- TIME 



337 



(1) The coordinate patch is an open subset of the strip M n x /, where / is an 
interval, with its usual smooth structure and tangent bundle; the function 
t is the projection onto /; and the vector field x is the unit tangent vector 
in the positive direction tangent to the foliation with leaves {x} x /. The 
initial point of I, if there is one, is the initial time of the space-time and 
the final point of /, if there is one, is the final time of the space-time. 

(2) The coordinate patch an open subset of W 1 x [a, oo), for some a£l, with its 
usual smooth structure as a manifold with boundary and its usual smooth 
tangent bundle; the function t is the projection onto the second factor; 
and the vector field is the coordinate partial derivative associated with the 
second factor. In this case we require that a not be the initial time of the 
Ricci flow. 

(3) The coordinate patch is a product of V with an open subset of W 1 ^ 1 with the 
smooth structure (i.e., smooth functions and the smooth tangent bundle) 
being the product of the smooth structure defined above on V with the 
usual smooth structure of an open subset of M n_1 ; the function t is, up 
to an additive constant, the pullback of the function t-p given above on V; 
and the vector field x 1S the image of the vector field xv on , given above, 
under the product decomposition. 

An ordinary Ricci flow is covered by coordinate charts of the first type. The 
second and third are two extra types of coordinate charts for a Ricci flow with 
surgery that are not allowed in generalized Ricci flows. Charts of the second kind 
are smooth manifold-with-boundary charts, where the boundary is contained in a 
single time-slice, not the initial time-slice, and the flow exists for some positive 
amount of forward time from this manifold. 

All the structure described above for V - the smooth structure, the tangent 
bundle with its smooth structure, smooth vector fields acting as derivations on 
smooth functions - exist for charts of the third type. In addition, the unique local 
integrability of smooth vector fields hold for coordinate charts of the third type. 
Analogous results for coordinate charts of the first two types are clear. 

Now let us describe the allowable overlap functions between charts. Between 
charts of the first and second type these are the smooth overlap functions in the 
usual sense that preserve the functions t and the vector fields x on the patches. 
Notice that because the boundary points in charts of the second type are required 
to be at times other than the initial and final times, the overlap of a chart of type one 
and a chart of type two is disjoint from the boundary points of each. Charts of the 
first two types are allowed to meet a chart of the third type only in its manifold and 
manifold-with-boundary points. For overlaps between charts of the first two types 
with a chart of the third type, the overlap functions are diffeomorphisms between 
open subsets preserving the local time functions t and the local vector fields X- Thus, 
all overlap functions are diffeomorphisms in the sense given above. 

1.3. Definition and basic properties of surgery space-time. 

Definition 14.2. A surgery space-time is a space-time M equipped with a max- 
imal atlas of charts covering Ai, each chart being of one of the three types listed 
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above, with the overlap functions being eliffeomorphisms preserving the functions t 
and the vector fields %. The points with neighborhoods of the first type are called 
smooth points, those with neighborhoods of the second type but not the first type are 
called exposed points, and all the other points are called singular points. Notice that 
the union of the set of smooth points and the set of exposed points forms a smooth 
manifold with boundary (possibly disconnected). Each component of the boundary 
of this manifold is contained in a single time-slice. The union of those components 
contained in a time distinct from the initial time and the final time is called the ex- 
posed region, and the boundary points of the closure of the exposed region form the 
set of the singular points of M. (Technically, the exposed points are singular, but 
we reserve this word for the most singular points.) An (n + l)-dimensional surgery 
space-time is by definition of homogeneous dimension n + 1. 

By construction, the local smooth functions t are compatible on the overlaps and 
hence fit together to define a global smooth function t: M — > R, called the time 
function. The level sets of this function are called the time-slices of the space-time, 
and t~ 1 (t) is denoted M t . Similarly, the tangent bundles of the various charts are 
compatible under the overlap diffeomorphisms and hence glue together to give a 
global smooth tangent bundle on space-time. The smooth sections of this vector 
bundle, the smooth vector fields on space time, act as derivations on the smooth 
functions on space-time. The tangent bundle of an (n + l)-dimensional surgery 
space-time is a vector bundle of dimension (n + 1). Also, by construction the local 
vector fields x are compatible and hence glue together to define a global vector field, 
denoted x- The vector field and time function satisfy 

x(t) = 1. 

At the manifold points (including the exposed points) it is a usual vector field. Along 
the exposed region and the initial time-slice the vector field points into the manifold; 
along the final time-slice it points out of the manifold. 

Definition 14.3. Let M be a surgery space-time. Given a space K and an 
interval J C R we say that an embedding K x J — > M. is compatible with time and 
the vector field if: (i) the restriction of t to the image agrees with the projection onto 
the second factor and (ii) for each x € X the image of {x} x J is the integral curve 
for the vector field %. If in addition K is a subset of M t we require that t £ J and 
that the map K x {t} — > M t be the identity. Clearly, by the uniqueness of integral 
curves for vector fields, two such embeddings agree on their common interval of 
definition, so that, given K C Mt there is a maximal interval Jk containing t such 
that such an embedding is defined on K x Jk- In the special case when K = {x} 
for a point x £ M t we say that such an embedding is the maximal flow line through 
x. The embedding of the maximal interval through x compatible with time and the 
vector field x is called the domain of definition of the flow line through x. For a 
more general subset K C M t there is an embedding K x J compatible with time 
and the vector field x if an d only if, for every x € K, the interval J is contained in 
the domain of definition of the flow line through x. 

Definition 14.4. Let A4 be a surgery space-time with / as its time interval of 
definition. We say that t G / is a regular time if there is an interval J C I which 
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is an open neighborhood in / of t, and a diffeomorphism Mj x J — > t _1 (J) C M 
compatible with time and the vector field. A time is singular if it is not regular. 
Notice that if all times are regular, then space-time is a product Mt x I with t and 
X coming from the second factor. 

Lemma 14.5. Let M be an (n + 1)- dimensional surgery space-time, and fix t. The 
restriction of the smooth structure on M to the time-slice M t induces the structure of 
a smooth n-manifold on this time-slice. That is to say, we have a smooth embedding 
of M t — ► M . This smooth embedding identifies the tangent bundle of M t with a 
codimension-one subbundle of the restriction of tangent bundle of M to Mt. This 
subbundle is complementary to the line field spanned by %• These codimension-one 
subbundles along the various time-slices fit together to form a smooth, codimension- 
one subbundle of the tangent bundle of space-time. 

Proof. These statements are immediate for any coordinate patch, and hence 
are true globally. □ 

Definition 14.6. We call the codimension-one subbundle of the tangent bundle 
of M described in the previous lemma the horizontal subbundle, and we denote it 
HT(M). 

2. The generalized Ricci flow equation 

In this section we introduce the Ricci flow equation for surgery space-times, re- 
sulting in an object that we call Ricci flow with surgery. 

2.1. Horizontal metrics. 

Definition 14.7. By a horizontal metric G on a surgery space-time M we mean 
a C°° metric on HTM.. For each t, the horizontal metric G induces a Riemannian 
metric, denoted G(t), on the time-slice Mt. Associated to a horizontal metric G 
we have the horizontal covariant derivative, denoted V. This is a pairing between 
horizontal vector fields 

X Y ^ V X Y. 

On each time slice M t it is the usual Levi-Civita connection associated to the Rie- 
mannian metric G(t). Given a function F on space-time, by its gradient VF we 
mean its horizontal gradient. The value of this gradient at a point q £ Mt is the 
usual G(t)-gradient of F\M t - In particular, VF is a smooth horizontal vector field on 
space-time. The horizontal metric G on space-time has its (horizontal) curvatures 
Rmg. These are smooth symmetric endomorphisms of the second exterior power of 
HTM . The value of Rmg at a point q G Mt is simply the usual Riemann curvature 
operator of G(t) at the point q. Similarly, we have the (horizontal) Ricci curvature 
Ric = Rice, a section of the symmetric square of the horizontal cotangent bundle, 
and the (horizontal) scalar curvature denoted R = Rq- 

The only reason for working in HTM rather than individually in each slice is 
to emphasize the fact that all these horizontal quantities vary smoothly over the 
surgery space-time. 
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Suppose that t € / is not the final time and suppose that U C M t is an open subset 
with compact closure. Then there is e > and an embedding %u : U x [t, t + e) C M 
compatible with time and the vector field. Of course, two such embeddings agree 
on their common domain of definition. Notice also that for each t' G [t, t + e) the 
restriction of the map ijj to U X {<'} induces an diffeomorphism from U to an open 
subset Uf of M t i. It follows that the local flow generated by the vector field x 
preserves the horizontal subbundle. Hence, the vector field x ac ^ s by Lie derivative 
on the sections of TiT(M) and on all associated bundles (for example the symmetric 
square of the dual bundle). 

2.2. The equation. 

Definition 14.8. A Ricci flow with surgery is a pair (M.,G) consisting of a 
surgery space-time M and a horizontal metric G on A4 such that for every xGM 
we have 

(14.1) £ X ( G )( X ) = -2Ric G (x)) 

as sections of the symmetric square of the dual to HT(M). If space-time is (n + 1)- 
dimensional, then we say that the Ricci flow with surgery is n-dimensional (meaning 
of course that each time-slice is an n-dimensional manifold). 

Remark 14.9. Notice that at an exposed point and at points at the initial and 
the final time the Lie derivative is a one-sided derivative. 

2.3. Examples of Ricci flows with surgery. 

Example 14.10. One example of a Ricci flow with surgery is M = Mo x [0, T) 
with time function t and the vector field x coming from the second factor. In this case 
the Lie derivative C x agrees with the usual partial derivative in the time direction, 
and hence our generalized Ricci flow equation is the usual Ricci flow equation. This 
shows that an ordinary Ricci flow is indeed a Ricci flow with surgery. 

The next lemma gives an example of a Ricci flow with surgery where the topology 
of the time-slices changes. 

Lemma 14.11. Suppose that we have manifolds Mi x (a, b] and M2 x [b, c) and 
compact, smooth codimension-0 submanifolds Q± C Mi and Q2 C M2 with open 
neighborhoods U\ C M\ and U2 C M2 respectively. Suppose we have a diffeomor- 
phism ip: U\ — > XJi carrying Q,± onto ^2- Let (Mi x (a, 6])o be the subset obtained 
by removing (Mi \ Cli) x {6} from M\ x (a, b\. Form the topological space 

M = {M l x (a, 6]) U M 2 x [b, c) 

where Q\ x {b} in (Mi x (a, b])o is identified with Q2 x {b} using the restriction of 
ip to ili. Then M naturally inherits the structure of a surgery space-time where the 
time function restricts to (Mi x (a, b])o and to M2 x [6, c) to be the projection onto 
the second factor and the vector field x agrees with the vector fields coming from the 
second factor on each of (Mi x (a, b])o and M2 x [b, c). 

Lastly, given Ricci flows (Mi, gi(t)), a < t < b, and (M2, g2(t)), b < t < c, if 
■ip: (Ui,gi(b)) — > (U2,g2(b)) is an isometry, then these families fit together to form a 



2. THE GENERALIZED RICCI FLOW EQUATION 



341 



smooth horizontal metric G on M satisfying the Ricci flow equation, so that {M, G) 
is a Ricci flow with surgery. 

Proof. As the union of Hausdorff spaces along closed subsets, M is a Hausdorff 
topological space. The time function is the one induced from the projections onto 
the second factor. For any point outside the b time-slice there is the usual smooth 
coordinate coming from the smooth manifold Mi x (a, b) (if t < b) or M2 X (b, c) (if 
t > b). At any point of (M2 \ O2) x {6} there is the smooth manifold with boundary 
coordinate patch coming from M2 x [b, c). For any point in int(Qi) x {b} we have the 
smooth manifold structure obtained from gluing (int(Sli)) x (a, b] to mt(Q,2) x [b,c) 
along the b time-slice by ip. Thus, at all these points we have neighborhoods on 
which our data determine a smooth manifold structure. Lastly, let us consider a 
point x G 8Q\ x {b}. Choose local coordinates (x\ . . . ,x n ) for a neighborhood V\ 
of x such that VL\ D V\ = {x n < 0}. We can assume that ifi is defined on all of V\. 
Let V2 = i^iVi ) and take the local coordinates on V2 induced from the x l on V\. 
Were we to identify V\ x (a, b] with V2 x [b, c) along the b time-slice using this map, 
then this union would be a smooth manifold. There is a neighborhood of the point 
(x, b) £ A4 which is obtained from the smooth manifold V\ x (a, b] V2 x [b, c) by 
inducing a new topology where the open subsets are, in addition to the usual ones, 
any open subset of the form {x n > 0} x [b, b') where b < b' < c. This then gives the 
coordinate charts of the third type near the points of 80,2 x {b}- Clearly, since the 
function t and the vector field d/dt are smooth on V\ x (a, b] V2 x [b, c), we see 
that these objects glue together to form smooth objects on M. 

Given the Ricci flows gi(t) and 52 (t) as in the statement, they clearly determine 
a (possibly singular) horizontal metric on M. This horizontal metric is clearly 
smooth except possibly along the b time-slice. At any point of {M2 \ ^2) x {^} we 
have a one-sided smooth family, which means that on this set the horizontal metric 
is smooth. At a point of int(^2) x {6}, the fact that the metrics fit together smoothly 
is an immediate consequence of Proposition 13.121 At a point x G 80,2 x {6} we have 
neighborhoods V2 C M2 of x and V\ C M\ of tp~ 1 (x) that are isometrically identified 
by if). Hence, again by Lemma [3 .12 1 we see that the Ricci flows fit together to form a 
smooth family of metrics on V\ x (a, b] V2 x [b, c). Hence, the induced horizontal 
metric on Ai is smooth near this point. □ 

The following is obvious from the definitions. 

Proposition 14.12. Suppose that (M,G) is a Ricci flow with surgery. Let ir&M 
be the open subset consisting of all smooth (n + 1) -manifold points, plus all manifold- 
with-boundary points at the initial time and the final time. This space-time inherits 
the structure of a smooth manifold with boundary. This structure together with the 
restrictions to it of t and the vector field x an d the restriction of the horizontal 
metric G form a generalized Ricci flow whose underlying smooth manifold is intTW . 

2.4. Scaling and translating Ricci flows with surgery. Suppose that (A4, G) 
is a Ricci flow with surgery. Let Q be a positive constant. Then we can define a 
new Ricci flow with surgery by setting G' = QG, t' = Qt and x' = Q~ 1 X- It is 
easy to see that the resulting data still satisfies the generalized Ricci flow equation, 
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Equation (I14.1D . We denote this new Ricci flow with surgery by (QM,QG) where 
the changes in t and x are indicated by the factor Q in front of the space-time. 

It is also possible to translate a Ricci flow with surgery (A4 , G) by replacing the 
time function t by t' = t + a for any constant a, and leaving \ an d G unchanged. 

2.5. More basic definitions. 

Definition 14.13. Let (M,G) be a Ricci flow with surgery, and let xbea point 
of space-time. Set t = t(cc). For any r > we define B(x, t, r) C M t to be the metric 
ball of radius r centered at x in the Riemannian manifold (Mt, G(t)). 

Definition 14.14. Let (M.,G) be a Ricci flow with surgery, and let re be a 
point of space-time. Set t = t(x). For any r > and At > we say that the 
backward parabolic neighborhood P(x, t, r, —At) exists in Ai if there is an embedding 
B(x, t, r) x (t — At, t] — ► M. compatible with time and the vector field. Similarly, we 
say that the forward parabolic neighborhood P(x, t, r, At) exists in M. if there is an 
embedding B(x,t,r) x [t, t + At) — > M compatible with time and the vector field. 
A parabolic neighborhood is either a forward or backward parabolic neighborhood. 

Definition 14.15. Fix k > and ro > 0. We say that a Ricci flow with surgery 
(M., G) is K-noncollapsed on scales < ro if the following holds for every point x £ M. 
and for every r < ro. Denote t(x) by t. If the parabolic neighborhood P(x, t, r, —r 2 ) 
exists in A4 and if |Rmd < r~ 2 on P(x,t,r, —r 2 ), then Vol B(x,t,r) > Kr 3 . 

Remark 14.16. For e > sufficiently small, an e-round component satisfies the 
first condition in the above definition for some K > depending only on the order of 
the fundamental group of the underlying manifold, but there is no universal k > 
that works for all e-round manifolds. Fixing an integer iV let Cn be the class of 
closed 3-manifolds with the property that any finite free factor of tt\(M) has order 
at most N. Then any e-round component of any time-slice of any Ricci flow (M, G) 
whose initial conditions consist of a manifold in Cat will have fundamental group of 
order at most iV and hence will satisfy the first condition in the above definition for 
some k > depending only on N. 

We also have the notion of the curvature being pinched toward positive, analogous 
to the notions for Ricci flows and generalized Ricci flows. 

Definition 14.17. Let (M., G) be a 3-dimensional Ricci flow with surgery, whose 
time domain of definition is contained in [0, oo). For any i £ M we denote the 
eigenvalues of Rm(x) by X(x) > fx(x) > v{x) and we set X(x) = max(0, — f(x)). 
We say that its curvature is pinched toward positive if the following hold for every 
x £ M: 

(1) > TTife- 

(2) R(x) > 2X(x) (logX(x) + log(l + t(z)) - 3), whenever < X(x). 

Let (M, g) be a Riemannian manifold and let T > 0. We say that (M, g) has 
curvature pinched toward positive up to time T if the above two inequalities hold for 
all x € M with t(x) replaced by T. 

Lastly, there is the definition of canonical neighborhoods for a Ricci flow with 
surgery, there is the following extension of the notion for a generalized Ricci flow. 
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Definition 14.18. Fix constants (C, e) and a constant r. We say that a Ricci 
flow with surgery (Ai,G) satisfies the strong (C, e)- canonical neighborhood assump- 
tion with parameter r if every point x £ Ai with R(x) > r~ 2 has a strong (C, e)- 
canonical neighborhood in Ai. In all cases except that of the strong e-neck, the 
strong canonical neighborhood of x is a subset of the time-slice containing x, and 
the notion of a (C, e)-canonical neighborhood has exactly the same meaning as in 
the case of an ordinary Ricci flow. In the case of a strong e-neck centered at x this 
means that there is an embedding (S 2 x (-e" 1 ^" 1 )) x (t(x) - R(x)- 1 , t(x)] -> M, 
mapping (qo,0) to x, where qo is the basepoint of S 2 , an embedding compatible 
with time and the vector field, such that the pullback of G is a Ricci flow on 
S 2 x (— e -1 ,^ 1 ) which, when the time is shifted by — t(x) and then the flow is 
rescaled by R(x), is within e in the C^^'-topology of the standard evolving round 
cylinder (S 2 x (— e _1 , e _1 ), /io(t) x (is 2 ) , — 1 < t < 0, where the scalar curvature of 
the ho(t) is 1 — t. 

Notice that x is an exposed point or sufficiently close to an exposed point then x 
cannot be the center of a strong e-neck. 
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Controlled Ricci flows with surgery 

We do not wish to consider all Ricci flows with surgery. Rather we shall con- 
centrate on 3-dimensional flows (that is to say 4-dimensional space-times) whose 
singularities are closely controlled both topologically and geometrically. We intro- 
duce the hypotheses that we require these evolutions to satisfy. Then main result, 
which is stated in this chapter and proved in the next two, is that these controlled 
3-dimensional Ricci flows with surgery always exist for all time with any compact 
3-manifold as initial metric. 

0.6. Normalized initial conditions. Consider a compact connected Riemann- 
ian 3-manifold (M, g(0)) satisfying 

(1) \Rm(x, 0)| < 1 for all x £ M and 

(2) for every x £ M we have Vol B(x, 0, 1) > u>/2 where u is the volume of the 
unit ball in M. 3 . 

Under these conditions we say that (M, g(0)) is normalized. Also, if (M,g(0)) is 
the initial manifold of a Ricci flow with surgery then we say that it is a normalized 
initial metric. Of course, given any compact Riemannian 3-manifold (M, g(0)) there 
is a positive constant Q < oo such that (M, Qg(0)) is normalized. 

Starting with a normalized initial metric implies that the flow exists and has 
uniformly bounded curvature for a fixed amount of time. This is the content of the 
following claim which is an immediate corollary of Theorem 13.111 Proposition 13.121 
Theorem 13.281 and Proposition 14.111 

Claim 15.1. There is kq such that the following holds. Let (Al,g(0)) be a nor- 
malized initial metric. Then the solution to the Ricci flow equation with these ini- 
tial conditions exists for t £ [0, 2 -4 ], and \R(x,t)\ < 2 for all x £ M and all 
t £ [0, 2~ 4 ]. Furthermore, for any t £ [0, 2 -4 ] and any x £ M and any r < e we 
have Vol B(x, t, r) > Kor 3 . 

1. Gluing together evolving necks 

Proposition 15.2. There is < (3 < 1/2 such that the following holds for any 
e < 1. Let (N x [—to, 0], gi(t)) be an evolving (3e-neck centered at x with R(x, 0) = 1. 
Let (N' x (— ti, — to], g2(t)) b e a strong (5e/2-neck. Suppose we have an isometric 
embedding of N x {—to} with N' x {—to} an d the strong (5e/2-neck structure on 
N' x (— ti,— to] is centered at the image of (x, —to]- Then the union 

Nx [-t ,0]UN' x (-ti, -t ] 

with the induced one-parameter family of metrics contains a strong e-neck centered 
at (x, 0). 
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Proof. Suppose that the result does not hold. Take a sequence of (3 n tending to 
zero and counterexamples (iV n x[-to,n,0],5i, n (t)); (N^ x {—ti >n , -t Q , n ], 92,n(t)). Pass 
to a subsequence so that the £o,n tend to a limit io,oo > 0. Since (5 n tends to zero, 
we can take a smooth limit of a subsequence and this limit is an evolving cylinder 
(S 2 xK, h(t)xds 2 ), where h(t) is the round metric of scalar curvature 1/(1— i) defined 
for some amount of backward time. Notice that, for all (5 sufficiently small, on a 
/3e-neck the derivative of the scalar curvature is positive. Thus, R gin (x, — to <n ) < 1. 
Since we have a strong neck structure on N' n centered at (x, — to n ), this implies that 
t± >n > 1 so that the limit is defined for at least time t £ [0, l+to,oo)- If ^o,oo > 0, then, 
restricting to the appropriate subset of this limit, a subset with compact closure in 
space-time, it follows immediately that for all n sufficiently large there is a strong 
e-neck centered at (x,0). This contradicts the assumption that we began with a 
sequence of counterexamples to the proposition. 

Let us consider the case when io,oo = 0. In this case the smooth limit is an 
evolving round cylinder defined for time (—1,0]. Since t\ jTl > 1 we see that for any 
A < oo for all n sufficiently large the ball B(x n ,0, A) has compact closure in every 
time-slice and there are uniform bounds to the curvature on B(x n ,0, A) x (—1,0]. 
This means that the limit is uniform for time (—1,0] on all these balls. Thus, once 
again for all n sufficiently large we see that (x, 0) is the center of a strong e-neck 
in the union. In either case we have obtained a contradiction, and hence we have 
proved the result. See Fig. [TJ □ 

N x {0} 

CZZ3 




N' X {-h} 
Figure 1. Gluing together necks. 

1.1. First assumptions. Choice of C and e: The first thing we need to do 
is fix for the rest of the argument C < oo and e > 0. We do this in the following way. 

We fix < e < min(l/200, (VD(A q + 5)) , ei/2, e'/2, e ) where e x is the constant 
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from Proposition 12. 191 e' is the constant from Theorem 19.931 e is the constant from 
Section [Tj and Aq and D are the constants from Lemma 112.31 We fix (3 < 1/2, the 
constant from Proposition 115.21 Then we let C be the maximum of the constant 
C(e) as in Corollary EM] and C (fie/3) + 1 as in Theorem MM 

For all such e, Theorem 111). 21 holds for e and Proposition 12.191 Proposition 19.791 
and Corollaries 19.941 and 19.951 and Theorems 111.11 and 111.81 hold for 2e. Also, all the 
topological results of the Appendix hold for 2e and a = 10 -2 . 

Now let us turn to the assumptions we shall make on the Ricci flows with surgery 
that we shall consider. Let M. be a space-time. Our first set of assumptions are 
basically topological in nature. They are: 

Assumption (1). Compactness and dimension: Each time-slice Mt of space- 
time is a compact 3-manifold containing no embedded 1LP 2 with trivial normal bun- 
dle. 

Assumption (2). Discrete singularities: The set of singular times is a discrete 
subset o/R. 

Assumption (3). Normalized initial conditions: is the initial time of the 
Ricci flow with surgery and the initial metric (Mq,G(0)) is normalized. 

It follows from Assumption (2) that for any time t in the time-interval of definition 
of a Ricci flow with surgery, with t being distinct from the initial and final times 
(if these exist), for all 5 > sufficiently small, the only possible singular time in 
[t — S, t + 6] is t. Suppose that t is a singular time. The singular locus at time t is 
a closed, smooth subsurface St C Mt- From the local model, near every point of 
x £ S t we see that this surface separates M t into two pieces: 

M t = C t Ux t E t , 

where Et is the exposed region at time t and Ct is the complement of the interior 
of Et in Mf. We call Ct the continuing region. Ct C Mt is the maximal subset of 
Mt for which there is 5 > and an embedding Ct x (t — 5, t] — > M compatible with 
time and the vector field. 

Assumption (4). Topology of the exposed regions: At all singular times t 
we require that Et be a finite disjoint union of 3-balls. In particular, St is a finite 
disjoint union of 2-spheres. 

The next assumptions are geometric in nature. Suppose that t is a surgery time. 
Let M(-oc,t) be t _1 ((— oo,t)) and let (•M.r- COt t),G) be the maximal extension of 
(M (-oo,t)iG) t° time t, as given in Definition 11L22] 

Assumption (5). Boundary components of the exposed regions: There is 
a surgery control parameter function, 5{t) > 0, a non-increasing function of t, such 
that each component of St C Mt is the central 1-sphere of a strong b(t)-neck in 
(M { -oo,t),G). 

Suppose that t is a singular time. Then for all t~ < t with t~ sufficiently close to 
t, the manifolds M t - are diffeomorphic and are identified under the flow. Applying 
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the flow (backward) to Ct produces a diffeomorphism from Ct onto a compact sub- 
manifold with boundary C t - C M t - . Our next assumption concerns the nature of 
the metrics G(t~ ) on the disappearing region D t - = M t - \ C t - . The following holds 
for every t~ < t sufficiently close to t. 

Assumption (6). Control on the disappearing region: For any singular time 
t, for all t~ < t sufficiently close to t, each point of x £ D t - has a strong (C, e)- 
canonical neighborhood in M t - . 

Assumption (7). Maximal flow intervals: Let t be the initial time or a singular 
time and let t' be the first singular time after t if such exists, otherwise let t! be the 
least upper bound of the time-interval of definition of the Ricci flow with surgery. 
Then the restriction of the Ricci flow with surgery to [t,t') is a maximal Ricci flow. 
That is to say, either t! = oo or, as t — > t' from below, the curvature of G(t) is 
unbounded so that this restricted Ricci flow cannot be extended as a Ricci flow to 
any larger time. 

From now on C and e have fixed values as described above and all Ricci 
flows with surgeries are implicitly assumed to satisfy Assumptions (1) — 
(7). 

2. Topological consequences of Assumptions (1) — (7) 

Next we show that the topological control that we are imposing on the 3-dimensional 
Ricci flows with surgery are enough to allow us to relate the topology of a time-slice 
Mt in terms of a later time-slice My and topologically standard pieces. This is the 
result that will be used to establish the topological theorems stated in the introduc- 
tion. 

Proposition 15.3. Suppose that (Ai,G) is a generalized Ricci flow satisfying 
Assumptions (1) - (7). Let t be a singular time. Then the following holds for any 
t~ < t sufficiently close to t. The manifold M t - is diffeomorphic to a manifold 
obtained in the following way. Take the disjoint union of Mt, finitely many 2-sphere 
bundles over S , and finitely many closed 3-manifolds admitting metrics of constant 
positive curvature. Then perform connected sum operations between (some subsets 
of) these components. 

Proof. Fix tf <t but sufficiently close to t. By Assumption 4 every component 
of Et is a 3-ball and hence every component of dEt = dCt is a 2-sphere. Since 
Ct is diffeomorphic to Cf C Mf we see that every component of dCf = dDf is 
a 2-sphere. Since every component of Et is a 3-ball, the passage from the smooth 
manifold M t > to the smooth manifold Mt is effected by removing the interior of D t > 
from M t i and gluing a 3-ball onto each component of dCf to form Mp 

By Assumption (5) every point of D t i has a strong (C, e)-canonical neighborhood. 
Since e is sufficiently small it follows from Proposition 119. 251 that every component of 
D t ' that is also a component of Mf is diffeomorphic either to a manifold admitting 
a metric of constant positive curvature (a 3-dimensional space-form), to RP 3 #IRP 3 
or to a 2-sphere bundle over S . In the passage from M t > to M% these components 
are removed. 
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Now let us consider a component of Df that is not a component of Mf. Such a 
component is a connected subset of Mf with the property that every point is either 
contained in the core of a (C, e)-cap or is the center of an e-neck and whose frontier 
in M t i consists of 2-spheres that are central 2-spheres of e-necks. If every point is 
the center of an e-neck, then according to Proposition 119.191 D t > is an e-tube and 
in particular is diffeomorphic to S 2 x /. Otherwise Df is contained in a capped 
or double capped e-tube. Since the frontier of Df is non-empty and is the union 
of central 2-spheres of an e-neck, it follows that either Df is diffeomorphic to a 
capped e-tube or to an e-tube. Hence, these components of Df are diffeomorphic 
either to S 2 x (0, 1), to D 3 , or to MP 3 \ B 3 . Replacing a 3-ball component of Df 
by another 3-ball leaves the topology unchanged. Replacing a component of Df 
that is diffeomorphic to S 2 x / by the disjoint union of two 3-balls has the effect 
of doing a surgery along the core 2-sphere of the cylinder S 2 x / in Mf. If this 
2-sphere separates Mf into two pieces then doing this surgery effects a connected 
sum decomposition. If this 2-sphere does not separate, then the surgery has the 
topological effect of doing a connected sum decomposition into two pieces, one of 
which is diffeomorphic to S 2 x S 1 , and then removing that component entirely. 
Replacing a component of Df that is diffeomorphic to MP 3 \ B 3 by a 3-ball, has the 
effect of doing a connected sum decomposition on M t * into pieces, one of which is 
diffeomorphic to MP 3 , and then removing that component. 

From this description the proposition follows immediately. □ 

Corollary 15.4. Let (A4,G) be a generalized Ricci flow satisfying Assumptions 
(1) - (7) with initial conditions (M,g(0)). Suppose that for some T the time-slice 
Mt of this generalized flow satisfies Thurston's Geometrization Conjecture. Then 
the same is true for the manifold Mt for any t < T, and in particular M satisfies 
Thurston's Geometrization Conjecture. In addition, 

(1) If for some T > the manifold My is empty, then M is a connected sum 
of manifolds diffeomorphic to 2-sphere bundles over S 1 and 3- dimensional 
space-forms, i.e., compact 3-manifolds that admit a metric of constant pos- 
itive curvature. 

(2) If for some T > the manifold Mt is empty and if M is connected and 
simply connected, then M is diffeomorphic to S 3 . 

(3) // for some T > the manifold Mt is empty and if M has finite funda- 
mental group, then M is a 3- dimensional space-form. 

Proof. Suppose that Mt satisfies the Thurston Geometrization Conjecture and 
that to is the largest surgery time < T. (If there is no such surgery time then Mt is 
diffeomorphic to M and the result is established.) Let T' < to be sufficiently close 
to to so that to is the only surgery time in the interval [T',T]. Then according to 
the previous proposition Mt' is obtained from Mt by first taking the disjoint union 
of Mt and copies of 2-sphere bundles over S 1 and 3-dimensional space forms. In 
the Thurston Geometrization Conjecture the first step is to decompose the mani- 
fold as a connected sum of prime 3-manifolds and then to treat each prime piece 
independently. Clearly, the prime decomposition of Mt< is obtained from the prime 
decomposition of Mt by adding a disjoint union with 2-sphere bundles over S 1 
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and 3-dimensional space forms. By definition any 3-dimensional space-form satisfies 
Thurston's Geometrization Conjecture. Since any diffeomorphism of S 2 to itself is 
isotopic to either the identity or to the antipodal map, there are two diffeomorphism 
types of 2-sphere bundles over S . S 2 x S 1 and the non-orientable 2-sphere bundle 
over S 1 . Each is obtained from S 2 x I be gluing the ends together by an isometry 
of the round metric on S 2 . Hence, each has a homogeneous geometry modeled on 
S 2 x R, and hence satisfies Thurston's Geometrization Conjecture. This proves that 
if Mt satisfies this conjecture, then so does Mt> • Continuing this way by induction, 
using the fact that there are only finitely many surgery times completes the proof 
of the first statement. 

Statement (1) is proved analogously. Suppose that Mp is a disjoint union of 
connected sums of 2-sphere bundles over S 1 and 3-dimensional space-forms. Let 
to be the largest surgery time < T and let T' < to be sufficiently close to to- 
(As before, if there is no such to then Mt is diffeomorphic to M and the result 
is established.) Then it is clear from the previous proposition that Mj-' is also a 
disjoint union of connected sums of 3-dimensional space-forms and 2-sphere bundles 
over S . Induction as in the previous case completes the argument for this case. 

The last two statements are immediate from this one. □ 

3. Further conditions on surgery 

3.1. The surgery parameters. The process of doing surgery requires fixing 
the scale h at which one does the surgery. We shall have to allow this scale h to 
be a function of time, decreasing sufficiently rapidly with t. In fact, the scale is 
determined by two other functions of time which also decay to zero as time goes to 
infinity- a canonical neighborhood parameter r(t) determining the curvature thresh- 
old above which we have canonical neighborhoods and the surgery control parameter 
S(t) determining how close to cylinders (products of the round 2-sphere with an in- 
terval) the regions where we do surgery are. In addition to these functions, in order 
to prove inductively that we can do surgery we need to have a non-collapsing result. 
The non-collapsing parameter k > also decays to zero rapidly as time goes to 
infinity. Here then are the functions that will play the crucial role in defining the 
surgery process. 

Definition 15.5. We have: (i) a canonical neighborhood parameter, r(t) > 0, and 
(ii) a surgery control parameter S(t) > 0. We use these to define the surgery scale 
function h(t). Set p{t) = S(t)r(t). Let h(t) = h(p(t),5(t)) < p(t) -6(t) = S 2 (t)r(t) 
be the function given by Theorem lll.311 We require that h(0) < R where Rq is 
the constant from Theorem 113.21 

In addition, there is a function n(t) > called the non-collapsing parameter. 
All three functions r(t), S(t) and n(t) are required to be positive, non- increasing 
functions of t. 

We shall consider Ricci flows with surgery (M,G) that satisfy Assumptions (1) 
- (7) and also satisfy: 

For any singular time t the surgery at time t is performed with control 5(t) 
and at scale h(t) = h(p(t),5(t)), where p(t) = 5(t)r(t), in the sense that each 
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boundary component of Ct is the central 2-sphere of a strong <5(i)-neck 
centered at a point y with R(y) = h(t) ~ 2 . 

There is quite a bit of freedom in the choice of these parameters. But it is not 
complete freedom. They must decay rapidly enough as functions of t. We choose 
to make r(t) and n(t) step functions, and we require 5(t) to be bounded above by a 
step function of t. Let us fix the step sizes. 

Definition 15.6. We set t = 2~ 5 , and for any i > we define Tj = 2H . 

The steps we consider are [0,Tq] and then [Tj,Tj + i] for every i > 0. The first 
step is somewhat special. Suppose that (M.,G) is a Ricci flow with surgery with 
normalized initial conditions. Then according to Claim [ToTTI the flow exists on [0, T\\ 
and the norm of the Riemann curvature is bounded by 2 on [0, T\], so that by 
Assumption (7) there are no surgeries in this time interval. Also, by Claim 115.11 
there is a kq > so that Vol B(x, t, r) < kqt 3 for every t < T\ and x £ M t and every 
r < e. 

Definition 15.7. Surgery parameter sequences are sequences 

(i) r = ro > 7t > r2 > • • • > 0, with ro = e, 

(ii) K = kq > K\ > K2 > • • • > with kq as in Claim 115.11 and 

(iii) A = 5q > S x > 5 2 > ••• > with 5 = min(/3e/3, S' , K' 1 , D' 1 ) where 
5' is the constant from Theorem 113.21 and (3 < 1/2 is the constant from 
Proposition 115.21 e is the constant that we have already fixed, and K and 
D are the constants from Lemma 112.31 

We shall also refer to partial sequences defined for indices 0, . . . , i for some % > as 
surgery parameter sequences if they are positive, non-increasing and if their initial 
terms satisfy the conditions given above. 

We let r(t) be the step function whose value on [Tj, Tj + i) is rj + i and whose value 
on [0, To) is ro. We say that a Ricci flow with surgery satisfies the strong (C, e)- 
canonical neighborhood assumption with parameter r if it satisfies this condition 
with respect to the step function r(t) associated with r. This means that any x £ Ai 
with R(x) > r~ 2 (t(x)) has a strong (C, e)-canonical neighborhood in M.. Let K(t) 
be the step function whose value on [Tj,Tj + i) is Ki+i and whose value on [0, To) is 
kq. Given k > 0, we say that a Ricci flow defined on [0,i] is K-non-collapsed on 
scales < e provided that for every point x not contained in a component of its time- 
slice with positive sectional curvature, if for some r < e, the parabolic neighborhood 
P(x,t(x),r, —r 2 ) exists in A4 and the norm of the Riemann curvature is bounded on 
this backward parabolic neighborhood by r~ 2 , then VolB(x,t(x),r) > «x 3 . We say 
that a Ricci flow with surgery is K-non-collapsed on scales e if for every t £ [0, oo) 
the restriction of the flow to [0, t] is K(t)-non-collapsed on scales < e. Lastly, we fix 
a non-increasing function 5(t) > with 5(t) < <5j + i if t £ [Tj,Tj + i) for all i > and 
${t) < f° r t G [0, To). We denote the fact that such inequalities hold for all t by 
saying 5(t) < A. 

Having fixed surgery parameter sequences K, r and A, defined step functions 
r(t) and K(t), and fixed 5(t) < A as above, we shall consider only Ricci flows with 
surgery where the surgery at time t is defined using the surgery parameter functions 
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r(t) and 8(t). In addition, we require that these Ricci flows with surgery satisfy 
Assumptions (1) - (7). 

What we shall show is that there are surgery parameter sequences r, K and 
A with the property that for any normalized initial metric and any positive, non- 
increasing function 5(t) < A, it is possible to construct a Ricci flow with surgery 
using the surgery parameters r(t) and 5(t) with the given initial conditions and 
furthermore that this Ricci flow with surgery satisfies the Assumptions (1) - (7), has 
curvature pinched toward positive, satisfies the canonical neighborhood assumption, 
and satisfies the non-collapsing assumption using these parameters. 

In fact we shall prove this inductively, constructing the step functions inductively 
one step at a time. Thus, given surgery parameter sequences indexed by 0, . . . , i we 
show that there are appropriate choices of ri+i, and <5j+i such that the following 
is true. Given a Ricci flow with surgery defined on time [0, Tj) satisfying all the 
properties with respect to the first set of data, that Ricci flow with surgery extends 
to one defined for time [0, Ti + \) and satisfies Assumptions (1) - (7), the canonical 
neighborhood assumption and the non-collapsing assumption with respect to the 
extended surgery parameter sequences, and has curvature pinched toward positive. 
As stated this is not quite true; there is a slight twist: we must also assume that 
8{t) < <5j+i for all t E [Tj_i,Tj + i). It is for this reason that we consider pairs 
consisting of sequences A and a surgery control parameter S(t) bounded above by 
A. 

4. The process of surgery 

Suppose given surgery parameter sequences {ro, . . . , ri+i}, {ko, . . . , Kj+i} and 
= {5o, . . . , 5i} and also given a positive, decreasing function 5(t) < Aj, defined 
for t < Ti + i with 5o = min(ae/3, 5' , K , D~ l ) as above. Suppose that (A4, G) is a 
Ricci flow with surgery defined for t E [0, T) that goes singular at time T G (Tj, Tj + i]. 
We suppose that it satisfies Assumptions (1) - (7). Since the flow has normalized 
initial conditions and goes singular at time T, it follows that i > 1. We suppose 
that (A4,G) satisfies the (C, e)-canonical neighborhood assumption with parameter 
ri + \ and that its curvature is pinched toward positive. By Theorem 1 1 1 . 1 9 1 we know 
that there is a maximal extension (A4 , G) of this generalized flow to time T with the 
T time-slice being (fi(T), G(TJ). Set p = 5{T)r i+1 , and set h{T) = h(p(T),6(T)) 
as in Theorem 111.311 Since 5(T) < 5o < 1, we see that p < ri + \. According 
to Lemma 111.301 there are finitely many components of £l(T) that meet £l p (T). 
Let f2 blg (T) be the disjoint union of all the components of O(T) that meet 0, P (T). 
Lemma 111.301 also tells us that fi blg (T) contains a finite collection of disjoint 2e- 
horns with boundary contained in f2p/2C> an d t ne complement of the union of the 
interiors of these horns is a compact submanifold with boundary containing £l p . Let 
Til, . . . ,Hj be a disjoint union of these 2e-horns. For each i fix a point m G Hi with 
R{yi) = h~~ 2 {T). According to Theorem 111.311 for each i there is a strong <5(T)-neck 
centered at yi and contained in Hi. We orient the s-direction of the neck so that 
its positive end lies closer to the end of the horn than its negative end. Let Sf 
be the center of this strong 5(T)-neck. Let TLf be the unbounded complementary 
component of Sf in Tii- Let Ct be the complement of Ui=i m ^ blg (T). Then 
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we do surgery on these necks as described in Section [U using the constant q = qo 
from Theorem 113. 2\ removing the positive half of the neck, and gluing on the cap 
from the standard solution. This creates a compact 3-manifold Mt = Ct Ujj 52 Bi, 
where each Bi is a copy of the metric ball of radius Aq + 4 centered around the tip 
of the standard solution (with the metric scaled by h 2 (T) and then perturbed near 
the boundary of Bi to match g{T)). Notice that in this process we have removed 
every component of Q{T) that does not contain a point of Q P (T). The result of 
this operation is to produce a compact Riemannian 3-manifold (Mt,Gt) which is 
the T time-slice of our extension of (M,G). Let (M T ,G(t)), T < t < T' , be the 
maximal Ricci flow with initial conditions (My, Gt) at t = T. Our new space-time 
is the union of M T x [T,T') and (M,G) U C T x {T} along C T x {T}. Since the 
isometric embedding Ct C Mt extends to an Here, we view (Ai,G) U Ct x {T} 
as a subspace of (M.,G) via the isometric embedding of Ct into f2(T). The time 
functions and vector fields glue to provide analogous data for this new space-time. 
According to Lemma 114.111 the horizontal metrics glue together to make a smooth 
metric on space-time satisfying the Ricci flow equation. 

Notice that the continuing region at time T is exactly Ct whereas the exposed 
region is LL-£>i, which is a disjoint union of 3-balls. The disappearing region is 
the complement of the embedding of Ct in M# for t' < T but sufficiently close 
to it obtained by flowing Ct C CIt backward. The disappearing region contains 
Mf \ £l(T) and also contains all components of O(T) that do not contains points 
of Qp(T), as well as the ends of those components of f2(T) that contain points of 

n p (r). 

Definition 15.8. The operation described in the previous paragraph is the 
surgery operation at time T using the surgery parameters S(T) and rj+j. 

5. Statements about the existence of Ricci flow with surgery 

What we shall establish is the existence of surgery satisfying Assumptions (1) 
- (7) above and also satisfying the curvature pinched toward positive assumption, 
the strong canonical neighborhood assumption, and the non-collapsing assumption. 
This requires first of all that we begin with a compact, Riemannian 3-manifold 
(M,g(0)) that is normalized, which we are assuming. It also requires careful choice 
of upper bounds A = {5i} for the surgery control parameter S(t) and careful choice 
of the canonical neighborhood parameter r = {r^} and of the non-collapsing step 
function K = {ni}. 

Here is the statement that we shall establish. 

Theorem 15.9. There are surgery parameter sequences 

K = { Ki }°Z 1 ,A = {5 l }Z 1 ,r = {r l }°Z 1 

such that the following holds. Let r{t) be the step function whose value on [TJ_i, TJ) 
is T{. Suppose that 5: [0, 00) — > R + is any non-increasing function with 5(t) < <5j 
whenever t £ [Tj_i,Tj). Then the following holds: Suppose that (A4,G) is a Ricci 
flow with surgery defined for < t < T satisfying Assumptions (1) - (7). In 
addition, suppose that the following conditions: 
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(1) the generalized flow has curvature pinched toward positive, 

(2) the flow satisfies the strong (C, e)- canonical neighborhood assumption with 
parameter r on [0, T), and 

(3) the flow is K non-collapsed on [0,T) on scales < e. 

T/ien there is an extension of (A4 ,G) to a Ricci flow with surgery defined for all 
< t < oo and satisfying Assumptions (1) - (7) and the above three conditions. 

This of course leads immediately to the existence result for Ricci flows with 
surgery defined for all time with any normalized initial conditions. 

Corollary 15.10. Let K, r and A be surgery parameter sequences provided by 
the previous theorem. Let 5(t) be a non-increasing positive function with 5(t) < A. 
Let M be a compact 3-manifold containing no MP 2 with trivial normal bundle. Then 
there is a Riemannian metric g{0) on M and a Ricci flow with surgery defined for 
< t < oo with initial metric (M,g(0)). This Ricci flow with surgery satisfies 
the seven assumptions and is K-non- collapsed on scales < e. R also satisfies the 
strong (C, e)-canonical neighborhood assumption with parameter r and has curvature 
pinched toward positive. Furthermore, any surgery at a time t £ [Tj,Tj + i) is done 
using S(t) and rj+i. 

Proof. (Assuming Theorem 1 15, 9 p Choose a metric <?(0) so that (M, go) is nor- 
malized. This is possible by beginning with any Riemannian metric on M and 
scaling it by a sufficiently large positive constant to make it normalized. According 
to Proposition 14.111 and the definitions of T{ and kq there is a Ricci flow (M,g(t)) 
with these initial conditions defined for < t < T2 satisfying Assumptions (1) - (7) 
and the three conditions of the previous theorem. The assumption that M has no 
embedded MP 2 with trivial normal bundle is needed so that Assumption (1) holds 
for this Ricci flow. Hence, by the previous theorem we can extend this Ricci flow to a 
Ricci flow with surgery defined for all < t < 00 satisfying the same conditions. □ 

Showing that after surgery Assumptions (1) - (7) continue to hold and that the 
curvature is pinched toward positive is direct and only requires that S(t) be smaller 
than some universal positive constant. 

Lemma 15.11. Suppose that (Ai,G) is a Ricci flow with surgery going singular 
at time T G [Tj_i,Tj). We suppose that (A4,G) satisfies Assumptions (1) - (7), has 
curvature pinched toward positive, satisfies the strong (C, e)- canonical neighborhood 
assumption with parameter r and is K non- collapsed. Then the result of the surgery 
operation at time T on (Ai,G) is a Ricci flow with surgery defined on [0, T 1 ) for 
some T' > T. The resulting Ricci flow with surgery satisfies Assumptions (1) - (7). 
Lt also has curvature pinched toward positive. 

Proof. It is immediate from the construction and Lemma [14.11l that the result 
of performing the surgery operation at time T on a Ricci flow with surgery produces 
a new Ricci flow with surgery. Assumptions (1) - (3) clearly hold for the result, 
and Assumptions (4) and (5) hold because of the way that we do surgery. Let us 
consider Assumption (6). Fix t' < T so that there are no surgery times in [t', T). By 
flowing backward using the vector field x we have an embedding tp: Cf X [t', T] — > M 
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compatible with time and the vector field. For any p S Mf \ ^(intCr x {£'}) the 
limit as t tends to T from below of the flow line p(t) at time t through p either lies 
in O(T) or it does not. In the latter case, by definition we have 

Mm t _ T -R(p(t)) = cc. 

In the former case, the limit point either is contained in the end of a strong 2e-horn 
cut off by the central 2-sphere of the strong 5-neck centered at one of the yi or is 
contained in a component of f2(T) that contains no point of Vt p {T). Hence, in this 
case we have 

lim t ^ T - R(p{t)) > p- 2 > rr 2 . 
Since M t /\ijj(mt Or x {t'}) is compact for every t', there is T\ < T such that R(p(t)) > 
r^ 2 for all p G M t > \ ^(intCr x {t'}) and all t £ [Ti,T). Hence, by our assumptions 
all these points have strong (C, e)-canonical neighborhoods. This establishes that 
Assumption (6) holds at the singular time T. By hypothesis Assumption (6) holds 
at all earlier singular times. Clearly, from the construction the Ricci flow on [T, T 1 ) 
is maximal. Hence, Assumption (7) holds for the new Ricci flow with surgery. 

From Theorem [132] the fact that S(T) < Si < 5 < 5' and h(T) < R Q 1/2 imply 
that the Riemannian manifold (Mt,G(T)) has curvature pinched toward positive 
for time T. It then follows from Corollary 14.321 that the Ricci flow defined on [T, T") 
with (Mt,G(T)) as initial conditions has curvature pinched toward positive. The 
inductive hypothesis is that on the time- interval [0, T) the Ricci flow with surgery 
has curvature pinched toward positive. This completes the proof of the lemma. □ 

Proposition 15.12. Suppose that (Ai,G) is a Ricci flow with surgery satisfying 
Assumptions (1) - (7) in Section al. 1\ Suppose that T is a surgery time, suppose that 
the surgery control parameter 6(T) is less than 6q in Definition \15.7[ and suppose 



— 1/2 

that the scale of the surgery h(T) is less than R where Rq is the constant from 
Theorem \1S.2[ Fix t' < T sufficiently close to T. Then there is an embedding 
p: Mf x [t',T) — ► A4 compatible with time and the vector field. Let X(t') be a 
component of Mf and let X(T) be a component obtained from X(t') by doing surgery 
at time T. We view p*G as a one-parameter family of metrics g(t) on X(t'). There is 
an open subset £2 C X{t') with the property that lim 4 /_ +r -g , (f / )|o exists (we denote it 
by g(T)\n) and with the property that p\nx\t',T) extends to a map ^ fix [t', T] — > Ai. 
This defines a map for fi C X(t') onto an open subset O(T) of X(T) which is an 
isometry from the limiting metric g(T) on fi to G(T)\n- Suppose that all of the 2- 
spheres along which we do surgery are separating. Then this map extends to a map 
X{t') — > X(T). For all t < T but sufficiently close to T this extension is a distance 
decreasing map from (X(t') \ Q,g(t)) to X(T). 

Proof. This is immediate from the third item in Theorem 113.21 □ 

Remark 15.13. If we have a non-separating surgery 2-sphere then there will a 
component X(T) with surgery caps on both sides of the surgery 2-sphere and hence 
we cannot extend the map even continuously over all of X{t'). 

The other two inductive properties in Theorem 115.91 - that the result is K-non- 
collapsed and also that it satisfies the strong (C, e)-canonical neighborhood assump- 
tion with parameter r - require appropriate inductive choices of the sequences. The 
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arguments establishing these are quite delicate and intricate. They are given in the 
next two sections. 

6. Outline of the proof of Theorem 115.91 

Before giving the proof proper of Theorem 115.91 let us outline how the argument 
goes. We shall construct the surgery parameter sequences A, r, and K inductively. 
Because of Lemma [4.11l we have the beginning of the inductive process. We suppose 
that we have defined sequences as required up to index % for some i > 1. Then we 
shall extend them one more step to sequences defined up to (i + 1), though there is 
a twist: to do this we must redefine <5, in order to make sure that the extension is 
possible. In Chapter [TU] we establish the non-collapsing result assuming the strong 
canonical neighborhood result. More precisely, suppose that we have a Ricci flow 
with surgery (Ai,G) defined for time < t < T with T G (Tj,Tj + i] so that the 
restriction of this flow to the time-interval [0,Tj) satisfies the inductive hypothesis 
with respect to the given sequences. Suppose also that the entire Ricci flow with 
surgery has strong (C, e)-canonical neighborhoods for some rj + i > 0. Then there is 
5(ri + i) > and Ki + \ > such that, provided that 5(t) < <5(rj + i) for all t G [Tj_i, T), 
the Ricci flow with surgery (Ai,G) is Kj+i non-collapsed on scales < e. 

In Section Q] we show that the strong (C, e)-canonical neighborhood assumption 
extends for some parameter n+i, assuming again that S(t) < <5(rj+i) for all t G 
[Ti-i,T). 

Lastly, in Section[2]we complete the proof by showing that the number of surgeries 
possible in [0,Tj + i) is bounded in terms of the initial conditions and 5(T). The 
argument for this is a simple volume comparison argument - under Ricci flow with 
normalized initial conditions, the volume grows at most at a fixed exponential rate 
and under each surgery an amount of volume, bounded below by a positive constant 
depending only on <5(Tj + i), is removed. 
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Proof of the non-collapsing 

The precise statement of the non-collapsing result is given in the next section. 
Essentially, the proof of non-collapsing in the context of Ricci flow with surgery is 
the same as the proof in the case of ordinary Ricci flows. Given a point x € Ai, one 
finds a parabolic neighborhood whose size, r', is determined by the constants rj, C 
and e, contained in t _1 ([Tj_i, Tj)) and on which the curvature is bounded by (r')~ 2 . 
Hence, by the inductive hypothesis, the final time-slice of this neighborhood is Ki- 
non-collapsed. Furthermore, we can choose this neighborhood so that the reduced 
£-length of its central point from x is bounded by 3/2. This allows us to produce 
an open subset at an earlier time whose reduced volume is bounded away from zero. 
Then using Theorem 18.11 we transfer this conclusion to a non-collapsing conclusion 
for x. The main issue in this argument is to show that there is a point in each earlier 
time-slice whose reduced length from x is at most 3/2. We can argue as in the case of 
a Ricci flow if we can show that any curve parameterized by backward time starting 
at x (a point where the hypothesis of K-non-collapsing holds) that comes close to a 
surgery cap either from above or below must have large £-length. In establishing 
the relevant estimates we are forced to require that 8{ be sufficiently small. 

1. The statement of the non-collapsing result 

Here, we shall assume that after surgery the strong canonical neighborhood as- 
sumption holds, and we shall establish the non-collapsing result. 

Proposition 16.1. Suppose that for some i > we have surgery parameter 
sequences 5q > 6i > • • • > Si > 0, e = ro > T\ > • ■ ■ > ti > and kq > k\ > 
• ■ ■ > ACj > 0. Then there is < k < K{ and for any < n+\ < rj there is 
< 6(ri+i) < 5i such that the following holds. Suppose that 5: [0,Tj + i] — ► M + is a 
non-increasing function with 5(t) < 6j for all t £ [Tj,Tj + i) and 5(t) < <5(rj+i) for 
all t £ [Tj_i, Tj + i). Suppose that (Ai,G) is a Ricci flow with surgery defined for 
< t <T for some T £ (T^Tj+i] with surgery control parameter S(t). Suppose that 
the restriction of this Ricci flow with surgery to the time-interval [0, Tj) satisfies the 
hypothesis of Theorem \15.9\ with respect to the given sequences. Suppose also that 
the entire Ricci flow with surgery (M.,G) satisfies Assumptions (1) - (7) and the 
strong (C, e)- canonical neighborhood assumption with parameter r^+i. Then (M,G) 
is K-non- collapsed on all scales < e. 

Remark 16.2. Implicitly, k and <5(rj+i) are also allowed to depend on to,e, and 
C, which are fixed, and also i+1. Also recall that the non-collapsing condition allows 
for two outcomes: if a; is a point at which the hypothesis of the non-collapsing hold, 
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then there is a lower bound on the volume of a ball centered at x, or x is contained 
in a component of its time-slice that has positive sectional curvature. 

2. The proof of non-collapsing when R(x) = r 2 with r < n+i 

Let us begin with an easy case of the non-collapsing result, where non-collapsing 
follows easily from the strong canonical neighborhood assumption, rather than from 
using £-length and monotonicity along £-geodesics. We suppose that we have a 
Ricci flow with surgery (Ai,G) defined for < t < T with T £ [Tj,Tj+i), and a 
constant r^+i < rj, all satisfying the hypothesis of Proposition 116,11 Here is the 
result that establishes the non-collapsing in this case. 

Proposition 16.3. Let x e At with t(x) = t and with R(x) = r~ 2 > r^. Then 
there is k > depending only on C such that Ai is k -non- collapsed at x; that is to 
say, if R(x) = r~ 2 with r < rj+i, then Vol B(x,t,r) > ftr 3 , or x is contained in a 
component of Mt with positive sectional curvature. 

PROOF. Since R(x) > r~^ ± , by assumption any such x has a strong (C, e)- 
canonical neighborhood. If this neighborhood is a strong e-neck centered at x then 
the result is clear for a non-collapsing constant k which is universal. If the neigh- 
borhood is an e-round component containing x, then x is contained in a component 
of positive sectional curvature. Likewise, if x is contained in a C-component then 
by definition it is contained in a component of its time-slice with positive sectional 
curvature. 

Lastly, we suppose that x is contained in the core Y of a (C, e)-cap C. Let 
r' > be such that the supremum of |Rm| on B(x,t,r') is (r')~ 2 . Then, by the 
definition of a (C, e)-cap, volB(x, t, r') > C _1 (r') 3 . Clearly, r' < r and there is a 
point y £ B(x,t,r') with R(y) = (r')~ 2 . On the other hand, by the definition of 
a (C, e)-cap, we have R(y)/R(x) < C, so that r'/r > C^ 1 / 2 . Thus, the volume of 
B(x,t,r) is at least C~ 5 / 2 r 3 . 

This completes an examination of all cases and establishes the proposition. □ 

3. Minimizing £-geodesics exist when R(x) < r~[?x- the statement 

The proof of the non-collapsing result when R(x) = r -2 with rj + i < r < e is much 
more delicate. As we indicated above, it is analogous to the proof of non-collapsing 
for Ricci flows given in Chapter [8l That is to say, in this case the result is proved 
using the length function on the Ricci flow with surgery and the monotonicity of 
the reduced volume. Of course, unlike the case of Ricci flows treated in Chapter [HJ 
here not all points of a Ricci flow with surgery Ai can be reached by minimizing 
£-geodesics, or rather more precisely by minimizing £-geodesics contained in the 
open subset of smooth points of Ai. (It is only for the latter £-geodesics that the 
analytic results of Chapter [6] apply.) Thus, the main thing to establish in order to 
prove non-collapsing is that for any Ricci flow with surgery (Ai , G) satisfying the 
hypothesis of Proposition 116.11 there are minimizing £-geodesics in the open subset 
of smooth points of Ai to 'enough' of Ai so that we can run the same reduced 
volume argument that worked in Chapter [HJ Here is the statement that tells us that 
there are minimizing £-geodesics to 'enough' of Ai. 
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Proposition 16.4. For each r i+ i with < r i+ i < r i; there is 5 = Sfa+i) > 
(depending implicitly on to, C, e, and i) such that if 5(t) < 5 for all t E [Tj_i,Tj + i] 
then the following holds. Let (A4,G) be a Ricci flow with surgery satisfying the 
hypothesis of Proposition \16.1] with respect to the given sequences and r^+i, and let 
x E M have t(x) = T with T E [Tj,Tj+i). Suppose that for some r > ri+i the 
parabolic neighborhood P(x,r,T, — r 2 ) exists in A4 and |Rm| < r~ 2 on this neighbor- 
hood. Then there is an open subset U o/t~ 1 [Tj_i,T) contained in the open subset 
of smooth manifold points of M. with the following properties: 

(1) For every y in U there is a minimizing C-geodesic connecting x to y. 

(2) Ut = U H t _1 (i) is non-empty for every t E [Tj_i,T) 

(3) For each t E [Tj_i,T) £/ie restriction of £ to Ut achieves its minimum and 
that minimum is at most 3y (T — t). 

(4) TTie subset of U consisting of all y with the property that C(y) < C(y') 
for all y' E t _1 (t(y)) has the property that its intersection with t _1 (I) is 
compact for every compact interval I C [Tj_i,T). 

The basic idea in proving this result is to show that all paths beginning at x and 
parameterized by backward time that come close to the exposed regions have large 
£-length. If we can establish this, then the existence of such paths will not be an 
impediment to using the analytic estimates from Chapter [6] to show that for each 
t E [Tj_i,T) there is a point whose ^-length from x is at most 3\/T — t, and that 
the set of points that minimize the £-length from x in a given time-slice form a 
compact set. 

Given Proposition 116.41 arguments from Chapter [5] will be applied to complete 
the proof of Proposition 116.11 

4. Evolution of neighborhoods of surgery caps 

We begin this analysis required to prove Proposition 116.41 by studying the evo- 
lution of surgery caps. Proposition 116.51 below is the main result along these lines. 
Qualitatively, it says that if the surgery control parameter 5 is sufficiently small, 
then as a surgery cap evolves in a Ricci flow with surgery it stays near the rescaled 
version of the standard flow for any rescaled time less than one unless the entire cap 
is removed (all at once) by some later surgery. In that case, the evolution of the cap 
is close to the rescaled version of the standard flow until it is removed. Using this 
result we will show that if a path parameterized by backward time has final point 
near a surgery cap and has initial point with scalar curvature not too large, then 
this path must enter this evolving neighborhood either from the 'top' or 'size' and 
because of the estimates that we derive in this chapter such a path must have large 
£-length. 

Proposition 16.5. Given A < oo, 5" > and < < 1, there is S' ' = 
5q(A,6,5") (5q also depends on ri+i, C, and e, which are all now fixed) such that 
the following holds. Suppose that (M,G) is a Ricci flow with surgery defined for 
< t < T with surgery control parameter 8(t). Suppose that it satisfies the strong 
(C, e)- canonical neighborhood assumption at all points x with R(x) > rZ_ 1 . Suppose 
also that (M,G) has curvature that is pinched toward positive. Suppose that there 
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is a surgery at some time t with T^i < t <T with h as the surgery scale parameter. 

_ 2 

Set T = min(r, t + Oh ). Let p G Mj be the tip of the cap of a surgery disk. Then, 
provided that 5(t) < 5q one of the following holds: 

(a) There is an embedding p: B(p,t,Ah) x [f, T') — > M. compatible with time 
and the vector field. Let g'(t), t <t < T' , be the one-parameter family of 
metrics on B(p,t, Ah) given by p*G. Shifting this family by —t to make the 
initial time and scaling it by (h)~ 2 produces a family of metrics g(t), < 
t < min((T - t)h~ 2 ,0), on B g (p,0,A) that are within 5" in the C [1/s " ] - 
topology of the standard flow on the ball of radius A at time centered at 
the tip of its cap. 

(b) There is t + £ (t, T') and an embedding B(p,t, Ah) x [i, t + ) — * M. compatible 
with time and the vector field so that the previous item holds with t + replac- 
ing T' . Furthermore, for any t <t+ but sufficiently close to t+ the image 
of B(p,t, Ah) x {t} is contained in the region D t C M t that disappears at 
time t + . 

See Fig. Q 




evolution close to standard solution 



surgery cap 



Ricci flow 
with surgery 



Figure 1. Evolution of a surgery cap. 



Proof. The method of proof is to assume that the result is false and take a 
sequence of counterexamples with surgery control parameters 5 n tending to zero. In 
order to derive a contradiction we need to be able to take smooth limits of rescaled 
versions of these Ricci flows with surgery, where the base points are the tips of the 
surgery caps. This is somewhat delicate since the surgery cap is not the result of 
moving forward for a fixed amount of time under Ricci flow, and consequently Shi's 
theorem does not apply. Fortunately, the metrics on the cap are bounded in the 
C°°-topology so that Shi's theorem with derivatives does apply. Let us start by 
examining limits of the sort we need to take. 

Claim 16.6. Let (N,gj\[) be a strong 5' -neck with No its middle half. Suppose that 
(S,g) is the result of doing surgery on (the central 2-sphere) of N , adding a surgery 
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cap C to N~ . Let h be the scale of N . Let (Sq(N), g') be the union of Nq UC with 
its induced metric as given in Section^ and let (So(N) ,go) be the result of rescaling 
go by h~ 2 . Then for every t < oo there is a uniform bound to | V^Rm<j- (x)| for all 

xeSo(N). 

Proof. Since (N,gw) is a strong <5'-neck of scale h, there is a Ricci flow on 
N defined for backward time h 2 . After rescaling by h~ 2 we have a flow defined 
for backward time 1. Furthermore, the curvature of the rescaled flow is bounded 
on the interval (—1,0]. Since the closure of No in N is compact, the restriction 
of h~ 2 gjy to No C N at time is uniformly bounded in the C°°-topology by Shi's 
theorem (Theorem l3.28p . The bound on the ^-derivatives of the curvature depends 
only on the curvature bound and hence can be taken to be independent of 5' > 
sufficiently small and also independent of the strong 5'-neck N. Gluing in the cap 
with a C°°-metric that converges smoothly to the standard initial metric go as 5' 
tends to zero using a fixed C°°-partition of unity produces a family of manifolds 
uniformly bounded in the C°°-topology. □ 

This leads immediately to: 

Corollary 16.7. Given a sequence of S' n — > and strong 5' n -necks (N(n), 5jv(n)) 
of scales h n and results of surgery (So(N(n)),g(n)) with tips p n as in the previous 
claim, then after passing to a subsequence there is a smooth limit (Sao; 9oo, Poo) of a 
subsequence of the (So(N(n)), h~ 2 go(n)) , p n ) . This limit is the metric from Section^ 
that gives the standard initial conditions for a surgery cap. 

Proof. That there is a smooth limit of a subsequence is immediate from the 
previous claim. Since the S n tend to zero, it is clear that the limiting metric is the 
standard initial metric. □ 

Lemma 16.8. Suppose that we have a sequence of 3- dimensional Ricci flows with 
surgeries (M n ,G n ) that satisfy the strong (C, e)- canonical neighborhood assumption 
with parameter r^+i, and have curvature pinched toward positive. Suppose that there 
are surgeries in A4 n at times t n with surgery control parameters 5 n and scales h n . 
Let p n be the tip of a surgery cap for the surgery at time t n . Also suppose that 
there is < 8 n < 1 such that for every A < oo, for all n sufficiently large there 
are embeddings B(p a ,t n , Ah n ) x \t n ,t n + h n 9 n ) — * A4 n compatible with time and the 
vector field. Suppose that 5' n — > and 9 n — > 8 < 1 as n — » oo. Let (A4' n ,G' n ,p n ) be 
the Ricci flow with surgery obtained by shifting time by —t n so that surgery occurs 
at t = and rescaling by h~ 2 so that the scale of the surgery becomes one. Then, 
after passing to a subsequence, the sequence converges smoothly to a limiting flow 
(Moo, 9oo(t), (Poo)0))j < t < 9. This limiting flow is isomorphic to the restriction 
of the standard flow to time < t < 9. 

Proof. Let Q < oo be an upper bound for the scalar curvature of the standard 
flow on the time interval [0,9). Since S' n — ► 0, according to the previous corollary, 
there is a smooth limit at time for a subsequence, and this limit is the standard 
initial metric. Suppose that, for some < 6' < 9, we have established that there 
is a smooth limiting flow on [0, 9'\. Since the initial conditions are the standard 
solution, it follows from the uniqueness statement in Theorem 112.51 that in fact 
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the limiting flow is isomorphic to the restriction of the standard flow to this time 
interval. Then the scalar curvature of the limiting flow is bounded by Q. Hence, 
for any A < oo, for all n sufficiently large, the scalar curvature of the restriction 
of G' n to the image of BQ/ n (p n , 0, 2A) x [0,9'] is bounded by 2Q. According to 
Lemma 111.21 there is an r] > and a constant Q' < oo, each depending only on 
Q, C and e, such that for all n sufficiently large, the scalar curvature of the 

restriction of G' n to Bq> {p n , 0, A) x [O,min(0' + rj,9 n )) is bounded by Q' . Because 
of the fact that the curvature is pinched toward positive, this implies that on the 
same set the sectional curvatures are uniformly bounded. Hence, by Shi's theorem 
with derivatives (Theorem I3.29p . it follows that there are uniform bounds for the 
curvature in the C°°-topology. Thus, passing to a subsequence we can extend the 
smooth limit to the time interval [0,0' + rj/2] unless 9' + r//2 > 0. Since r\ depends 
on 9 (through Q), but is independent of 9', we can repeat this process extending the 
time-interval of definition of the limiting flow by rj/2 until 9' + ri/2 > 9. Now suppose 
that 9' +7]/ 2 > 9. Then the argument shows that by passing to a subsequence we can 
extend the limit to any compact subinterval of [0,0). Taking a diagonal sequence 
allows us to extend it to all of [0,9). By the uniqueness of the standard flow, this 
limit is the standard flow. □ 

Corollary 16.9. With the notation and assumptions of the previous lemma, for 
all A < oo, and any 5" > 0, then for all n sufficiently large, the restriction of G' n to 
the image Bqi (p n ,0, A) x [0,9 n ) is within 8" in the C' 1 / 5 ^-topology of the restriction 
of the standard solution to the ball of radius A about the tip for time < t < 9 n . 

Proof. Let rj > depending on 9 (though Q) as well as r%+i, C and e be as 
in the proof of the previous lemma, and take < rf < rj. For all n sufficiently 
large 9 n > 9 — rj' , and consequently for all n sufficiently large there is an embedding 
BG n {j) n ,t n , Ah n ) x [t n ,t n + h\(9 — rf)] into M. n compatible with time and with 
the vector field. For all n sufficiently large, we consider the restriction of G' n to 
Bc n {p n , 0, A) X [0, 0—rf]. These converge smoothly to the restriction of the standard 
flow to the ball of radius A on the time interval [0, 9 — if]. In particular, for all n 
sufficiently large, the restrictions to these time intervals are within 5" in the C' 1 / 5 1- 
topology of the standard flow. Also, for all n sufficiently large, 9 n — (9 — rf) < rj. 
Thus, by Lemma lll.2l we see that the scalar curvature of G' n is uniformly bounded 
(independent of n) on BG> n {p n , 0, A) x [0, 9 n ). By the assumption that the curvature 
is pinched toward positive, this means that the sectional curvatures of the G' n are 
also uniformly bounded on these sets, and hence so are the Ricci curvatures. (Notice 
that these bounds are independent of rf > 0.) By Shi's theorem with derivatives 
(Theorem I3.29p . we see that there are uniform bounds on the curvatures in the 
C°°-topology on these subsets, and hence bounds in the C°°-topology on the Ricci 
curvature. These bounds are independent of both n and rf . Thus, choosing rf 
sufficiently close to zero, so that 9 n — rf is also close to 9 for all n sufficiently 
large, we see that for all such large n and all t € [9 — rf , 9), the restriction of G' n to 
Bqi^ (p n , 0, A) x {t} is arbitrarily close in the C' 1 / 5 '-topology to G' n {6 — rf). The same 
is of course true of the standard flow. This completes the proof of the corollary. □ 
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Now we turn to the proof proper of Proposition 116.51 We fix A < oo, 6" > 
and 9 < 1. We are free to make A larger so we can assume by Proposition 112.71 
that for the standard flow the restriction of the flow to B(po,0,A) \ B(po, 0, A/2) 
remains close to a standard evolving S 2 x [A/2, A] for time [0,9]. Let K < oo be a 
constant with the property that R(x,t) < K for all x G B(po,0, A) in the standard 
flow and all t £ [0, 9]. If there is no Sq > as required, then we can find a sequence 
5' n — > as n — ► oo and Ricci flows with surgery (Ai n ,G n ) with surgeries at time 
t n with surgery control parameter 5 n (t n ) < 5' n and surgery scale parameter h n — 
h(r,i + iS n (t n ) , S n (t n )) satisfying the hypothesis of the lemma but not the conclusion. 
Let T' n be the final time of (A4 n ,G n ). Let 9 n < 9 be maximal subject to the 
condition that there is an embedding p n : Bc n (x,t n , Ah n ) x [t n ,t n + /i^6* n ) — ► M. n 
compatible with time and the vector field. Let G' n be the result of shifting the time 
by —t n and scaling the result by h~ 2 . According to Lemma [16. 9 1 for all n sufficiently 
large, the restriction of G' n to the image of p n is within 5" in the C^ 1 ^ 1-topology 
of the standard flow restricted to the ball of radius A about the tip of the standard 
solution on the time interval [0, 9 n ). If 9 n = min(#, (T^ — £ n )//t^), then the first 
conclusion of Proposition 116.51 holds for (Ai n ,G n ) for all n sufficiently large which 
contradicts our assumption that the conclusion of this proposition holds for none 
of the (Ai n ,G n ). If on the other hand 9 n < min(6>, (T^ — i n )//i^), we need only 
show that all of B(x n ,t n , Ah n ) disappears at time t n + h% l 9 n in order to show that 
the second conclusion of Proposition 116.51 holds provided that n is sufficiently large. 
Again this would contradict the fact that the conclusion of this proposition holds 
for none of the (Ai n , G n ). 

So now let us suppose that 9 n < min(#, (T^ — t n )/h 2 n ). Since there is no further 
extension in forward time for B(p n ,t n , Ah n ), it must be the case that t n + \^fi n is 
a surgery time and there is some flow line starting at a point of B{p n , t n , Ah n ) that 
does not continue to time t n +/i^0 n . It remains to show that in this case that for any 
t < tn + h^n sufficiently close to t n + h^9 n we have p n (Ba n (x,t n , Ah n ) x {£}) C D t , 
the region in Alt that disappears at time t n -\- h n 9 n . 

Claim 16.10. Suppose that 9 n < mm(9,(T^ — tnj/h 2 /). Let Ei,...,£fc be the 
2-spheres along which we do surgery at time t n + h^n. Then for any t <t n + h^n 
sufficiently close to tn + h^n the following holds provided that 5' n is sufficiently small. 
The image 

Pn (Bg n (x,t n ,Ah n ) x {t}) 

is disjoint from the images of the {Si} under the backward flow to time t of 

the spheres Ej along which we do surgery at time t n + h n 9 n . 

Proof. There is a constant K' < oo depending on 9 such that for the standard 
flow we have R(x,t) < K' for all x G B(po,0, A) and all t £ [0,9) for the standard 
solution. Consider the embedding p n (B(p n ,t n , Ah n ) x [t n ,t n + h^On))- After time 
shifting by — t n and rescaling by h~ 2 , the flow G' n on the image of p n is within 5" of 
the standard flow. Thus, we see that for all n sufficiently large and for every point 
x in the image of p n we have Rc' n {x) < 2K' and hence Ra n (x) < 2K'h~ 2 . 

Let h' n be the scale of the surgery at time t n + (Recall that h n is the scale 

of the surgery at time t n .) Suppose that p n (B(p n ,t n , Ah n ) x {t 1 }) meets one of the 
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surgery 2-spheres Sj(t') at time t' at a point y(t'). Then, for all t S [t',t n + h\6 n ) 
we have the image y(t) of y(t') under the flow. All these points y(t) are points of 
intersection of p n (B(p,t n , Ah n ) x {£}) with E$(i). Since y(t) G p n (B(p,t n , Ah n ) x 
{*}), we have fl(y(t)) < 2K'h~ 2 . On the other hand R{y(t))(ti n f is within 0(5) of 
1 as i tends to t n + /i^# n . This means that h n /h' n < V3K' for all n sufficiently large. 
Since the standard solution has non-negative curvature, the metric is a decreasing 
function of t, and hence the diameter of B(po,t,A) is at most 2 A in the standard 
solution. Using Corollary 116.91 we see that for all n sufficiently large, the diameter 
of p n (B(p,t n ,Ah n ) x {t}) is at most Ah n < AyK'Ah' n . This means that for S' n 
sufficiently small the distance at time t from to the complement of the t time- 
slice of the strong S n (t n + fa„0„)-neck Ni(t) centered at (which is at least 
(5' n ) h' n /2) is much larger than the diameter of 

p n (B(p n ,t n ,Ah n ) x {*}). 

Consequently, for all n sufficiently large, the image p n (B(p n ,t n , Ah n ) x {t}) is con- 
tained in Ni(t). But by our choice of A, and Corollary 116.91 there is an e-neck of 
rescaled diameter approximately Ah n /2 contained in p n (B(p n ,t n , Ah n ) x {t}). By 
Corollary 119.31 the spheres coming from the neck structure in 

p n (B(p n ,t n ,Ah n ) x {t}) 

are isotopic in iVj(i) to the central 2-sphere of this neck. This is a contradiction 
because in iVj (t) the central 2-sphere is homotopically non-trivial whereas the spheres 
in p n (B(p n ,t n , Ah n ) x {t}) clearly bound 3-disks. □ 

Since p n (B(p n ,t n , Ah n ) x {t}) is disjoint from the backward flow to time t of all 
the surgery 2-spheres and since p n (B(p n , t n , Ah n ) x {£}) is connected, if there is 
a flow line starting at some point z G B(p, t n , Ah n ) that disappears at time t n + /i^0 n , 
then the flow from every point of B(p,t n , Ah n ) disappears at time t n + h^Q n . This 
shows that if 6 n < min(#, T' n — t n /h 2 n ), and if there is no extension of p n to an 
embedding defined at time t n + h^On, then all forward flow lines beginning at points 
of B(p,t n , Ah n ) disappear at time t n + h^On, which of course means that for all 
t < t n + h^On sufficiently close to t n + h^On the entire image p n (B(p, t n , Ah n ) x {£}) 
is contained in the disappearing region Dt- This shows that for all n sufficiently 
large, the second conclusion of Proposition 116.51 holds, giving a contradiction. 

This completes the proof of Proposition 116.51 □ 

Remark 16.11. Notice that it is indeed possible that Bc(x,t, Ah) is removed at 
some later time, for example as part of a capped e-horn associated to some later 
surgery. 

5. A length estimate 

We use the result in the previous section about the evolution of surgery caps to 
establish the length estimate on paths parameterized by backward time approaching 
a surgery cap from above. 
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Definition 16.12. Let c > be the constant from Proposition 112.311 Fix < 
5q < 1/4 such that if g is within 5q of go in the C' 1 /^ -topology then \R g i(x) — 
R go (x)\ < c/2 and |Rky — Ric 90 | < 1/4. 

Here is the length estimate. 

Proposition 16.13. For any £ < oo there is A = A (£) < oo, < 6> = 
8 (£) < 1, and for any A > A for the constant 5" = 5" (A) = Sq(A,9 q ,S q ) > 
from Proposition \16.h\ the following holds. Suppose that (M, G) is a Ricci flow with 
surgery defined for < t < T < oo. Suppose that it satisfies the strong (C, e)- 
canonical neighborhood assumption at all points x with R(x) > r^?i- Suppose also 
that the solution has curvature pinched toward positive. Suppose that there is a 
surgery at some time t with TJ-i <t<T with 5(t) as the surgery control parameter 
and with h as the surgery scale parameter. Then the following holds provided that 
5(t) < 6". Set T' = min(T,t + h 2 9 Q ). Let p £ M- t be the tip of the cap of a surgery 
disk at time t. Suppose that P(p,t, Ah,T' — t) exists in M.. Suppose that we have 
t' G \t,t + h 2 /2] with t' < T', and suppose that we have a curve j(t) parameterized 
by backward time r G [0, T' — t'] so that j(t) G Mp_ T for all r G [0, T' — t'\. Suppose 
that the image of 7 is contained in the closure of P(p,t, Ah,T' — t) C M. Suppose 
further: 

(1) either that T = t + 9 h 2 < T or that 7(0) C dB(p,t,Ah) x {T'}; and 

(2) j{T'-t') G B(p,t,Ah/2) x t'. 
Then 

rT'-t' 

/ (i?(7(t)) + |X 7 (t)| 2 )dt>l 
Jo 

See Fig. d 




with surgery 

1(7) > 1, i(i)>v 

Figure 2. Paths in evolving surgery caps are long. 
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Proof. The logic of the proof is as follows. We fix I < oo. We shall determine 
the relevant value of 9q and then of Aq in the course of the argument. Then for any 
A > Aq we define 6" (A) = 5q(A,6 ,5 ), as in Proposition [To31 

The integral expression is invariant under time translation and also under rescal- 
ing. Thus, we can (and do) assume that t = and that the scale h of the surgery is 
1. We use the embedding of P(p, 0, A, T") — > M. and write the restriction of the flow 
to this subset as a one-parameter family of metrics g(t), < t < T' , on B(p, 0, A). 
With this renormalization, < t' < 1/2, also I" < 9q, and t = T' — t. 

Let us first consider the case when T" = 9q < T. Consider the standard flow 
(M 3 ,<7o(*))) an d let po be its tip. According to Proposition 112.311 for all x G M 3 
and all t G [0, 1) we have R go (x,t) > c/(l — t). By Lemma 116.51 and since we are 
assuming that S(t) < 5" = 5q (A, 9o, 5q), we have that R(a,t) > c/2(l — t) for all 
a € B(p,0,A) and all t G [0,6*]. Thus, we have 
rOa-f 



( J R( 7 (r)) + |X 7 (r)| 2 )dT > J ^—T) dt 

= ^ (log(l - 9 ) - log(l - 0) dt 

> _£(log(l-0 o )+log(2)). 

Hence, if 6*q < 1 sufficiently close to 1, the integral will be > I. This fixes the value 
of 9 . 

Claim 16.14. There is A' < oo with the property that for any A > A' Q the 
restriction of the standard solution go (t) to (B(po, 0, A) \ B(j>q, 0, A/2)) x [0, #o] * s 
close to an evolving family (S 2 x [A/2, A],ho(t) x ds 2 ). In particular, for any t G 
[0, #o]> the go-distance at time t from B(po,0, A/2) to the complement of B(po,0, A) 
in the standard solution is more than A/ A. 

Proof. This is immediate from Proposition 112.71 and the fact that 9q <1. □ 

Now fix A = max(^' , 10 VI) and let A> A . 

Since 6q < 1/4 and since T' < 9o, for 5(t) < 5q(A,9q,5o) by Proposition 116.51 the 
5(T')-distance between B(p,0, A/2) and dB(p, 0, A) is at least A/5. 

Since the flow on B(p, 0, A) x [0, T'] is within <5o of the standard solution, and since 
the curvature of the standard solution is non-negative, for any horizontal tangent 
vector X at any point of B(p, 0, A) x [0, T'] we have that 

2 ^ 1 \ Vl 2 



Ri Cg (X,X)>--\X\' go >--\X 



and hence 



Because T' < 1, we see that 



\X\ 2 g( T>) < e - |Xg (t) < 3|Xg (t) 

for any t G [0,T']. 

Now suppose that 7(0) G dB(p, 0, A) x {T 1 }. Since the image of 7 is contained 
in the closure of P(p, 0, A, T') for every r G [0, T'\ we have V3\X^(T)\ g ^xi_ T ) > 



5. A LENGTH ESTIMATE 



367 



\ x -y( T )\ g (T'y Since the flow on p {P^,A,T') is within 5 in the C^ 5 ° ] -topology 
of the standard flow on the corresponding parabolic neighborhood, R(j(t)) > for 
all t G [0,T']. Thus, because of these two estimates we have 

(16.1) £ * ( J R( 7 (r)) + |X 7 (r)| 2 )dr>^ T ' ^\X y (r)\ 2 g{TI) dr. 

Since 7(0) G 8B(p,Q,A) x {V} and -y(T') G B(p,0,A/2), it follows from Cauchy- 
Schwarz that 

rT' ( f-T'-t' \ 2 

(T'-t'f ^ \X,(r)\ 2 g{TI) dr > U \X^r)\ g{TI) dr\ 

> (d g(TI) (B(p,0,A/2),dB(p,0,A))) 2 > ^. 
Since T' — t' < 1, it immediately follows from this and Equation (I16.ip that 



L 



T'—t' a2 

(R( 7 (r)) + \X,(r)\ 2 )dr> J ~ 



/o 75 

omce A > A > 10y/e, this expression is > £. This completes the proof of Proposi- 
tion MM □ 

5.1. Paths with short £ + -length avoid the surgery caps. Here we show 
that a path parameterized by backward time that ends in a surgery cap (or comes 
close to it) must have long £- length. Let (M, G) be a Ricci flow with surgery, and 
let x G M. be a point with t(x) = T G (Tj,Tj + i]. We suppose that these data 
satisfy the hypothesis of Proposition 116.41 with respect to the given sequences and 
r > r i+\ > 0. In particular, the parabolic neighborhood P(x,T,r, —r 2 ) exists in Ai 
and |Rm| is bounded on this parabolic neighborhood by r~ 2 . 

Actually, here we do not work directly with the length function C defined from 
x, but rather with a closely related function. We set R+(y) = max(i?(y), 0). 

Lemma 16.15. Given Lq < 00, there is 5± = Si(Lq, rj+i) > ; independent of 
(j\4,G) and x, such that if 5(t) < 5± for all t G [Tj_i,T), then for any curve 
l( T )i < r < To, with To < T — Ti—i, parameterized by backward time with 7(0) = x 
and with 

£+(7) = / (R+(l(r)) + |X 7 | 2 ) dr < L 
Jo 

the following two statements hold: 
(2) Set 

Then for all r < min(r', To) we have 7 (t) G P(x,T,r/2,—r 2 ). 

(2) Suppose that t G [T — tq,T) is a surgery time with p being the tip of the 

surgery cap at time t and with the scale of the surgery being h. Suppose 
_ _ 2 

t G [t,t + h /2] is such that there is an embedding 
p: B(p,t, (50 + A )h) x -> M 
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compatible with time and the vector field. Then the image of p is disjoint 
from the image 0/7. See Fig. 

Remark 16.16. Recall that (Ao+4)h is the radius of the surgery cap (measured in 
the rescaled version of the standard initial metric) that is glued in when performing 
surgery with scale h. 




B(p,t, (50 + 4,)/i) 
Figure 3. Avoiding neighborhoods of surgery caps 

PROOF. We define £ = Lo/Vt 7 , then define A = m&x(A (£), 2(50 + A )) and 
9 = 9q(£). Here, Aq(£) and 0q(£) are the constants in Proposition 116.131 Lastly, we 
require 5\ < 6" (A) from Proposition 116.131 Notice that, by construction, 5" (A) = 
6q(A,0,So) from Proposition 116.51 Thus, if p is the tip of a surgery cap at time t 
with the scale of the surgery being h, then it follows that for any At < 6, if there is 
an embedding 

p: B(p,t,Ah) x [t,t + h 2 At) -> M 
compatible with time and the vector field, then the induced flow (after time shifting 
by —t and scaling by (h)~ 2 is within So in the ct 1 / 5 "] -topology of the standard solu- 
tion. In particular, the scalar curvature at any point of the image of p is positive and 
is within a multiplicative factor of two of the scalar curvature at the corresponding 
point of the standard flow. 

Recall that we have r > j-j+i and that P(x, T, r, — r 2 ) exists in Ai and that |Rm| < 
r~ 2 on this parabolic neighborhood. We begin by proving by contradiction that there 
is no t < t' with the property that 7(7") P(x, T,r/2, — r 2 ). Suppose there is such a 
t < t' . Notice that by construction t' < rf +1 < r 2 . Hence, for the first t" with the 
property that 7(7") P(x, T, r/2, -r 2 ) the point 7(7-") G dB(x, T, r/2) x {T - r"}. 

Claim 16.17. £" \X 7 (r)\dT > r/2^/2. 
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Proof. Since |Rm| < r 2 on P(x, T, r, — r 2 ), we have |Ric| < 2r 2 on P(x, T, r, — t") 
Thus, for any tangent vector v at a point of B(x,T,r) we have 



< 



2r 2 (v,v) G(T _ 



dr 

for all r G [0, r"]. Integrating gives that for any r < t" we have 

exp(-2r- 2 T")(v,v) G{T) < {v,v) G{T _ r) < exp(2r~ 2 T")(v,v) G(T) . 
Since r" < r' and r > 77+1 by the assumption on r' we have 

exp(2r _2 r") < exp(2v / 2) < 2. 
This implies that for all r < t" we have 

^l^7( r )b(T) < |X 7 (r)| G(T _ T) < V2|X 7 (r)| G(T) , 



and hence 



JO 



\ Xl (T)\dr > ±= |X 7 (r)| G(T) > 



'o 

where we use the fact that dr(7(0),7(r")) = r/2. □ 
Applying Cauchy-Schwarz to r 1 / 4 ]^) and r -1 / 4 on the interval [0, r"] yields 

v^(i? + (7(r)) + |A 7 (r)| 2 )dT > T v^|X 7 (r)| 2 dr 

JO 



/' 

JO 



> 



|X 7 (r)|dr;' 



£ r-^dr 
r 2 

> 1= > L . 



Of course, the integral from to r" is less than or equal the entire integral from to tq 
since the integrand is non-negative, contradicting the assumption that £+(7) < Lq. 
This completes the proof of the first numbered statement. 

We turn now to the second statement. We impose a further condition on <5i. 

—2 —2 

Namely, require that S 1 < rj+i/2. Since < ro < e < 1, we have 6 ± ri < rj+i/2. 

— —2 

Thus, the scale of the surgery, /i, which is < b x ri by definition, will also be less 
than rj+i/2, and hence there is no point of P(x,T,r, — r 2 ) (where the curvature is 
bounded by r" 2 < in the image of p (where the scalar curvature is greater 

than (7Tr 2 /2 > 2^). Thus, if r' > ro we have completed the proof. Suppose 
that t' < ro- It suffices to establish that for every t\ G [t',to] the point 7(7-1) is 
not contained in the image of p for any surgery cap and any t' as in the statement. 
Suppose that in fact there is 77 G [t',to] with 7(77) contained in the image of 
p(B(p,t, (A) + 50)7t) x [t, t']) where t < t' < t + (h) 2 / 2 and where p is the tip of some 
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surgery cap at time t. We estimate 



/7( J R + ( 7 (r)) + |X 7 (r)| 2 )dr 

/TO _ 
i y/¥[R + ^(r)) + \X^r)\ 2 )dr 

(16.2) > (i?+(7(r)) + |X 7 (r)| 2 ) dr. 

Let At < T—t be the supremum of the set of s for which there is a parabolic neigh- 

_ 2 

borhood P(p,t,Ah,s) embedded in t _1 ((-oo,T]) C M. Let Ati = min(6>/i , At). 
We consider t, Ah, Ati). First, notice that since h < ^r, < rj + i/2, the scalar 
curvature on P(p,t, Ah, At\) is larger than (h)~ 2 /2 > rZ^ > r~ 2 . In partic- 
ular, the parabolic neighborhood P(x,T,r, — r 2 ) is disjoint from P{p,t, Ah, At\). 
This means that there is some r" > r' such that j(t") G dP{p, t, Ah, At\) and 
7|r T « )Tl ] c P(p, t, A/i, Ati). There are two cases to consider. The first is when 

Ati = Oh 2 , t" = T- (t + Ati) and 7(7-") G B(p,t,Ah) x {t + Ati}. Then, according 
to Proposition 1 16 . 1 3l 



(16.3) / i? + (7(r))dr > I. 

Jt" 

— 2 — 

Now let us consider the other case. If Ati < Oh , this means that either t + Ati = 
T or, according to Proposition 116.51 at the time t + Ati there is a surgery that 
removes all of B{p,t, Ah). Hence, under either possibility it must be the case that 
j(t") G dB{p,t, Ah) x {T — t"}. Thus, the remaining case to consider is when, 
whatever Ati is, 7(r") C dB(p,t,Ah) x {T - r"}. Lemma [HH and the fact that 
R > on P(p,t, Ah, Ati) imply that 

£< f 1 {R{ 1 (r)) + \X 1 {T)\ 2 )dr= r i ( J R + ( 7 (r)) + |X 7 (T)| 2 ) f tT. 

Jt" Jt" 

Since £ = Lq/^/t' and t" > t', it follows from Equation (|16.2p that in both cases 
C+(j) > r {R+(l(r)) + \X^t)\ 2 ) dr>eV^ = L , 

Jt" 

which contradicts our hypothesis. This completes the proof of Lemma 116.151 □ 

5.2. Paths with small energy avoid the disappearing regions. At this 
point we have shown that paths of small energy do not approach the surgery caps 
from above. We also need to rule out that they can be arbitrarily close from below. 
That is to say, we need to see that paths whose £-length is not too large avoid 
neighborhoods of the disappearing regions at all times just before the surgery time 
at which they disappear. Unlike the previous estimates which were universal for all 
(M, G) satisfying the hypothesis of Proposition 116.41 in this case the estimates will 
depend on the Ricci flow with surgery. First, let us fix some notation. 

Definition 16.18. Suppose that t is a surgery time, that t\ > 0, and that there 
are no other surgery times in the interval (t — T\,t\. Let {Sj(t)}j be the 2-spheres on 
which we do surgery at time t. Each Sj is the central 2-sphere of a strong <5-neck iVj . 
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We can flow the cylinders Jo(t) = UjS^. (—25, 0]) backward to any time t G (i — T\,t\. 
Let Jo(t) be the result. There is an induced function, denoted UjS^(t), on Jo(t). 
It takes values in (—25, 0]. We denote the boundary of Jo(t) by \J i £j(i). Of course, 
this boundary is the result of flowing ]J i Sj(i) backward to time t. (These backward 
flows are possible since there are no surgery times in (t — n, t).) For each t G [t— 7i,t) 
we also have the disappearing region Z^: - the region that disappears at time t. It 
is an open submanifold whose boundary is JJ^ Thus, for every t G (t — Ti,t) 

the subset J(t) = Jo(t) U Dt is an open subset of Mt- We define 

J(t-T 1 ,t)=U te(I _ Tirt) J(t). 

Then J(i - n,t) is an open subset of M. See Fig. |U 




Figure 4. Paths of short length avoid disappearing regions. 



Lemma 16.19. Fix a Ricciflow with surgery (M, G), a point x S A4 and constants 
r > r i+i > as in the statement of Proposition \16.4\ For any 1 < £ < oo the 
following holds. Suppose that t G [Tj_i,T) is a surgery time and that j(t) is a path 
with 7(7") G Mj-r- Let {pi, . . . ,pk} be the tips of all the surgery caps at time t and 

2 

let h be the scale of surgery at time t. Suppose that for some < t% < £~ 1 h there 
are no surgery times in the interval (t — Ti,t). We identify all M t for t G [t — To , t) 
with Mj_ Ti using the flow. Suppose that 7(0) G Mj \ Lif =1 B(pi,t, (50 + Ao)h), and 
lastly, suppose that 

[ 1 |X 7 (r)| 2 (iT < I. 
Jo 

Then 7 is disjoint from the open subset J(t — Ti,f)) of M. 

PROOF. Suppose that the lemma is false and let 7: [0,r] — > M. be a path satis- 
fying the hypothesis of the lemma with j(t) G J(t — n, t). Since 

7(0) G M I \U i B( Pl ,t, (50 + A )h), 

if follows that 7(0) is separated from the boundary of sjf. (— 25, 0] by distance at 
least 20h. Since the Jo(t) are contained in the disjoint union of strong <5-necks iVj 
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2 2 

centered at the 2-spheres along which we do surgery, and since T\ < h /£ < h , 
it follows that, provided that 5 is sufficiently small, for every t G \t — T\,t), the 
metric on Jo(t) is at least 1/2 the metric on Jo(t). It follows that, for 5 sufficiently 
small, if there is a r G [0, n] with 7(7-) G J(t) then J Q T1 |X 7 |(ir > lO/i. Applying 
Cauchy-Schwarz we see that 

1 |X 7 (r)| 2 dr > (Whf/n. 



Since ri < £ (h) , we see that 

f |X 7 (r)| 2 dr > £, 
Jo 

contradicting our hypothesis. □ 

5.3. Limits of a sequence of paths with short £-length. Now using Lem- 
mas 116. 151 and [T6.19I we show that it is possible to take limits of certain types of se- 
quences of paths parameterized by backward time to create minimizing £-geodesics. 

We shall work with a compact subset of t _1 ([Tj_i, T]) that is obtained by remov- 
ing appropriate open neighborhoods of the exposed regions. 

Definition 16.20. Fix £ < 00. Let #0 = &o(£) be as in Proposition 116.131 For 
each surgery time t G [T,_i,T], let h(t) be the scale of the surgery. Let pi,... ,Pk 
be the tips of the surgery caps at time t. For each 1 < j < k, we consider Bj(t) = 
B(pj,i, (Aq + 10)/t(i)), and we let Atj < min(^o, (T — t)/h 2 (t)) be maximal subject 
to the condition that there is an embedding pj \ Bj(t) x \t,t + h 2 (t)Atj) into A4 
compatible with time and the vector field. Clearly, B'- = B(pj,t, (10 + Aq)H) n Cj 
is contained in J(t). Let t be the previous surgery time if there is one, otherwise 
set t = 0. Also for each t we set Ti(£,t) = min (h(t) 2 /£, t — t'^j . For each t G 

(t — Ti(£,t),t) let J(t) C J(t) be the union of D t , the disappearing region at time 
t, and JJj B'^t), the result of flowing ]J i B[ backward to time t. Then we set J(t — 
Ti(£,t),t) C J(t — Ti(£,t),t) equal to the union over t G (t — Ti(£,t),t) of J(t). 
By construction, for each surgery time t, the union 

fringC*,*) = J(t-Ti(t,T),T)UUiBi x \i,t + h 2 (t)At t ) 

is an open subset of A4 containing all the exposed regions and singular points at 
time t. 

We define Y(£) C t _1 ([T!j_i, T]) to be the complement of the Ujv s i ng (£,t) where 
the union is over all surgery times t G [Tj_x,T]. Clearly, Y(£) is a closed subset of 
t _1 ([Tj_i, T]) and hence Y(£) is a compact subset contained in the open subset of 
smooth points of M. (Notice that Y{£) depends on £ because T\{£,t) and #0 depend 
on I.) 

Proposition 16.21. Fix < L < 00. Set 

L = L + 4(T i+1 f/ 2 . 

Suppose that for allt G [Tj_i, Tj + i], the surgery control parameter 5 (t) < 5i(Lo, fi+i) 
where the right-hand side is the constant from Lemma \16.15l Suppose that 7„ is a 
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sequence of paths in (Ai,G) parameterized by backward time r £ [0, r] with r < 
T — Ti-x, with 7n(0) = x and with 

C(-y n ) < L 

for all n. Then: 

(1) After passing to a subsequence, there is a limit 7 defined on [0,r]. The 
limit j is a continuous path and is a uniform limit of the ^ n . The limit is 
contained in the open subset of smooth points of M. and has finite C-length 
satisfying 

£(7) < liminf„^ 00 £(7 n ). 

(2) If there is a point y £ Mt-t such that J n (r) = y for all n, and if the 7„ 
are a sequence of paths parameterized by backward time from x to y with 
lim n ^ 00 £(7 ra ) being no greater than the C-length of any path from x to y, 
then the limit 7 of a subsequence is a minimizing C-geodesic connecting x 
to y contained in the open subset of smooth points of M. 

(3) There is I < 00 depending only on L such that any path 7 parameterized 
by backward time from x to a point y £ t -1 ([Tj_i,T)) whose C-length is 
at most L is contained in the compact subset Y(£) given in the previous 
definition. 

PROOF. Given L , we set 

T '= mm (piir" ,( ^ )r -+') 

as in Lemma 116.151 and then define I = Lq/\/V'. We also let A = min(2(50 + 

j4o);A)CO) and #0 = ^o(^) as in Proposition 116.131 Lastly, we let 5x(Lq, r-j+i) = 

tf'(A) = 6"(A,6 ,5o) from Propositions MM and MM We suppose that 5(t) < 

Sx(L ,ri +1 ) for all t G [T;_i,r]. 

Let t 6 [Tj_i,T] be a surgery time, and let h be the scale of the surgery at this 

time. For each surgery cap C with tip p at a time t £ [Ti_i,T] let At(C) be the 

— 2 

supremum of those s with < s < Boh for which there is an embedding 

pc : B(p, t, 2(A) + 50)71) x [t, t + s) -> M 
compatible with time and the vector field. We set 

P (C) = pc (B(p,t,(A + 50)h) x ^J + min(^ 2 /2,At(C)))) . 

Claim 16.22. Any path 7 beginning at x and parameterized by backward time 
misses Pq(C) if C(*y) < L. 
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PROOF. Set t = T -t. Of course, r < T - T^ x < T i+1 -T^. Consider the 
restriction of 7 to [0,ro]. We have 

CTQ 



< 



-{R + { ln {r)) + \X ln {r)\ 2 )dT 

' ' X ^{R+{ln{r)) + \X ln (r)\ 2 )dr 







i !_1 V^(R(ln(r)) + \X ln (r)\ 2 )dT + J "\jFdT 
T—Ti-i 

2 \ rl-r -i- A(T - T: , W 2 



TO 



^ (i?( 7 „(r)) + \X ln (r)| 2 ) dr + 4(T - Tj_i 

< / ^{R(ln{r)) + \X ln {r)\ 2 )dT + A(T %+1 fl 2 
Jo 

Thus, the hypothesis that C(-y n ) < L implies that 

(16.4) / ^{R + { ln {r)) + \X ln {r)\ 2 )dr < L . 

Jo 

The claim now follows immediately from Lemma ll6.15l □ 

Now set t' equal to the last surgery time before t or set t' = if t is the first 

_ _ 2 

surgery time. We set T\(t) equal to the minimum of t — t and h /£. 

Assume that 7(0) = x and that £(7) < L. It follows from Lemma 116.151 that the 

restriction of the path 7 to [0, r'] lies in a region where the Riemann curvature is 

bounded above by r -2 < r~ 2 v Hence, since h < 5{t) 2 ri + i r^+i, this part of the 

path is disjoint from all strong 5-necks (evolving backward for rescaled time (—1, 0]). 

That is to say, 7|ro,r'l is disjoint from Jo(t) for every t £ (t — T\(t),t) for any surgery 

time t <T. It follows immediately that 7|[o,r'l is disjoint from J(t — Ti(t),t). 

CLAIM 16.23. For every surgery time t G [Tj_i,r] ; the path 7 starting at x with 
£(7) < L is disjoint from J(t,t — Ti(t)). 

Proof. By the remarks above, it suffices to consider surgery times t <T — r' . 
It follows immediately from the previous claim that for any surgery time t, with the 
scale of the surgery being h and with p being the tip of a surgery cap at this time, 
we have 7 is disjoint from B(p,t, (50 + Aq)K). Also, 

rT-t+nit) 



/ V^lX^rtfdT < £ + ( 7 ) < L . 

Jr-t 



Since we can assume T — t > r' this implies that 

rT-t-nit) 



/ |X 7 (r)| 2 dr < La/Vr' = t. 

JT-t 

The claim is now immediate from Lemma 116.191 □ 



From these two claims we see immediately that 7 is contained in the compact 
subset Y{1) which is contained in the open subset of smooth points of M. This 
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proves the third item in the statement of the proposition. Now let us turn to the 
limit statements. 

Take a sequence of paths 7„ as in the statement of Proposition 116.211 By 
Lemma 116.151 the restriction of each 7„ to the interval [0, min(r, t')\ is contained in 
P(x, T,r/2, — r 2 ). The arguments in the proof of Lemma [72] (which involve changing 
variables to s = y/r) show that, after passing to a subsequence, the restrictions of 
the 7 n to [0, min(r, r')] converge uniformly to a path 7 defined on the same interval. 
Furthermore, 

pmin(T,r') /•min(r,T l ) 

/ y/f\Xi(T)\ 2 dr < liminf™ / ^\X ln {r)\ 2 dr, 

Jo Jo 



so that 



(16.5) / (R(l(r) + |X 7 (r)| 2 ) dr < 

Jo 

liminf^oo / {R{ln{r)) + \X ln (r)\ 2 ) dr. 

Jo 

If t < t' , then we have established the existence of a limit as required. Suppose 
now that r > r'. We turn our attention to the paths 7n|[T',r]- Let Tj_i <t<T — r' 
be either a surgery time or T — t', and let t' be the maximum of the last surgery time 
before t and Tj_i. We consider the restriction of the 7„ to the interval [T — t,T — t']. 
As we have seen, these restrictions are disjoint from J(t — Ti(t),t) and also from the 
exposed region at time t, which is denoted E(t), and from Jo(J). Let 

Y = t^QT -t',T-t\)\ (J(t - n (t),t) U (E(t) U J (i))) • 

This is a compact subset with the property that any point y G Y is connected by a 
backward flow line lying entirely in Y to a point y(t') contained in My. 

Since Y is compact there is a finite upper bound on the Ricci curvature on Y, 
and hence to C X {G) at any point of Y. Since all backward flow lines from points of 
Y extend all the way to M t i, it follows that there is a constant C such that 

\ X 1n( T )\G(t') < C'\X ln (T)\ G{t) 

for all t £ [t',t\. Our hypothesis that the C{^ n ) are uniformly bounded, the fact that 
the curvature is pinched toward positive and the fact that there is a uniform bound 
on the lengths of the r-intervals implies that the 

r 1 v^\x ln {T)\ 2 dr 

Jr-t 

are uniformly bounded. Because T — t is at least r' > 0, it follows that the 
It -I \Xj n \ 2 dT have a uniform upper bound. This then implies that there is a 
constant C\ such that for all n we have 

\X ln (T)\ 2 Gif) dT<d. 

Thus, after passing to a subsequence, the j n converge uniformly to a continuous 7 
defined on [T — t,T — t']. Furthermore, we can arrange that the convergence is a 
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weak convergence in W 1 ' 2 . This means that 7 has a derivative in L 2 and 

rT-t' i-T-t' 

/ |X 7 (r)| 2 dr < liminf™ / \X Jn {r)\ 2 dT. 

JT-t JT-t 

Now we do this simultaneously for all t = T — r' and for all the finite number of 
surgery times in [Tj_i,T — r']. This gives a limiting path 7: [r',f] —> Ai. Putting 
together the above inequalities we see that the limit satisfies 
(16.6) 

£ Jt~ (i?(7(r)) + \X y (r)\ 2 ) dr < liminf™ £ ^ (i?( 7 n(r)) + \X ln (r)\ 2 ) dr. 

Since we have already arranged that there is a limit on [0, r'], this produces a limiting 
path 7: [0,To] — ► Ai. By Inequalities 116.51 and 116.61 we see that 

£(7) < liminf i ^ 00 £(7 n ). 

The limit lies in the compact subset Y(£) and hence is contained in the open subset 
of smooth points of Ai. This completes the proof of the first statement of the 
proposition. 

Now suppose, in addition to the above, that all the 7 n have the same endpoint 
y £ Mt-t and that lim n ^ 00 £(7 n ) is less than or equal to the £-length of any 
path parameterized by backward time connecting x to y. Let 7 be the limit of a 
subsequence as constructed in the proof of the first part of this result. Clearly, by 
what we have just established, 7 is a path parameterized by backward time from 
x to y and £(7) < lim n _ +00 £(7 n ). This means that 7 is a minimizing £-geodesic 
connecting x to y, an £-geodesic contained in the open subset of smooth points of 
M. 

This completes the proof of the proposition. □ 

— — 3/2 

Corollary 16.24. Given L < 00, let 5\ = S\(L + 4(1^,7-4+1) be as given in 
Lemma [16.15l If S(t) < 5\ for all t £ [Tj_i, Tj-fi], then for any x £ t _1 ([Ti, Tj + i)) 
and for any y S Mx i _ 1 , if there is a path 7 parameterized by backward time connecting 
x to y with £(7) < L, then there is a minimizing C-geodesic contained in the open 
subset of smooth points of M connecting x to y. 

Proof. Choose an ^-minimizing sequence of paths from x to y and apply the 
previous proposition. □ 

5.4. Completion of the proof of Proposition 116.41 Having found a com- 
pact subset of the open subset of smooth points of Ai that contains all paths pa- 
rameterized by backward time whose £-length is not too large, we are in a position 
to prove Proposition 116.4] which states the existence of a minimizing £-geodesics in 
Ai from x and gives estimates on their C- lengths. 

PROOF, (of Proposition 116. 4p . Fix r > r i+ i > 0. Let (M,G) and x £ M be as 
in the statement of Proposition 116.41 We set L = 8^^+1(1 + Tj + i), and we set 

5 = min (6ML + 4(T m ) 3 / 2 , r l+1 



5. A LENGTH ESTIMATE 



377 



where 8\ is as given in Lemma [16. 151 Suppose that 5{t) < 5 for all t £ [Tj_i, T i+ i). 
We set U equal to the subset of t _1 ([Tj_i, T)) consisting of all points y for which 
there is a path 7 from x to y, parameterized by backward time, with £(7) < L. For 
each t £ [Tj_i,T) we set Ut = U H M t . According to Corollary 116,241 for any y £ U 
there is a minimizing £-geodesic connecting x to y and this geodesic lies in the open 
subset of M consisting of all the smooth points of A4; in particular, y is a smooth 
point of Ai. Let C x : U — > R be the function that assigns to each y £ U the £-length 
of a minimizing £-geodesic from x to y. Of course, C x (y) < L for all y £ U. Now 
let us show that the restriction of C x to any time-slice Ut C U achieves its minimum 
along a compact set. For this, let y n £ Ut be a minimizing sequence for C x and for 
each n let 7 n be a minimizing £-geodesic connecting x to y n . Since C{^ ri ) < L for 
all n, according to Proposition 116.211 we can pass to a subsequence that converges 
to a limit, 7, connecting x to some point y £ M t and £(7) < inf n £(7 n ) < L. Hence, 
y £ Ut, and clearly C x \ut achieves its minimum at y. Exactly the same argument 
with y n being a sequence of points at which C x \u t achieves its minimum shows that 
the subset of Ut at which C x achieves its minimum is a compact set. 

We set Z C U equal to the set of y £ U such that C x (y) < C x (y') for all y' £ U t ^ . 

Claim 16.25. The subset Z' = {z £ Z\C x (z) < L/2} has the property that for 
any compact interval I C [Tj_i,T) the intersection t _1 (J) n Z' is compact. 

PROOF. Fix a compact interval I C [Tj_i,T). Let {z n } be a sequence in Z' n 
t _1 (7). By passing to a subsequence we can assume that the sequence t(z n ) = t n 
converges to some t £ I, and that C x (z n ) converges to some D < L/2. Since the 
surgery times are discrete, there is a neighborhood J of t in I such that the only 
possible surgery time in J is t itself. By passing to a further subsequence if necessary, 
we can assume that t n £ J for all n. Fix n. First, let us consider the case when 
t n > t. Let 7 n be a minimizing £-geodesic from x to z n . Then we form the path 
7 n which is the union of 7„ followed by the flow line for the vector field x from the 
endpoint of j n to Mf. (This flowline exists since there is no surgery time in the open 
interval (t, t n ].) If t n < t, then we set 7 n equal to the restriction of j n to the interval 
[0, T — t\. In either case let y n £ M t be the endpoint of 7„. Since M t is compact, 
by passing to a subsequence we can arrange that the y n converge to a point y £ Mt. 
Clearly, lim^oo^ = y. 

It is also the case that lim n ^ 00 £(7„) = lim„_ >00 £(7 n ) = D < L/2. This means 
that y £ U and that C x (y) < D < L/2. Hence, the greatest lower bound of the 
values of C x on Ut is at most D < L/2, and consequently Z' D Ut / 0. Suppose 
that the minimum value of C x on Ut is D' < D. Let z £ Ut be a point where this 
minimum value is realized, and let 7 be a minimizing £-geodesic from x to z. Then 
by restricting 7 to subintervals [0,t — fj] shows that the minimum value of C x on 
Ut+u < (D' + D)/2 for all \i > sufficiently small. Also, extending 7 by adding a 
backward vertical flow line from z shows that the minimum value of C x on Ut-^ is at 
most (D' + D) /2 for all fi > sufficiently small. (Such a vertical flow line backward 
in time exists since z £ U and hence z is contained in the smooth part of M.) This 
contradicts the fact that limit of the minimum values of C x on Ut n converge to D 
as t n converges to t. This contradiction proves that the minimum value of C x on Ut 



378 



16. PROOF OF THE NON-COLLAPSING 



is D, and consequently the point y G Z' . This proves that Z' D t is compact, 
establishing the claim. □ 

At this point we have established that Properties (1),(2), and (4); So it remains 
only to prove Property (3) of Proposition 116.41 To do this we define the reduced 
length function l x : U —* M by 

l x (q) = f^TT and ^» = ™^mMv)- 
2y'T-t(g) 

We consider the subset S of t' G (0,T - T^i] with /™ in (r) < L/2 for all t < r' . 
Recall that by the choice of L, we have 3^T — Tj_i < L/2. Clearly, the minimum 
value of l x on Ut~ t converges to as r —* 0, implying that this set is non-empty. 
Also, from its definition, S is an interval with being one endpoint. 

Lemma 16.26. Let /™ m (T') be the minimum value ofl x on Ut- t ' ■ F° r an V T £ S 
we have lf n (r) < 3/2. 

Proof. Given that we have already established Properties 1,2 and 4 of Propo- 
sition [1631 this is immediate from Corollary 17.121 □ 

Now let us establish that S = (0, T — Tj_i]. As we remarked above, S is a non- 
empty interval with as one endpoint. Suppose that it is of the form (0, r] for some 
r < T — Ti-i. Then by the previous claim, we have ^™ m (r) < 3/2 so that there is 
an £-geodesic 7 from x to a point y G Mt~ t with £(7) < 3^/r < L/2. This implies 
that for all r' > r but sufficiently close to r, there is a point j/(t') € Ut—t' with 
£ x (y(r')) < L/2. This shows that all r' greater than and sufficiently close to r are 
contained in S. This is a contradiction of the assumption that S = (0, r]. 

Suppose now that 5 is of the form (0,r), and set t = T — r. Let t n — > i 
and z n G Z' n The same argument as above shows that for every n we have 
£-x(zn) < Sy/T — t n . For all n sufficiently large, there are no surgery times in the 
interval (t,t n ). Hence, by passing to a subsequence, we can arrange that the z n 
converge to a point z G M.%. Clearly, 

C x (z) < limsup n ^ 00 £ x (z„) < 3\/T - t, 

so that r G S. This again contradicts the assumption that S = (0, r). 

The only other possibility is that the set of r is (0,T — Tj_i] and the minimum 
value of C on Ut is at most 3\/T — t for all t G [Tj_i,T). This is exactly the third 
property stated in Proposition 116.41 This completes the proof of that proposition. 

□ 

6. Completion of the proof of Proposition 116.11 

Now we are ready to establish Proposition 116-H the non-collapsing result. We 
shall do this by finding a parabolic neighborhood whose size, r', depends only on 
rj, C and e, on which the sectional curvature is bounded by (r')~ 2 and so that the 
/^-distance from x to any point of the final time-slice of this parabolic neighborhood 
is bounded. Recall that in Section [2] we established it when R(x) = r~ 2 with r < 
fi+i < e. Here we assume that r^+i < r < e. Fix 5 = 5(rj+i) from Proposition 116.41 
and set L = 8^7^(1 + T i+1 ). 
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First of all, in Claim [T5. II we have seen that there is kq such that t _1 [0, T±] is kq 
non-collapsed on scales < e. Thus, we may assume that i > 1. 

Recall that t(x) = T G (Ti,Ti + i\. Let 7 be an £-geodesic contained in the 
smooth part of A4 from x to a point in Mj>._ 1 with £(7) < 3-y/T — TJZi. That such 
a 7 exists was proved in Proposition 1 16.41 We shall find a point y on this curve with 
R{y) < 2rr 2 . Then we find a backward parabolic neighborhood centered at y on 
which C is bounded and so that the slices have volume bounded from below. Then 
we can apply the results from Chapter [8] to establish the k non-collapsing. 

Claim 16.27. There is r with max(e 2 ,T - < t < T - Tj_i - e 2 swc/i that 



R(l(r ))<r^. 

Proof. Let T' = max(e 2 , T - Tj) and let T" = T - Tj_x - e 2 , and suppose that 
i?( 7 (r)) > rr 2 for all r G [T',T"]. Then we see that 



Since R > — 6 because the curvature is pinched toward positive, we see that 



PROOF. Since T { - Tj_i > to and T > T h we see that T"/(T - T^i) > 0.9. If 
T' = T — T u then since T < T i+1 = 2Ti = AT^i we have T'/(T - T^i) < 2/3. If 
T = e 2 , since e 2 < t /50, and T - r t _i > t , we see that T' < (T — Tj_x)/50. Thus, 
in both cases we have T" < 2(T - Ti_i)/3. Since (0.9) 3 / 2 > 0.85 and (2/3) 3 / 2 < 0.6, 
the first inequality follows. 

The second inequality is clear since T' < (T — 

The last inequality is clear from the fact that T" = T — Tj_i — e 2 and e < 
Putting these together yields 





Claim 16.28. We have the following estimates: 



(r»)3/2 _ ( T /)3/2 > I(r-ri_ x ) 3 / 2 

4(T') 3/2 < 4(T-Ti_i) 3 / 2 



4((r-r l _ 1 ) 3 / 2 -(T") 3/2 ) < Hvcr-TW) 




Since 



r.r 2 > r 2 > e- 2 > 50/io 
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\6t J 25 



and T — Tj_i > to we see that 
£(7) > 

> (8-5t )V^-^-i 

> VT-7i_i. 

(The last inequality uses the fact that to = 2~ 5 .) But this contradicts the fact 
that £(7) < Sy/T-Ti-x. □ 

Now fix To satisfying Claim LT6.271 Let 71 be the restriction of 7 to the subinterval 
[0, To], and let y = 71 (t ). Again using the fact that R("f(r)) > —6 for all r, we see 
that 

(16.7) £(71) < £(7) + 4(T - T^) 3 / 2 < SCTf+i) 1 ^ + 4(T m ) 3 / 2 . 

Set i' = T — To. Notice that from the definition we have t' < Tj. Consider 
B = B(y,t', 7^7), and define A = min(r 2 /16C, e 2 ). According to Lemma 111.21 every 
point z on a backward flow line starting in B and defined for time at most A has 
the property that R(z) < 2r 4 ~ 2 . For any surgery time t in [t' — A, if) C [Tj_i,T) 
the scale h of the surgery at time t is < <5(t) 2 rj, and hence every point of the 
surgery cap has scalar curvature at least D~ 1 5(t)~ A r^ 2 . Since 5(t) < 5 < So < 
min(-D - , 1/10), it follows that every point of the surgery cap has curvature at least 
Sq 3 v^ 2 > lOOOr^ 2 . Thus, no point z as above can lie in a surgery cap. This means 
that the entire backward parabolic neighborhood P(y,t', — A) exists in A4, and 
the scalar curvature is bounded by 2r~ 2 on this backward parabolic neighborhood. 
Because of the curvature pinching toward positive assumption, there is C < 00 
depending only on rj and such that the Riemann curvature is bounded by C on 

P(y,t',^,-A). 

Consider the one-parameter family of metrics g(r), < r < A, on B(y,t', ^) 
obtained by restricting the horizontal metric G to the backward parabolic neighbor- 
hood. There is < Ai < A/2 depending only on C' such that for every r G [0, Ai] 
and every non-zero tangent vector v at a point of B(y,t', ^) we have 

~ < ^ < 2- 

Set r = min(g^j, Ai/2), so that f depends only on rj, C, and e. Set t" = t' — A\. 
Clearly, B(y,t",r) C B(y,t',^) so that B(y,t",r) C P(y, t' , -A). Of course, it 
then follows that the parabolic neighborhood P(y, t", f, — Ai) exists in A4 and 

P( y ,t",f,-A 1 )cP(y,t',^,-A), 

so that the Riemann curvature is bounded above by C on the parabolic neighbor- 
hood P(y, t",r, — Ai). We set r' = min(f, (C)" 1 / 2 , \/Ai/2), so that r' depends only 
on n, C, and e. Then the parabolic neighborhood P(y,t" ,r' , — (r') 2 ) exists in Ai 
and |Rm| < (r')~ 2 on P(y,t",r' , — (r') 2 ). Hence, by the inductive non-collapsing as- 
sumption either y is contained in a component of M t n of positive sectional curvature 
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or 

Vol B(y,t",r') > K t {r'f. 

If y is contained in a component of Mf of positive sectional curvature, then by 
Hamilton's result, Theorem 14,231 under Ricci flow the component of Mf containing 
y flows forward as a family of components of positive sectional curvature until it 
disappears. Since there is path moving backwards in time from x to y, this means 
that the original point x is contained in a component of its time-slice with positive 
sectional curvature. 

Let us consider the other possibility when Vol B(y, t" , r') > Ki(r') 3 . For each 
z € B(y,t",r') let 

M*: [T-t',T-t"]^B(y,t',^) 
be the G(t')-geodesic connecting y to z. Of course 

for every r G [0, Ai]. Thus, 



X ^( T )\c(t') < 



\ x h-A t )\g{t-t) < 

for all r G [T — t' ,T — t"\. Now we let Jl z be the resulting path parameterized by 
backward time on the time-interval [T — t',T — t"\. We estimate 

,-T-t" _ 

C@z) = / V^{R(Mr)) + \X^{r)\ 2 )dr 

JT-V 



In passing to the last inequality we use the fact, from the definitions that r 1 < \/ Ai/2 



it 

Since C > 1, we see that 



and A < rf/16C, whereas A x < A/2. 



CQiz) < y/T. 

Putting this together with the estimate, Equation (|16.7p . for £(71) tells us that for 
each z £ B(y,t" ,r') we have 

£(71 * Jlz) < 4(T m ) 1/2 + 4(T i+1 ) 3 / 2 < L/2. 

Hence, by Proposition [1631 and the choice of L, there is a minimizing £-geodesic from 
x to each point of B(y,t",r') of length < L/2, and these geodesies are contained in 
the smooth part of M. In fact, by Proposition I16.2T1 there is a compact subset Y of 
the open subset of smooth points of M that contains all the minimizing £-geodesics 
from x to points of B(y, t" , r'). 

Then, by Corollary 16.671 (see also, Proposition 16. 56ft . the intersection, B' , of 
U x with B(y,t",r') is an open subset of full measure in B(y,t" \r'). Of course, 
Vol B' = Vol B(y,t",r') > Ki(r') 3 and the function l x is bounded by L/2 on B' . 
It now follows from Theorem 18.11 that there is k > depending only on Kj, r 1 , e 
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and L such that x is k non-collapsed on scales < e. Recall that L depends only on 
Tj + i, and r' depends only on r^, C, C and e, whereas C depends only on n. Thus, 
in the final analysis, k depends only on Ki and (and C and e which are fixed). 
This entire analysis assumed that for all t G [Tj_i, Tj + i) we have the inequality 
S(t) < <5i(I/ + 4(t i+1 ) 3//2 ,r i+1 ) as in Lemma [16.15l Since L depends only on i and to, 
this shows that the upper bound for 5 depends only on rj+i (and on i, to, C, and 
e) . This completes the proof of Proposition 116.11 



CHAPTER 17 



Completion of the proof of Theorem 115.91 

We have established the requisite non-collapsing result assuming the existence of 
strong canonical neighborhoods. In order to complete the proof of Theorem 115.91 it 
remains for us to show the existence of strong canonical neighborhoods. This is the 
result of the next section. 

1. Proof of the strong canonical neighborhood assumption 

Proposition 17.1. Suppose that for some i > we have surgery parameter 
sequences 5q > 5\ > • • • > 5{ > 0, e = ro > r\ > • • • > T{ > and kq > k\ > 
■ ■ ■ > m > 0. For any rj+i < r%, let 5(rj+i) > be the constant in Proposition \16.1] 
associated to these three sequences and to rj+i. Then there are positive constants 
r i+i < r i an d < <5( r i+i) such that the following holds. Suppose that (A4,G) is 
a Ricci flow with surgery defined for < t < T for some T £ (T^Tj+i] with surgery 
control parameter 5(t). Suppose that the restriction of this Ricci flow with surgery to 
t _1 ([0,Tj)) satisfies Assumptions (1) - (7) and also the five properties given in the 
hypothesis of Theorem \15.9\ with respect to the given sequences. Suppose also that 
S{t) < b~i+\ for all t £ [Tj_i,T]. Then (A4,G) satisfies the strong (C, e)- canonical 
neighborhood assumption with parameter ri + \ . 

Proof. Suppose that the result does not hold. Then we can take a sequence of 
r a — ► as a — > oo, all less than r$, and for each a a sequence 5 a b — > as b — > oo with 
each S a! b < 5(r a ), where 5(r a ) < Si is the constant in Proposition 116.11 associated to 
the three sequences given in the statement of this proposition and r a , such that for 
each a, b there is a Ricci flow with surgery (Aif a y\, Gr a ^\) defined for < t < T( 0) m 
with Tj < Tr a ,b) — Ti + i with control parameter Sufy(t) such the flow satisfies the 
hypothesis of the proposition with respect to these constants but fails to satisfy the 
conclusion. 

Lemma 17.2. For each a, and given a, for all b sufficiently large there is i( a ,6) £ 
[Tj,T( a fe )) such that the restriction of (Mum, Gr a ^) to t _1 ([0, £( m)) satisfies the 
strong (C, e)-canonical neighborhood assumption with parameter r a and furthermore, 
there is x £ M( a ,b) with t(cc( a) b)) = £( a ,fe) a t which the strong (C, e)- canonical neigh- 
borhood assumption with parameter r a fails. 

Proof. Fix a. By supposition, for each b there is a point x £ M( a ,b) a t which the 
strong (C, e)-canonical neighborhood assumption fails for the parameter r a . We call 
points at which this condition fails counterexample points. Of course, since r a < ri 
and since the restriction of (M.( a ,b)i 9(a,b)) t° t~ 1 ([0,Tj)) satisfies the hypothesis of 
the proposition, we see that any counterexample point x has t(x) > Tj. Take a 
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sequence x n = x n f a ^\ of counterexample points with t(x n+ i) < t(x n ) for all n that 
minimizes t among all counterexample points in the sense that for any £ > and 
for any counterexample point x G Mub) eventually t(x n ) < t(x) + £. Let t' = 
t'ub) = hm n ^oot(x n ). Clearly, t' G [Tj, T( a ,b))i an d by construction the restriction of 
(^(a,i)iG(fl,(i)) to t _1 ([0,i')) satisfies the (C, e)-canonical neighborhood assumption 
with parameter r a . Since the surgery times are discrete, there is t" = t'! b ^ with t' < 
t" < Tr a ,b) arm a diffeomorphism ?/> = ip( a ,b) '■ M t i x [t',t") — > t _1 ([t',t")) compatible 
with time and the vector field. We view V ; *C(a,fe) as a one-parameter family of 
metrics g(t) = gr a> b)(t) on M t i for t G [i' 5 i")- By passing to a subsequence we can 
arrange that t(x n ) G [t',t") for all n. Thus, for each n there are y n = y n f a ,b) £ -^t' 
and t n G with tp{y n ,t n ) = x n . Since Mf is a compact 3-manifold, by passing 

to a further subsequence we can assume that y n — ► £( a ,fc) G M 4 / . Of course, i n — > i' 
asruoo and lim^ooXn = x^ b ) in -M( ajfej ). 

We claim that, for all b sufficiently large, the strong (C, e)-canonical neighbor- 
hood assumption with parameter r a fails at xu^y Notice that since £( a ,&) is the limit 
of a sequence where the strong (C, e)-neighborhood assumption fails, the points in 
the sequence converging to £( a ,&) have scalar curvature at least r~ 2 . It follows that 
R( x (a,b)) — r a 2 - Suppose that £( m satisfies the strong (C, e)-canonical neighbor- 
hood assumption with parameter r a . This means that there is a neighborhood 
U = f/( a ,6) °f x (a,b) G -^t' which is a strong (C, e)-canonical neighborhood of X( a M. 
According to Definition I9.78I there are four possibilities. The first two we consider 
are that (U,g(t')) is an e-round component or a C-component. In either of these 
cases, since the defining inequalities given in Definition I9.76I and I9.75I are strong 
inequalities, all metrics on U sufficiently close to g(t') in the C°°-topology the sat- 
isfy these same inequalities. But as n tends to oo, the metrics g(t n )\u converge in 
the C°°-topology to g(t')\u- Thus, in these two cases, for all n sufficiently large, 
the metrics g(t n ) on U are (C, e)-canonical neighborhood metrics of the same type 
as g(t', b \)\u- Hence, in either of these cases, for all n sufficiently large x n ,(a,ft) bas 
a strong (C, e)-canonical neighborhood of the same type as X( m, contrary to our 
assumption about the sequence x n ub)- 

Now suppose that there is a (C, e)-cap whose core contains Xt a ^\. This is to say 
that (U,g(t')) is a (C, e)-cap whose core contains Xfab)- By Proposition I9.79I for 
all n sufficiently large, (U,g(t n )) is also a (C, e)-cap with the same core. This core 
contains y n for all n sufficiently large, showing that x n is contained in the core of a 
(C, e)-cap for all n sufficiently large. 

Now let us consider the remaining case when xr a ^\ is the center of a strong e- 
neck. In this case we have an embedding ipU( a b) '■ ^(a,b) x (^( a b) — ( x (a,b)))*( a b)\ ~~ ^ 
■Mt a ,b) compatible with time and the vector field and a diffeomorphism fufy : S 2 x 
(-e -1 ^ -1 ) -> U^ b ) so that (/ (0;6) xld)*^ ( J R(x( aj& ))G( 0)6 )) is e-close in the C [1/e l- 

topology to the evolving product metric ho(t) x ds 2 , — 1 < t < 0, where ho(t) is a 
round metric of scalar curvature 1/(1 — t) on S 2 and ds 2 is the Euclidean metric on 
the interval. Here, there are two subcases to consider. 

(i) ipU( ab) extends backward past t'/ a b) ~ R ( x (a,b))- 
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(ii) There is a flow line through a point yub) G ^(0,6) that is defined on the 
interval [t'^ ab ^ — R~ 1 (x^ ab ^), tf, 6 J but with the value of the flow line at 
*(a6) ~~ R \ x (a,b)) an exposed point. 
Let us consider the first subcase. The embedding ipUr a b) extends forward in time 
because of the diffeomorphism ip( a ,b) : My ^ x [i ( j,) > *( a 6) ) ~~ * («)*>) an d, by as- 
sumption, ipi/r a b ) extends backward in time some amount. Thus, for all n sufficiently 
large, we can use these extensions of ipUr a b) to define an embedding Vy (a,fc) : ^(a,6) x 
(^( x n,(a,b)) ~ ^~ 1 ( x n,(a,b))^( x n,(a,b))] ~^ -^(a,fe) compatible with time and the vector 
field. Furthermore, since the ^n,(a,6) converge in the C°°-topology as n tends to infin- 
ity to i>U( atb) , the Riemannian metrics (/ (a>6 ) x ld)*ipl^ b) (R(x n ^ b) )G afi ) converge 
in the C°°-topology to the pullback (/( 0) &) X Id)*?/>jy ( (R(x( a> b))G at b). Clearly then, 
for fixed (o, b) and for all n sufficiently large the pullbacks of the rescalings of these 
metrics by R(x n t a> b)) are within e in the C[ 1//e l-topology of the standard evolving flow 
ho(t) x ds 2 , —1 < t < 0, on the product of S 2 with the interval. Under these identi- 
fications the points x n ub) correspond to points (p n ,(o,6)> s n,(o,6)) £ S 2 x (— e^e -1 ) 
where linin-^ooSn ( m = 0. The last thing we do is to choose diffeomorphisms 
iPn,(a,b) '■ (~ e i e ) ~^ ( — e_1 ) e_1 ) that are the identity near both ends, such that 
fn,(a,b) carries to s„,( a ,6) an d such that the (p n r a ,b) converge to the identity in the 
C^-topology for fixed (a, b) as n tends to infinity. Then, for all n sufficiently large, 
the composition 

S 2 x (-e- 1 ^- 1 ) IdX ^' b) S 2 x (-e^e" 1 ) *=3 U ^ M (a , b) 

is a strong £-neck centered at x n ^ a ^y This shows that for any b for which the first 
subcase holds, for all n sufficiently large, there is a strong e-neck centered at x n ub)- 

Now suppose that the second subcase holds for all b. Here, unlike all previous 
cases, we shall have to let b vary and we shall prove the result only for b sufficiently 
large. We shall show that for all b sufficiently large, %r a b) is contained in the core 
of a (C, e)-cap. This will establish the result by contradiction, for as we showed in 
the previous case, if a?( ,6) is contained in the core of a (C, e)-cap, then the same is 
true for the x n for all n sufficiently large, contrary to our assumption. 

For the moment fix b. Set t( a , b ) = *( a &) ~~ ^-G( ab) { x { a ,b))^ 1 ■ Since, by supposition 
the embedding ipu, a b) does not extend backwards past i( ai &) , it must be the case 
that t( a ,6) i s a surgery time and furthermore that there is a surgery cap C( a ,ft) a t this 
time with the property that there is a point y^b) G ^(a,b) such that ipiir a b) (U(a,b) > 
converges to a point z^ a ^) £ C(a,b) as t tends to i( a ,fe) from above. (See Fig. HJ) We 
denote by P( a ,b) the tip of C^ a ^ , and we denote by fy a ,&) the scale of the surgery at 
time t^ b ) . 

Since the statement that £( a ,6) is contained in the core of a (C, e)-cap is a scale 
invariant statement, we are free to replace (M( a ,b)^ G(a,b)) with (M.( a ^), GV m), which 
has been rescaled to make fy a ,6) = 1 an d shifted in time so that i( a ,fe) = 0- We denote 
the new time function by t. (Notice that this rescaling and time-shifting is different 
from what we usually do. Normally, when we have a base point like X( a ,b) we rescale 
to make its scalar curvature one and we shift time to make it be at time 0. Here 
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we have rescaled based on the scale of the surgery cap rather than R(x( a ^).) We 
set Q( a ,b) = Rq b) ( x (a,b)) anci we se * ^'(ab) = ^( x (a,b))- Since the initial time of 
the strong e-neck is zero, f^ ab ^ = QZ 6 \- We denote the flow line backward in time 

from y (o>6) by y^ b) (t), < t < t' {afi) , so that y( a ,b)(?(a,b)) = V(a ,b)- Since ^,6) is 
a strong e-neck, by our choice of e, it follows from Lemma 119.21 and rescaling that 
R(^(y(a,b)J)) is within (0.01)Q (O)6) of Q( a ,b)/0-+Q(a,b) (? (a , 6 ) -*)) for all t G (0,? (a)6) ]. 
By taking limits as t approaches 0, we see that b) {z( a ,b)) is within (0-01)Q( a ^ 

of Q( aj fe)/2. Let Z) be the universal constant given in Lemma ll2.3l so that the scalar 
curvature at any point of the standard initial metric is at least D^ 1 and at most D. 
It follows from the third item in Theorem 113.21 that, since we have rescaled to make 
the surgery scale one, for all b sufficiently large the scalar curvature on the surgery 
C( a ,ft) is at least (2D) -1 and at most 2D. In particular, for all b sufficiently large 

(2D)- 1 <R d(ab) (z (a , b) )<2D. 
Together with the above estimate relating Rg, b) {z( a ,b)) an d Q{ a ,b)-> this gives 
(17.1) (5D)- 1 < Q [a , b) < 5D. 

Since the flow line from Z( a ,b) to y^ b ) lies in the closure of a strong e-neck of scale 

~— 1/2 

Q^ a L , the scalar curvature is less than 61? at every point of this flow line. According 
to Proposition 112. 311 there is 0\ < 1 (depending only on D) such that R{q,t) > 8D 
for all (q,t) in the standard solution with t > 9\. 




surgery cap 



Figure 1. A strong neck with initial time in a surgery cap 

By the fifth property of Theorem 112.51 there is A'(0i) < oo such that in the 
standard flow, B(p ,0,A) contains B(p o ,0i, A/2) for every A > A'{0\). We set A 
equal to the maximum of A'(9\) and 

3 ((1.2)\/5De _1 + (1.1)(A) + 5) + CVbD^j . 

Now for any 5 > for all b sufficiently large, we have 5^ a ^ < 5" {A,0\,5), where 
5" (A, 0i,5) is the constant given in Proposition 116.131 
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Claim 17.3. Suppose that b is sufficiently large so that <$( a &) < 5" (A, 9±, Sq), 
where 5q is the constant given in Definition \16.12\ Then t', ab \ < 9\. 

Proof. In this proof we shall fix (a, b), so we drop these indices from the nota- 
tion. Consider s < 9\ maximal so that there is an embedding 

V> = V>(a,6) : B(po,0, A) X [0, s) -> M( a}b) 

compatible with time and the vector field. First suppose that s < 9\. Then according 
to Proposition 116.51 either the entire ball B(p,0,A) disappears at time s or s is the 
final time of the time interval of definition for the flow {M.( a ,b)> G^ a ^). Since we 
have the flow line from z G B(po,0, A) extending to time t' = t'^ ab y in either case 

this implies that t' < s, proving that t' < 9\ in this case. 

Now suppose that s = 9\. By the choice of 9\, for the standard solution the scalar 
curvature at every (q, 9\) is at least 8D. Since o~( a ,b) < $"iA, 9\,5o), by the definition 
of 5q given in Definition 116.121 and by Proposition 116.51 the scalar curvature of the 
pullback of the metric under if) is within a factor of two of the scalar curvature of 
the rescaled standard solution. Hence, the scalar curvature along the flow line (z, t) 
through z limits to at least 8D as t tends to 9\. Since the scalar curvature on (z,t) 
for t G [0, t'] is bounded above by 6D, it follows that t' < 9\ in this case as well. 
This completes the proof of the claim. □ 

Thus, we have maps 

VV,b) : B (Po^,A) x [0,? (a 6) ] M {aib) 

compatible with time and the vector field, with the property that for each 5 > 0, 
for all b sufficiently large the pullback under this map of G( a ,6) is within 5 in the 
Ct 1 ' 5 ! -topology of the restriction of the standard solution. Let W( a ^ be the result 
of flowing X( a fc) backward to time 0. 

Claim 17.4. For all b sufficiently large, w^ a ^) G il)( a ^)(B{pQ,Q, A) x {0}). 

Proof. First notice that, by our choice of e, every point in the time-slice of 
the closure of the strong e-neck centered at £( a ,fc) is within distance (l.l)Q7 x 6 s e _1 of 
w^b). In particular, 

dG {ab) (W(a,b),y(a,b)) < (l.l)Q^e- 1 . 

Since y^ a ^ is contained in the surgery cap and the scale of the surgery at this time 
is 1, y^b) is within distance Aq + 5 of P( a ,b)- Hence, by the triangle inequality and 
Inequality (|17.ip . we have 

< (l.VjVhDe- 1 + (A) + 5). 

For b sufficiently large, the image ip( a ,b)(B(po, 0, A)) contains the ball of radius 
(0. 95) A centered at P( a ,b)- Since by our choice of A we have (0.95)^4 > (l.l)V5De _1 + 
(^4q + 5), the claim follows. □ 
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We define q^ b) 6 B(p ,0,A) so that (Q(a,b) , 0) = «>(*,&)• Of course, 

^(o,6)(9(o,6)>*(o,6)) = 

If follows from the above computation that for all b sufficiently large we have 
M9(afi),Po) < (l.l^Q^e- 1 + (1.05)(4) + 5). 

Since the standard flow has non-negative curvature, it is a distance non-increasing 
flow. Therefore, 

d? (ob) (?(«,&),Po) < (l-l^Q^V 1 + (1.05)(A + 5). 

Suppose that a point (Q,t', ab -.) in the standard solution were the center of a 
/?e/3-neck, where is the constant from Proposition 115.21 Of course, for all b 
sufficiently large, R(q,t' {ab) ) > (0.99)Q (ajfe) . Since (3 < 1/2 and e < VbD(A + 5)/2 

and Q( a ,b) — 5-D, it follows from the above distance estimate that this neck would 
contain (j>Q,t', ab s). But this is impossible: since (po,t'r a fy) * s an isolated fixed point 
of an isometric 50(3)-action on the standard flow, all the sectional curvatures at 
(P0)^( a 6)) are equal, and this is in contradiction with estimates on the sectional 
curvatures at any point of an e-neck given in Lemma 119.21 We can then conclude 
from Theorem 112.321 that for all b sufficiently large, the point (Po>*( a is contained 

in the core of a (C(/3e/3), /3e/3)-cap Y( a ,b) i n the- t', ab \ time-slice of the standard 
solution. Now note that for all b sufficiently large, the scalar curvature of (q( a ,b) > t'( a &)) 
is at least (0.99)Q( o m, since the scalar curvature of xuy is equal to Q( a ,b)- This 
implies that the diameter of Y( a ,b) 1S a t most 

(1.01)Q^C((3e/3) < (l.l)v^DC(/5e/3). 

Since B(po,0, A) contains B(po, t'^ a b y A/2), and since C > C(/3e/3), it follows from 
the definition of A, the above distance estimate, and the triangle inequality that for 
all b sufficiently large B(pq,0, A) x {t', ab -,} contains 

Since C > C(/3e/3) + 1 and since for b sufficiently large ip* a b \G^ a ^ is arbitrarily 
close to the restriction of the standard solution metric, it follows from Lemma 19.791 
that for all b sufficiently large, the image ip( a ,b)(Y(a,b)) 1S a (C, e)-cap whose core 
contains x^ a ^y As we have already remarked, this contradicts the assumption that 
no x n has a strong (C, e)-canonical neighborhood. 

This completes the proof in the last case and establishes Lemma 117.21 □ 

Remark 17.5. Notice that even though a?( a m is the center of a strong e-neck, the 
canonical neighborhoods of the x n constructed in the second case are not a strong 
e-necks but rather are (C, e)-caps coming from applying the flow to a neighborhood 
of the surgery cap C. 

Now we return to the proof of Proposition 117.11 For each a, we pass to a subse- 
quence (in b) so that Lemma [17.21 holds for all (a, b). For each (a, b), let tf a ^\ be as 
in that lemma. We fix a point £( a ,&) £ ^~ 1 (t(a,b)) C M.( a ,b) & t which the canonical 
neighborhood assumption with parameter r a fails. For each a choose b(a) such that 
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h{a) -> as a -> oo. For each a we set (M a ,G a ) = (M^ a )) , G( a)6(a ))), we set 

= *(a,b(a))> and we let x a = £( a ,6(a)) ^ -^a- Let (M a ,G a ) be the Ricci flow with 
surgery obtained from {M a iG a ) by shifting t a to and rescaling the metric and 
time by R(x a ). We have the points x a in the time-slice of M. a corresponding to 
x a E M. a - Of course, by construction (x a ) = 1 for all a. 

We shall take limits of a subsequence of this sequence of based Ricci flows with 
surgery. Since r a — > and R(x a ) > r~ 2 , it follows that R(x a ) — > oo. By Proposi- 
tion HEll since < <5(r a ) it follows that the restriction of (M a , G a ) to t _1 (— oo, 0) 

1/2 

is k- non-collapsed on scales < ei? G (x a ). By passing to a subsequence we arrange 
that one of the following two possibilities holds: 

(i) There is A < oo and t' < oo such that, for each a there is a flow line 
through a point y a of (x a ,0,A) that is not defined on all of [— 1',0]. 
(See Fig. El) 

(ii) For every A < oo and every t' < oo, for all a sufficiently large all flow lines 
through points of i?g (x a , 0, ^4) are defined on the interval [— t', 0]. 

B da (x a ,0,A) 




• X n 



-t n > 



-t' 



Va 




3 



surgery cap 



Figure 2. Possibility (i). 



Let us consider the second case. By Proposition 116.11 these rescaled solutions 
are «>non collapsed on scales < eRcaixa) 1 ^ 2 for all t < 0. Since this condition is 
a closed constraint, the same is true if t = 0. Since R(x a ) > r~ 2 , by construction 
every point x € (M a , G a ) with R(x) > 1 and t(x) < has a strong (C, e)-canonical 
neighborhood. 

Claim 17.6. For all a sufficiently large, every point x E (M a ,G a ) with R(x) > 1 
and t(x) = has a (2C, 2e)- canonical neighborhood. 

Proof. Assume that x E M has R(x) > 1. Suppose that x is an exposed point. 
If a is sufficiently large, then 5 ^ is arbitrarily close to zero and hence by the last 
item in Theorem 1 1 3 . 2 1 and the structure of the standard initial condition, we see that 
x is contained in the core of a (2C, 2e)-cap. 
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Suppose now that x is not an exposed point. Then we can take a sequence of 
points y n G M a all lying on the flow line for the vector field through x converging to 
x with t(y n ) < 0. Of course, for all n sufficiently large R(y n ) > 1, which implies that 
for all n sufficiently large y n has a strong (C, e)-canonical neighborhood. Passing 
to a subsequence, we can arrange that all of these canonical neighborhoods are of 
the same type. If they are all e-round components, all C-components, or all (C, e)- 
caps whose cores contain y n , then by taking limits and arguing as in the proof of 
Lemma 111.231 we see that x has a strong (2C, 2e)-canonical neighborhood of the 
same type. On the other hand, if y n is the center of a strong e-neck for all n, then 
according to Claim 111.241 the limit point x is the center of a strong 2e-neck. □ 

Since we have chosen e > sufficiently small so that Theorem 111.81 applies with e 
replaced by 2e, applying this theorem shows that we can pass to a subsequence and 
take a smooth limiting flow of a subsequence of the rescaled flows (A4 a ,G a ) based 
at x a and defined for all t S (— oo,0]. Because the {M. a , G a ) all have curvature 
pinched toward positive and since R(x a ) — > oo as a tends to infinity, this result says 
that the limiting flow has non-negative, bounded curvature and is K-non-collapsed 
on all scales. That is to say, the limiting flow is a K-solution. By Corollary 19.951 
this contradicts the fact that the strong (C, e)-canonical neighborhood assumption 
fails at x a for every a. This contradiction shows that in the second case there 
is a subsequence of the a such that x a has a strong canonical neighborhood and 
completes the proof of the second case. 

Let us consider the first case. In this case we will arrive at a contradiction by 
showing that for all a sufficiently large, the point x a lies in a strong (C, e)-canonical 
neighborhood coming from a surgery cap. Here is the basic result we use to find 
that canonical neighborhood. 

Lemma 17.7. Suppose that there are A',D',t' < oo such that the following holds 
for all a sufficiently large. There is a point y a £ (x a ,0, A') and a flow line of 
X beginning at y a , defined for backward time and ending at a point z a in a surgery 
cap C a at time —t a for some t a < tf . We denote this flow line by y a (t), —t a < t < 0. 
Furthermore, suppose that the scalar curvature on the flow line from y a to z a is 
bounded by D' . Then for all a sufficiently large, x a has a strong (C, e)- canonical 
neighborhood. 

Proof. The proof is by contradiction. Suppose the result does not hold. Then 
there are A',D',t' < oo and we can pass to a subsequence (in a) such that the 
hypotheses of the lemma hold for every a but no x a has a strong (C, e)-canonical 
neighborhood. The essential point of the argument is to show that in the units 
of the surgery scale the elapsed time between the surgery time and is less 
than 1 and the distance from the point z a to the tip of the surgery cap is bounded 
independent of a. 

By Lemma [12.31 the fact that the scalar curvature at z a is bounded by D' implies 
that for all a sufficiently large the scale h a of the surgery at time — t a satisfies 
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Now we are ready to show that the elapsed time is bounded less than one in the 
surgery scale. 

Claim 17.8. There is 9\ < 1, depending on D' and t' , such that for all a suffi- 

2 

ciently large we have t a < 9\h a . 

2 2 

Proof. We consider two cases: either t a < h a /2 or h a /2 < t a . In the first 
case, the claim is obviously true with 9\ anything greater than 1/2 and less than 
one. In the second case, the curvature everywhere along the flow line is at most 
D' < (2t a D')h a 2 < {2t'D')h a 2 . Using Proposition MM fix 1/2 < 9 X < 1 so that 
every point of the standard solution (x, t) with t > (26\ — 1) satisfies R(x, t) > Qt'D' . 

2 

Notice that 9\ depends only on D' and t . If t a < 9\h a , then the claim holds for 

2 2 

this value of 9\ < 1. Suppose t a > 9\h a , so that — t a + {29\ — l)h a < 0. For all 
a sufficiently large we have 5 a < 6q{Aq + 5, 9i,Sq) where 5q is the constant from 
Definition 116.121 and 5q is the constant from Proposition 116.51 This means that the 
scalar curvatures at corresponding points of the rescaled standard solution and the 
evolution of the surgery cap (up to time 0) in Ai a differ by at most a factor of 

— 2 2 

two. Thus, for these a, we have R(y a , {—t a + (2#i — l)h a )) > 3(t'D')h a from the 
definition of 5q and Proposition 116.51 But this is impossible since —t a {2Q\ — l)h a < 
and 3t'D'/h 2 a > 3t a D' /hi > D' as t a > 7^/2. Hence, R(y a , (-t a + (26»i - 1)7^)) < 

2 —2 

2t a D'h a < 2t'D'h a . This contradiction shows that if a is sufficiently large then 

t a < ejll. □ 

2 

We pass to a subsequence so that t a h a converges to some 9 < 9\. We define 
C to be the maximum of C and 3e -1 /? -1 . Now, using Part 5 of Theorem 112.51 we 
set A" > (9C + 3A')V2DD' + 6(A + 5) sufficiently large so that in the standard 
flow B(p ,0,A") contains B(p , t, A" /2) for any t < (6>i + l)/2. This constant is 
chosen only to depend on 9\, A', and C. As a tends to infinity, 5 a tends to zero 
which means, by Proposition 116.51 that for all a sufficiently large there is an em- 
bedding p a : B(po, —t a , A"h a ) x [— t a , 0] — > M. a compatible with time and the vector 
field such that (after translating by t a to make the flow start at time and scaling 
by h a ) the restriction of G a to this image is close in the C°°-topology to the re- 

2 

striction of the standard flow to B(po,0, A") x [0, h a t a ]. The image p a (po,—ta) 
is the tip p a of the surgery cap C a in M a - In particular, for all a sufficiently 
large the image p a (B(p ,-t a ,A"h a ) x {0}) contains the A"h a /3 -neighborhood of 
the image p a (po,0) of the tip of the surgery cap under the flow forward to time 
0. By our choice of A", and Equation (|17.2[) . this means that for all a suffi- 
ciently large p a (B(p , -t a ,A"h a ) x {-t a }) contains the (3C + A') + 2(A + 5)h a 
neighborhood of p a = p a (po, —ta)- Notice also that, since the standard solution 
has positive curvature and hence the distance between points is non-increasing in 
time by Lemma \3AA\ the distance at time between p a (po,fy and y a is less than 
2(Aq + 5)h a . By the triangle inequality, we conclude that for all a sufficiently large, 
p a (B(po, —t a , A" h a ) x {0}) contains the 3C-neighborhood of x a - Since the family of 
metrics on p a (B(po, —t a , A"h a ) x [— ^a,0]}) (after time-shifting by t a and rescaling 
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by h a ) are converging smoothly to the ball B(po, 0, A") x [0, 6} in the standard flow, 
for all a sufficiently large then the flow from time — t a to on the 3C-neighborhood 

2 

of x a is, after rescaling by h a , very nearly isometric to the restriction of the stan- 
dard flow from time to h a t a on the 3Ch a -neighborhood of some point q a in the 

2 

standard flow. Of course, since the scalar curvature of x a is one, R(q a , h a t a ) in the 

2 

standard flow is close to h a . Hence, by Theorem ll2.32l there is a neighborhood X of 

2 

(q a , h a t a ) in the standard solution that either is a (C, e)-cap, or is an evolving (3e/3- 

2 

neck centered at (q a , h a t a ). In the latter case either the evolving neck is defined for 
backward time (l + /3e/3) or its initial time-slice is the zero time-slice and this initial 
time-slice lies at distance at least 1 from the surgery cap. Of course, X is contained 
in the CR(q a , h a neighborhood of (q a , h a t a ) in the standard solution. Since 

— — —2 2 

C > C and R(q a , h a t a ) is close to h a , the neighborhood X is contained in the 
2Ch a -neighborhood of (q a , h a t a ) in the standard solution. Hence, after rescaling, 
the corresponding neighborhood of x a is contained in the 3C-neighborhood of x a . If 
either of the first two cases in Theorem 112.321 occurs for a subsequence of a tending 
to infinity, then by Lemma f9.79l and the fact that C > max(C, e _1 ), we see that there 
is a subsequence of a for which x a either is contained in the core of a (C, e)-cap or 
is the center of a strong e-neck. 

We must examine further the last case. We suppose that for every a this last 
case holds. Then for all a sufficiently large we have an /3e/3-neck iV a in the zero 
time-slice of M a centered at x a . It is an evolving neck and there is an embedding 
tp: N a x [— t a , 0] — ► A4 a compatible with time and the vector field so that the initial 
time-slice ip{N a x {— t a }) is in the surgery time-slice M_t a and is disjoint from the 
surgery cap, so in fact it is contained in the continuing region at time —t a . As we 
saw above, the image of the central 2-sphere tp(S^ x {— t a }) lies at distance at most 
A"h a from the tip of the surgery cap p a (where, recall, A" is a constant independent 
of a). The 2-sphere, S a , along which we do surgery, creating the surgery cap with 
p a as its tip, is the central 2-sphere of a strong <5 b ( a )-neck. As a tends to infinity 
the surgery control parameter 5 b ^ tends to zero. Thus, for a sufficiently large this 
strong <5ft( a )-neck will contain a strong (3e/2- neck N' centered at ip(x a ,—t a ). Since 
we know that the continuing region at time — t a contains a /3e/3-neck centered at 
(x a , —t a ), it follows that N' is also contained in C_t a . That is to say, N' is contained 
in the negative half of the <5;,( a )-neck centered at T, a . Now we are in the situation 
of Proposition 115. 2i Applying this result tells us that x a is the center of a strong 
e-neck. 

This completes the proof that for all a sufficiently large, x a has a (C, e)-canonical 
neighborhood in contradition to our assumption. This contradiction completes the 
proof of Lemma 117.71 □ 

There are several steps required to complete the proof of Proposition I17.ll The 
first step helps us apply the previous claim to find strong (C, e)-canonical neighbor- 
hoods. 
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Claim 17.9. Given any A < oo there is D(A) < oo and 5(A) > such that 
for all a sufficiently large, |Rm| is bounded by D(A) along all backward flow lines 
beginning at a point of B^ (x a ,0, A) and defined for backward time at most 5(A). 

PROOF. Since all points y £ (M a , G a ) with Rc a (y) > r^ 2 and t(y) < t(x a ) have 
strong (C, e)-canonical neighborhoods, and since R(x a ) = r~ 2 , we see that all points 
y £ (M. a ,G a ) with t(y a ) < and with (y a ) > 1 have strong (C, e)-canonical 

neighborhoods. It follows that all points in (M a ,G a ) with t(y) < and R(y) > 1 
have strong (2C, 2e)-canonical neighborhoods. Also, since 5 a < 5(r a ), where 5(r a ) 
is the constant given in Proposition 116.11 and since the condition of being n-non- 
collapsed is a closed constraint, it follows from Proposition 116.11 that these Ricci 
flows with surgery are K-non-collapsed for a fixed k > 0. It is now immediate from 
Theorem 110.21 that there is a constant Dq(A) such that R is bounded above on 
.Bg (x a ,0,A) by Dq(A). Since every point y G (Ai a ,G a ) with R(y) > 1 of the 
sequence of with scalar curvature at least 1 has a (C, e) canonical neighborhood, it 
follows from the definition that for every such point y we have \dR(y) / dt\ < CR(y) 2 . 
Arguing as in Lemma 111.21 we see that there is a constant 5(A) > and a bound 
D'(A), both depending only in Dq(A), for the scalar curvature at all points of 
backward flow lines beginning in B^ (x a ,0, A) and defined for backward time at 
most 5(A). Since the curvature is pinched toward positive, it follows that there is a 
bound D(A) depending only on D'(A) to |Rm| on the same flow lines. □ 

Claim 17.10. After passing to a subsequence (in a), either: 

(1) for each A < oo there are D(A) < oo and t(A) > such that for all a 
sufficiently large (x a ,0,A, —t(A)) exists in Ai a and |Rm| is bounded by 
D(A) on this backward parabolic neighborhood, or 

(2) each x a has a strong (C,e)- canonical neighborhood. 

Proof. First notice that if there is t(A) > for which the backwards parabolic 
neighborhood P = (x a , 0, A, — t(A)) exists, then, by Claim [T7T91 there are con- 
stants D(A) < oo and 5(A) > such that, replacing t(A) by min(i(^4), 5(A)), |Rm| is 
bounded by D(A) on P. Thus, either Item (1) holds or passing to a subsequence, we 
can suppose that there is some A < oo for which no t(A) > as required by Item (1) 
exists. Then, for each a we find a point y a £ B^ (x a , 0, A) such that the backwards 
flow line from y a meets a surgery cap at a time — t a where lim a ^ 00 (f a ) = 0. Then, 
by the previous claim, for all a sufficiently large, the sectional curvature along any 
backward flow line beginning in B^ (x a ,0,A) and defined for backward time t a is 
bounded by a constant D(A) independent of o. Under our assumption this means 
that for all a sufficiently large, there is a point y a S B^ (x a ,0, A) and a backwards 
flow line starting at y a ending at a point z a of a surgery cap, and the sectional 
curvature along this entire flow line is bounded by D(A) < oo. Thus, applying 
Lemma 117.71 produces the strong (C, e)-canonical neighborhood around x a , proving 
the claim. □ 

But we are assuming that no x a has a strong (C, e)-canonical neighborhood. Thus, 
the consequence of the previous claim is that for each A < oo there is a t(A) > such 
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that for all a sufficiently large (x a , 0, A, — t(A)) exists in M. a and there is a bound, 
depending only on A for |Rm| on this backward parabolic neighborhood. Applying 
Theorem 15.111 we see that, after passing to a subsequence, there is a smooth limit 
(Moo, 9ooi %oo) to the zero time-slices (M. a ,G a ,x a ). Clearly, since the curvatures of 
the sequence are pinched toward positive, this limit has non-negative curvature. 

Lastly, we show that (Moo, goo) has bounded curvature. By Part 3 of Propo- 
sition [9]79] each point of (Mqq, goo) with scalar curvature greater than one has a 
(2C, 2e)-canonical neighborhood. If a point lies in an 2e-component or in a 2C- 
component, then Mx is compact, and hence clearly has bounded curvature. Thus, 
we can assume that each y 6 Mx> with R{y) > 1 is either the center of a 2e- 
neck or is contained in the core of a (2C, 2e)-cap. According to Proposition 12.191 
(Moofloo) does not contain 2e-necks of arbitrarily high curvature. It now follows 
then that (Moo, goo) there is a bound to the scalar curvature of any 2e-neck and of 
any (2C, 2e)-cap, and hence it follows that (Moo,<?oo) has bounded curvature. 

Claim 17.11. If the constant t(A) > cannot be chosen independent of A, then 
after passing to a subsequence, the x a have strong (C,e)- canonical neighborhoods. 

Proof. Let Q be the bound of the scalar curvature of (Mx> , goo , %oc ) • Then 
by Lemma 111.21 there is a constant At > such that if Rq (y,0) < 2Q, then the 
scalar curvature is bounded by 16Q on the backward flow line from y defined for any 
time < At. Suppose that there is A < oo and a subsequence of a for which there 
is a flow line beginning at a point y a G (x a ,0, A) defined for backward time at 
most At and ending at a point z a of a surgery cap. Of course, the fact that the 
scalar curvature of (Mx),5oo) is at most Q implies that for all a sufficiently large, 
the scalar curvature of (x a ,0,A) is less than 2Q. This implies that for all a 
sufficiently large the scalar curvature along the flow line from y a to z a in a surgery 
cap is < 16Q. Now invoking Lemma 117.71 we see that for all a sufficiently large the 
point x a has a strong (C, e)-canonical neighborhood. This is a contradiction, and 
this contradiction proves that we can choose t(A) > independent of A. □ 

Since we are assuming that no x a has a strong (C, e)-canonical neighborhood, 
this means that it is possible to find a constant t! > such that t(A) > t! for all 
A < oo. Now let < T < oo be the maximum possible value for such t' . Then 
for every A and every T < T' the parabolic neighborhood Pq (x a , 0, A, T) exists for 
all a sufficiently large. According to Theorem 111.81 after passing to a subsequence, 
there is a limiting flow (Mx , goo (t) , %oo ) , —T' < t < 0, and this limiting flow has 
bounded, non-negative curvature. If T = oo, this limit is a K-solution, and hence 
the x a have strong (C, e)-canonical neighborhoods for all a sufficiently large, which 
is a contradiction. 

Thus, we can assume that T 1 < oo. Let Q be the bound for the scalar curvature 
of this flow. Since T' is maximal, for every t > T' , after passing to a subsequence, 
for all a sufficiently large there is A < oo and a backwards flow line, defined for 
a time less than t, starting at a point y a of B^ (x a ,0, A) and ending at a point 
z a of a surgery cap. Invoking Lemma 111.21 again, we see that for all a sufficiently 
large, the scalar curvature is bounded on the flow line from y a to z a by a constant 
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independent of a. Hence, as before, we see that for all a sufficiently large x a has a 
strong (C, e)-canonical neighborhood; again this is a contradiction. 

Hence, we have now shown that our assumption that the strong (C, e)-canonical 
neighborhood assumption fails for all r a and all leads to a contradiction and 
hence is false. 

This completes the proof of Proposition 117.11 □ 

2. Surgery times don't accumulate 

Now we turn to the proof of Theorem 115.91 Given surgery parameter sequences 



A, 


= {So,- 




ri 


= {ro, ■ ■ 


■ ,n} 


Ki 


= {«o,.- 





we let n+i and S^x be as in Proposition 117.11 and then set Ki+i = K(fi+i) as in 
Proposition 116.11 Set 

r;+i = {ri,r i+ i} 
Ki + i = {Ki, Kj+i} 
Aj+i = {So, . . . , Si-i, Si + \, Si + \}. 

Of course, these are also surgery parameter sequences. 

Let 5: [0, T] — > M + be any non-increasing positive function and let {M,G) be a 
Ricci flow with surgery defined on [0, T) for some T £ [Tj, Tj+i) with surgery control 
parameter 5. Suppose 5 < Aj+i and that this Ricci flow with surgery satisfies the 
conclusion of Theorem 115.91 with respect to these sequences on its entire interval of 
definition. We wish to extend this Ricci flow with surgery to one defined on [0, T') for 
some T" with T < T' < Tj+i in such a way that 5 is the surgery control parameter 
and the extended Ricci flow with surgery continues to satisfy the conclusions of 
Theorem 115.91 on its entire interval of definition. 

We may as well assume that the Ricci flow (A4, G) becomes singular at time T. 
Otherwise we would simply extend by Ricci flow to a later time T 1 . By Proposi- 
tion 116.11 and Proposition 117.11 this extension will continue to satisfy the conclusions 
of Theorem 115.91 on its entire interval of definition. If T > Tj+i, then we have ex- 
tended the Ricci flow with surgery to time Tj + i as required and hence completed 
the inductive step. Thus, we may as well assume that T < Ti + \. 

Consider the maximal extension of (A4,G) to time T. Let T~ be the previous 
surgery time, if there is one, and otherwise be zero. If the T time-slice, £l(T), of 
this maximal extension is all of My- , then the curvature remains bounded as t 
approaches T from below. According to Proposition 14.121 this means that T is not 
a surgery time and we can extend the Ricci flow on (M T - , g(t)), T~ < t < T, to a 
Ricci flow on (M T - , g(t)), T~ < t < T' for the maximal time interval (i.e. so that 
the flow becomes singular at time T' or T" = oo). But we are assuming that the 
flow goes singular at T. That is to say, £l(T) ^ M T -. Then we can do surgery at 
time T using S(T) as the surgery control parameter, setting p(T) = ri + \5(T). Let 
(Mt,G(T)) be the result of surgery. If U p rr)(T) = 0, then the surgery process at 
time T removes all of Mj". In this case, the Ricci flow is understood to exist for all 



396 



17. COMPLETION OF THE PROOF OF THEOREM IT5J31 



time and to be empty for t > T. In this case we have completed the extension to 
Tj + i, and in fact all the way to T = oo, and hence completed the inductive step in 
the proof of the proposition. 

We may as well assume that tl p ( T }(T) ^ so that the result of surgery is a 
non-empty manifold Mt- Then we use this compact Riemannian 3-manifold as the 
initial conditions of a Ricci flow beginning at time T. According to Lemma 115,111 
the union along Q(T) at time T of this Ricci flow with (A4, G) is a Ricci flow with 
surgery satisfying Assumptions (1) - (7) and whose curvature is pinched toward 
positive. 

Since the surgery control parameter 5(t) is at most 5(ri + i), the constant from 
Proposition 116.11 for all t S [Tj_i,T], since T < Tj+i, and since the restriction of 
(M,G) to t _1 ([0, Tj)) satisfies Proposition [TED we see by Proposition 117.11 that 
the extended Ricci flow with surgery satisfies the conclusion of Theorem 115.91 on its 
entire time interval of definition. 

Either we can repeatedly apply this process, passing from one surgery time to 
the next and eventually reach T > li+li which would prove the inductive step, or 
there is an unbounded number of surgeries in the time interval [Tj, Tf+i). We must 
rule out the latter case. 

Lemma 17.12. Given a Ricci flow with surgery (A4,G) defined on [0, T) with 
T < Ti + \ with surgery control parameter 5 a non-increasing positive function defined 
on [0, Tj+i] satisfying the hypotheses of Theorem \15.9\ on its entire time-domain of 
definition, there is a constant N depending only on the volume of (Mq, g(0)), on 
Ti + i, on ri+i, and on <5(Tj+i) such that this Ricci flow with surgery defined on the 
interval [0, T) has at most N surgery times. 

Proof. Let (M t ,g(t)) be the t time-slice of (Ai, G). If to is not a surgery time, 
then Vol(i) = Vol(Mt,g(t)) is a smooth function of t near to and 

-—(to) = - / Rdvol, 
dt Jm H) 

so that, because of the curvature pinching toward positive hypothesis, we have 
^5~"(*o) < 6Vol(io). If to is a surgery time, then either M to has fewer connected 
components than M.~ or we do a surgery in an e-horn of M.~ . In the latter case we 

remove the end of the e-horn, which contains the positive half of a <5(io)-neck of scale 
h(to). We then sew in a ball with volume at most (1 + e)Kh 3 (to), where K < oo is 
the universal constant given in Lemma [12.31 Since h(to) < 8 2 (to)r(to) < 5gr(io) and 
since we have chosen 6 (to) < 5q < K -1 , it follows that this operation lowers volume 
by at least 5~ 1 h 2 (to)/2. Since 5 (to) > 5(Ti + i) > and the canonical neighborhood 
parameter r at time to is at least r^+i > 0, it follows that h(to) > h(Ti + %) > 0. Thus, 
each surgery at time to < along a 2-sphere removes at least a fixed amount of 
volume depending on 5(T{ + i) and r^i. Since under Ricci flow the volume grows at 
most exponentially, we see that there is a bound depending only on <5(Tj + i), Tj+i, 
rj + i and Vol(Mo, g(0)) to the number of 2-sphere surgeries that we can do in this 
time interval. On the other hand, the number of components at any time t is at most 
iVo + S(t) — D(t) where iVo is the number of connected components of Mq, S(t) is 
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the number of 2-sphere surgeries performed in the time interval [0, t) and D(t) is the 
number of connected components removed by surgeries at times in the interval [0, t). 
Hence, there is a bound on the number of components in terms of Nq and S(T) that 
can be removed by surgery in the interval [0, T). Since the initial conditions are 
normalized, No is bounded by the volume of (Mo, 5(0)). This completes the proof 
of the result. □ 

This lemma completes the proof of the fact that for any T < Tj+i, we encounter 
only a fixed bounded number surgeries in the Ricci flow with surgery from to T. 
The bound depends on the volume of the initial manifold as well as the surgery 
constants up to time Ti + \. In particular, for a given initial metric (Mo,g(0)) there 
is a uniform bound, depending only on the surgery constants up to time Tj+i, on 
the number of surgeries in any Ricci flow with surgery defined on a subinterval of 
[0, Tj + i). It follows that the surgery times cannot accumulate in any finite interval. 
This completes the proof of Theorem 115.91 

To sum up, we have sequences A, K and r as given in Theorem 115.91 Let 
5: [0, oo) — > M. be a positive, non-increasing function with 5 < A. Let M be a 
compact 3-manifold that contains no embedded MP 2 with trivial normal bundle. 
We have proved that for any normalized initial Riemannian metric (Mo, go) there is 
a Ricci flow with surgery with time-interval of definition [0, oo) and with (Mo, go) as 
initial conditions. This Ricci flow with surgery is K-non-collapsed and satisfies the 
strong (C, e)-canonical neighborhood theorem with respect to the parameter r. It 
also has curvature pinched toward positive. Lastly, for any T € [0, oo) if there is a 
surgery at time T then this surgery is performed using the surgery parameters 5(T) 
and r(T), where if T £ [Tj,Tj+i) then r(T) = rj+i. In this Ricci flow with surgery, 
there are only finitely many surgeries on each finite time interval. As far as we know 
there may be infinitely many surgeries in all. 



CHAPTER 18 



Finite-time extinction 

Our purpose in this chapter is to prove the following finite-time extinction the- 
orem for certain Ricci flows with surgery which, as we shall show below, when 
combined with the theorem on the existence of Ricci flows with surgery defined for 
all t 6 [0,oo) (Theorem ll5.9p . immediately yields Theorem 10, T\ thus completing the 
proof of the Poincare Conjecture and the 3-dimensional space-form conjecture. 

1. The result 

Theorem 18.1. Let (M,g(0)) be a compact, connected normalized Riemannian 
3-manifold. Suppose that the fundamental group of M is a free product of finite 
groups and infinite cyclic groups. Then M contains no MP 2 with trivial normal 
bundle. Let (Ai,G) be the Ricci flow with surgery defined for all t £ [0, 00) with 
(M,g(Q)) as initial conditions given by Theorem \15.9l This Ricci flow with surgery 
becomes extinct after a finite time in the sense that the time-slices My of A4 are 
empty for all T sufficiently large. 

Let us quickly show how this theorem implies our main result Theorem lO.il 

Proof, (of Theorem 10.11 assuming Theorem 118. 1|) . Fix a normalized metric 
g(0) on M, and let (M, G) be the Ricci flow with surgery defined for all t 6 [0, 00) 
produced by Theorem 115.91 with initial conditions (M,g(0)). According to Theo- 
rem [THH] there is T > for which the time-slice Mt is empty. By Corollary 115.41 if 
there is T for which Mt is empty, then for any T" < T the manifold Mt> is a dis- 
joint union of connected sums of 3-dimensional spherical space forms and 2-sphere 
bundles over S . Thus, the manifold M = Mq is a connected sum of 3-dimensional 
space- forms and 2-sphere bundles over S . This proves Theorem 10. li In particular, 
if M is simply connected, then M is diffeomorphic to S 3 , which is the statement of 
the Poincare Conjecture. Similarly, if tt\(M) is finite then M is diffeomorphic to a 
connected sum of a 3-dimensional spherical space-form and 3-spheres, and hence M 
is diffeomorphic to a 3-dimensional spherical space-form. □ 

The rest of this chapter is devoted to the proof of Theorem 118.11 which will then 
complete the proof of Theorem 10.11 

1.1. History of this approach. The basic idea for proving finite-time extinc- 
tion is to use a min-max function based on the area (or the closely related energy) of 
2-spheres or 2-disks in the manifold. The critical points of the energy functional are 
harmonic maps and they play a central role in the proof. For a basic reference on 
harmonic maps see |59j . |61j . and |42j . Let us sketch the argument. For a compact 
Riemannian manifold (M,g) every non-zero element (3 € TT2(M) has associated with 
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it an area, denoted W2(P, g), which is the infimum over all maps S 2 — > M in the free 
homotopy class of (3 of the energy of the map. We find it convenient to set W%{g) 
equal to the minimum over all non-zero homotopy classes (3 of W2(f3,g). In the 
case of a Ricci flow g(t) there is an estimate (from above) for the forward difference 
quotient of W2 (<?(£)) with respect to t. This estimate shows that after a finite time 
W2 (g(t)) must go negative. This is absurd since W2 (<?(£)) is always non-negative. 
This means that the Ricci flow cannot exist for all forward time. In fact, using the 
distance-decreasing property for surgery in Proposition 115. 121 we see that, even in a 
Ricci flow with surgery, the same forward difference quotient estimate holds for as 
long as 7T2 continues to be non-trivial, i.e., is not killed by the surgery. The forward 
difference quotient estimate means that eventually all of TT2 is killed in a Ricci flow 
with surgery and we arrive at a time T for which every component of the T time- 
slice, Mt, has trivial tt2- This result holds for all Ricci flows with surgery satisfying 
the conclusion of Theorem 115.91 

Now we fix To so that every component of Mt has trivial tt2- It follows easily 
from the description of surgery that the same statement holds for all T >Tq. We 
wish to show that, under the group-theoretic hypothesis of Theorem 118.11 at some 
later time T" > To the time-slice My is empty. The argument here is similar in 
spirit. There are two approaches. The first approach is due to Perelman [54J. 
Here, one represents a non-trivial element in tt^(Mt , xq) by a non-trivial element in 
7T2(AM, *), where AM is the free loop space on M and * is the trivial loop at xq. For 
any compact family T of homotopically trivial loops in M we consider the areas of 
minimal spanning disks for each of the loops in the family and set W(T) equal to the 
maximal area of these minimal spanning disks. For a given element in 7 E ^(AM) 
we set W(7) equal to the infimum over all representative 2-sphere families T for 7 of 
W(r). Under Ricci flow, the forward difference quotient of this invariant satisfies an 
inequality and the distance-decreasing property of surgery (Proposition 115.120 says 
that the inequality remains valid for Ricci flow with surgery. The inequality implies 
that the value W(7) goes negative in finite time, which is impossible. 

The other approach, by Colding-Minicozzi [15j . is to represent a non-trivial el- 
ement in tt$(Mt) as a non-trivial element in 7Ti(Maps(5 2 , M)), and associate to 
such an element the infimum over all representative families of the maximal energy 
of the 2-spheres in the family. Again, one shows that under Ricci flow the for- 
ward difference quotient of this minimax satisfies an inequality that implies that it 
goes negative in finite time. As before, the distance-decreasing property of surgery 
(Proposition 115. 12]) implies that this inequality is valid for Ricci flows with surgery. 
This tells us that the manifold must completely disappear in finite time. 

Our first reaction was that, of the two approaches, the one considered by Colding- 
Minicozzi was preferable since it seemed more natural and it had the advantage of 
avoiding the boundary issues that occupy most of Perelman's analysis in |54j . In 
the Colding-Minicozzi approach one must construct paths of 2-spheres with the 
property that when the energy of the 2-sphere is close to the maximum value along 
the path, then the 2-sphere in question represents a point in the space Maps(5 2 , M) 
that is close to a (usually) non-minimal critical point for the energy functional 
on this space. Such paths are needed in order to establish the forward difference 
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quotient result alluded to above. In Perelman's approach, one deals only with area- 
minimizing disks so that one avoids having to deal with non-minimal critical points 
at the expense of dealing with the technical issues related to the boundary. Since 
the latter are one-dimensional in nature, they are much easier to handle. In the 
end we decided to follow Perelman's approach, and that is the one we present here. 
In |54| there were two points that we felt required quite a bit of argument beyond 
what Perelman presented. In §2.2 on page 4 of |54j, Perelman asserts that there is a 
local, pointwise curvature estimate that can be obtained by adapting arguments in 
the literature; see Lemmas 118.521 and 118.861 for the precise statement. To implement 
this adaption required further non-trivial arguments. We present these arguments in 
Section [71 In §2.5 on page 5 of [54] Perelman asserts that an elementary argument 
establishes a lower bound on the length of a boundary curve of a minimal annulus; 
see Prop osit ion 1 1 8 . 631 for a precise statement. While the statement seems intuitively 
clear, we found the argument, while elementary, was quite intricate. We present this 
argument in Section [6j 

The first use of these types of ideas to show that geometric objects must disappear 
in finite time under Ricci flow is due to Hamilton [36j . He was considering a situation 
where a time-slice (M,g(to)) of a 3-dimensional Ricci flow had submanifolds on 
which the metric was close to (a truncated version) of a hyperbolic metric of finite 
volume. He wished to show that eventually the boundary tori of the truncation were 
incompressible in the 3-manifold. If not, then there would be an immersed minimal 
disk in M whose boundary was a non-trivial loop on the torus. He represented this 
relative homotopy class by a minimal energy disk in (M,g(to)) and proved the same 
sort of forward difference quotient estimate for the area of the minimal disk in the 
relative homotopy class. The same contradiction - the forward difference quotient 
implies that after a finite time the area would go negative if the disk continued 
to exist — implies that after a finite amount of time this compressing disk must 
disappear. Using this he showed that for sufficiently large time all the boundary 
tori of almost hyperbolic submanifolds in (M, <?(£)) were incompressible. 

In the next section we deal with tt2 and, using W2, we show that given a Ricci 
flow with surgery as in Theorem 115.91 there is T\ < 00 such that for all T > T\ 
every connected component of Mt has trivial 1x2- Then in the section after that, by 
analyzing W3, we show that, under the group-theoretic hypothesis of Theorem ll8.ll 
there is a T2 < 00 such that Mt = for all T > T2. In both these arguments we need 
the same type of results - a forward difference inequality for the energy function; 
the statement that away from surgery times this function is continuous; and lastly, 
the statement that the value of the energy function at a surgery time is at most the 
liminf of its values at a sequence of times approaching the surgery time from below. 

1.2. Existence of the Ricci flow with surgery. Let (M,g(0)) be as in the 
statement of Theorem I18.lt so that M is a compact, connected 3-manifold whose 
fundamental group is a free product of finite groups and infinite cyclic groups. By 
scaling g(0) by a sufficiently large constant, we can assume that g(0) is normalized. 
Let us show that such a manifold cannot contain an embedded RP 2 with trivial 
normal bundle. First note that since M.P 2 has Euler characteristic one, it is not the 
boundary of a compact 3-manifold. Hence, an RP 2 embedded with trivial normal 
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bundle does not separate the connected component of M containing it. Also, any 
non-trivial loop in MP 2 has non-trivial normal bundle in M so that inclusion of 
MP 2 into M induces an injection on fundamental groups. Under the fundamental 
group hypotheses, M decomposes as a connected sum of 3-manifolds with finite 
fundamental groups and 2-sphere bundles over S 1 , sec [39j. Given an MP 2 with 
trivial normal bundle embedded in a connected sum, it can be replaced by one 
contained in one of the connected factors. [Proof: Let S = Si U • • • U S n be the 
spheres giving the connected sum decomposition of M. Deform the MP 2 until it is 
transverse to £ and let 7 be a circle of intersection of MP 2 with one of the Sj that 
is innermost on Ej in the sense that 7 bounds a disk D in Sj disjoint from all other 
components of intersection of Sj and MP 2 . The loop 7 also bounds a disk D' in 
MP 2 . Replace D' by D and push D slightly off to the correct side of Sj. This will 
produce a new embedded MP 2 with trivial normal bundle in M and at least one 
fewer component of intersection with X. Continue inductively until all components 
of intersection with £ are removed.] 

Now suppose that we have an RP 2 with trivial normal bundle embedded disjointly 
from E, and hence embedded in one of the prime factors of M. Since it does not 
separate this factor, by the Mayer- Vietoris sequence (see p. 149 of [38] ) the first 
homology of the factor in question maps onto 7L and hence the factor in question 
has infinite fundamental group. But this group also contains the cyclic subgroup of 
order two, namely the image of 717 (MP 2 ) under the map induced by the inclusion. 
Thus, the fundamental group of this prime factor is not finite and is not infinite 
cyclic. This is a contradiction. (We have chosen to give a topological argument for 
this result. There is also an argument using the theory of groups acting on trees 
which is more elementary in the sense that it uses no 3-manifold topology. Since it is 
a more complicated, and to us, a less illuminating argument, we decided to present 
the topological argument.) 

Thus, by Theorem ll5.9l for any compact 3-manifold M whose fundamental group 
is a free product of finite groups and infinite cyclic groups and for any normalized 
metric g(0) on M there is a Ricci flow with surgery (M,G) defined for all time 
t £ [0,oo) satisfying the conclusion of Theorem 115.91 with (M,g(0)) as the initial 
conditions. 

Definition 18.2. Let I be an interval (which is allowed to be open or closed 
at each end and finite or infinite at each end). By a path of components of a Ricci 
flow with surgery (Ai,G) defined for all t £ I we mean a connected, open subset 
X C t _1 (/) with the property that for every t £ I the intersection X(t) of X with 
each time-slice Mt is a connected component of Mf. 

Let X be a path of components in a Ricci flow with surgery (M,G), a path 
defined for all t £ I. Let /' be a subinterval of I with the property that no point 
of I' except possibly its initial point is a surgery time. Then the intersection of X 
with t _1 (P) is the Ricci flow on the time interval I' applied to X(t) for any t £ I'. 
Thus, for such intervals /' the intersection, X(I'), of X with t -1 (/') is determined 
by the time-slice X(t) for any t £ I' . That is no longer necessarily the case if some 
point of I' besides its initial point is a surgery time. Let t £ I be a surgery time, 
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distinct from the initial point of I (if there is one), and let I' C I be an interval of 
the form [t', t) for some t' < t sufficiently close to t so that there are no surgery times 
in [t', t). Then, as we have just seen, X(I') is a Ricci flow on the connected manifold 
X(t'). There are several possible outcomes of the result of surgery at time t on 
this manifold. One possibility is that the surgery leaves this connected component 
unchanged (affecting only other connected components). In this case, there is no 
choice for X(t): it is the continuation to time t of the Ricci flow on X(t'). Another 
possibility is that X(t') is completely removed by the surgery at time t. In this case 
the manifold X cannot be continued to time t, contradicting the fact that the path 
of components X exists for all t £ I. The last possibility is that at time t surgery 
is done on X(t') using one or more 2-spheres contained in X{t'). In this case the 
result of surgery on X(t') results in one or several connected components and X(t) 
can be any one of these. 

2. Disappearance of components with non-trivial iT2 

Let (M ,G) be a Ricci flow with surgery satisfying the conclusions of Theo- 
rem 115.91 We make no assumptions about the fundamental group of the initial 
manifold Mq. In this section we shall show that at some finite time T\ every con- 
nected component of Mt x has trivial TT2 and that this condition persists for all times 
T >T\. There are two steps in this argument. First, we show that there is a finite 
time Tq such that after time To every 2-sphere surgery is performed along a ho- 
motopically trivial 2-sphere. (Using Kneser's theorem on finiteness of topologically 
non-trivial families of 2-spheres, one can actually show by the same argument that 
after some finite time all 2-sphere surgeries are done along 2-spheres that bound 
3-balls. But in fact, Kneser's theorem will follow from what we do here.) 

After time Tq the number of components with non-trivial H2 is a weakly mono- 
tone decreasing function of time. The reason is the following. Consider a path of 
components X defined for t € [Tb,t'] with the property that each time-slice X(t) 
has non-trivial tt2- Using the fact that after time To all the 2-sphere surgeries are 
along homotopically trivial 2-spheres, one shows easily that X is determined by its 
initial time-slice X(T$). Also, it is easy to see that if there is a component of M# 
with non-trivial TT2 , then it is the final time-slice of some path of components defined 
for t £ po,t'] with every time-slice of this path having non-trivial tt2- This then 
produces an injection from the set of connected components of Mt with non-trivial 
7T2 into the set of connected components of Mt with non-trivial tt2- 

The second step in the argument is to fix a path X(t), Tq < t < t', of connected 
components with non-trivial 7T2 and to consider the function Wi = W 2 X that assigns 
to each t € [To, t'] the minimal area of a homotopically non-trivial 2-sphere mapping 
into X(t). We show that this function is continuous except at the surgery times. 
Furthermore, we show that if t is a surgery time, then W2(t) < liminf 4 /_^-TU2(t). 
Lastly, we show that at any point t > Tq we have 

dWo 1 
-^(t)<-^--R min (t)W 2 (t), 

in the sense of forward difference quotients. It follows easily from the bound Rmm(t) > 
—6/ (At + 1) that there is T\(X) such that W2 with these three properties cannot be 
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non- negative for all t E [To,Ti(A')] and hence t' < T±. Since there are only finitely 
many components with non-trivial TT2 at time To it follows that there is T\ < oo 
such that every component of My has trivial TT2 for every T >T±. 

2.1. A group-theory lemma. To bound the number of homotopically non- 
trivial 2-spheres in a compact 3-manifold we need the following group theory lemma. 

Lemma 18.3. Suppose that G is a finitely generated group, say generated by k 
elements. Let G = G\ * ■ ■ ■ * Gi be a free product decomposition of G with non-trivial 
free factors, i.e., with Gi ^ {1} for each i = 1, . . . ,£. Then £ < k. 

Proof. This is a consequence of Grushko's theorem [68J, which says that given a 
map of a finitely generated free group F onto the free product G, one can decompose 
the free group as a free product of free groups F = F\ * ■ ■ ■ * with Fi mapping 
onto Gi. □ 

2.2. Homotopically non-trivial families of 2-spheres. 

Definition 18.4. Let X be a compact 3-manifold (possibly disconnected). An 
embedded 2-sphere in X is said to be homotopically essential if the inclusion of 
the 2-sphere into X is not homotopic to a point map of the 2-sphere to X. More 
generally, let F = {Si, . . . , S„} be a family of disjointly embedded 2-spheres in X. 
We say that the family is homotopically essential if 

(i) each 2-sphere in the family is homotopically essential, and 

(ii) for any 1 < i < j < n, the inclusion of Ej into X is not homotopic in X to 
the inclusion of into X. 

Notice that if F = {Si, . . . , E n } is a homotopically essential family of disjointly 
embedded 2-spheres in X, then any subset F is also homotopically essential. 

Lemma 18.5. Let X be a compact 3-manifold (possibly disconnected). Then there 
is a finite upper bound to the number of spheres in any homotopically essential family 
of disjointly embedded 2-spheres. 

Proof. Clearly, without loss of generality we can assume that X is connected. 
If F is a homotopically essential family of 2-spheres in X, then by van Kampen's 
theorem, see p. 40 of [38], there is an induced graph of groups decomposition of 
7Ti(X) with all the edge groups being trivial. Since the family is homotopically 
essential, it follows that the group associated with each vertex of order 1 and each 
vertex of order 2 is non-trivial group. The rank of the first homology of the graph 
underlying the graph of groups, denoted k, is bounded above by the rank of Hi(X). 
Furthermore, by the theory of graphs of groups there is a free product decomposition 
of tti(X) with the free factors being the vertex groups and then k infinite cyclic 
factors. Denote by Vi the number of vertices of order i and by E the number of 
edges of the graph. The number E is the number of 2-spheres in the family F. An 
elementary combinatorial argument shows that 

2Vx + V 2 > £ + 3(1 -it). 

Thus, we have a free product decomposition of tv\{X) with at least E + 3(l — k) non- 
trivial free factors. Since k is bounded by the rank of H\(X), applying Lemma [18.31 
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and using the fact that the fundamental group of a compact manifold is finitely 
presented establishes the result. □ 

2.3. Two-sphere surgeries are trivial after finite time. 

Definition 18.6. Let (M, G) be a Ricci flow with surgery. We say that a surgery 
along a 2-sphere So(t) at time t in {M,G) is a homotopically essential surgery if, 
for every if < t sufficiently close to t, flowing So(t) backwards from time t to time if 
results in a homotopically essential 2-sphere So(t') in M t i. 

Proposition 18.7. Let (A4,G) be a Ricci flow with surgery satisfying Assump- 
tions (1) - (7) in Chapter \14\ Then there can be only finitely many homotopically 
essential surgeries along 2-spheres in {M,G). 

Proof. Associate to each compact 3-manifold X the invariant s(X) which is 
the maximal number of spheres in any homotopically essential family of embedded 
2-spheres in X. The main step in establishing the corollary is the following: 

Claim 18.8. Let (M,G) be a Ricci flow with surgery and for each t set s(t) = 
s(Mt). If if < t then s(t') > s(t). If we do surgery at time t along at least one 
homotopically essential 2-sphere, then s(t) < s(t') for any t' < t. 

Proof. Clearly, for any to we have s(t) = s(to) for t > to sufficiently close to 
to. Also, if t is not a surgery time, then s(t) = s(t') for all if < t and sufficiently 
close to t. According to Proposition 115.31 if t is a surgery time then for if < t but 
sufficiently close to it, the manifold Mt is obtained from Mf by doing surgery on a 
finite number of 2-spheres and removing certain components of the result. We divide 
the operations into three types: (i) surgery along homotopically trivial 2-spheres in 
M t i, (ii) surgery along homotopically non-trivial 2-spheres in M#, (iii) removal of 
components. Clearly, the first operation does not change the invariant s since it 
simply creates a manifold that is the disjoint union of a manifold homotopy equiv- 
alent to the original manifold with a collection of homotopy 3-spheres. Removal of 
components will not increase the invariant. The last operation to consider is surgery 
along a homotopically non-trivial 2-sphere. Let Ft be a homotopically essential fam- 
ily of disjointly embedded 2-spheres in Mt- This family of 2-spheres in Mt can be 
deformed to miss the 3-disks (the surgery caps) in Mt that we sewed in doing the 
surgery at time t along a homotopically non-trivial 2-sphere. After deforming the 
spheres in the family Ft away from the surgery caps, they produce a disjoint family 
F' t , of 2-spheres in the manifold Mf, for if < t but t' sufficiently close to t. Each 
2-sphere in Fi, is disjoint from the homotopically essential 2-sphere Sq along which 
we do surgery at time t. Let F# be the family FL U {Sq}. We claim that Ff is a 
homotopically essential family in M t i . 

First, suppose that one of the spheres £ in F t i is homotopically trivial in M t i. Of 
course, we are in the case when the surgery 2-sphere is homotopically essential, so S 
is not 5*o and hence is the image of one of the 2-spheres in Ft. Since £ is homotopi- 
cally trivial, it is the boundary of a homotopy 3-ball B in M t >. If B is disjoint from 
the surgery 2-sphere So, then it exists in Mt and hence £ is homotopically trivial in 
Mt, which is not possible from the assumption about the family Ft- If B meets the 
surgery 2-sphere Sq, then since the spheres in the family F t i are disjoint, it follows 
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that B contains the surgery 2-sphere Sq. This is not possible since in this case So 
would be homotopically trivial in M t >, contrary to assumption. 

We also claim that no distinct members of F t > are homotopic. For suppose that 
two of the members £ and £' are homotopic. It cannot be the case that one of 
£ or £' is the surgery 2-sphere So since, in that case, the other one would be 
homotopically trivial after surgery, i.e., in Mt. The 2-spheres £ and £' are the 
boundary components of a submanifold A in M t > homotopy equivalent to S 2 x /. 
If A is disjoint from the surgery 2-sphere So, then A exists in Mt and £ and £' 
are homotopic in Mt, contrary to assumption. Otherwise, the surgery sphere So 
must be contained in A. Every 2-sphere in A is either homotopically trivial in 
A or is homotopic in A to either boundary component. If So is homotopically 
trivial in A, then it would be homotopically trivial in M t > and this contradicts our 
assumption. If So is homotopic in A to each of £ and £', then each of £ and 
£' is homotopically trivial in Mf, contrary to assumption. This shows that the 
family Ff is homotopically essential. It follows immediately that doing surgery on 
a homotopically non-trivial 2-sphere strictly decreases the invariant s. □ 

Proposition 118.71 is immediate from this claim and the previous lemma. □ 

2.4. For all T sufficiently large ^(Mf) = 0. We have just established that 
given any Ricci flow with surgery (Ai, G) satisfying the conclusion of Theorem 115.91 
there is To < oo, depending on (M., G), such that all surgeries after time To either are 
along homotopically trivial 2-spheres or remove entire components of the manifold. 
Suppose that Mt has a component X(Tq) with non-trivial iT2, and suppose that 
we have a path of components X(t) defined for t £ [Tq,T) with the property that 
each time-slice has non-trivial tt2- If T is not a surgery time, then there is a unique 
extension of X to a path of components with non-trivial TT2 defined until the first 
surgery time after T. Suppose that T is a surgery time and let us consider the effect 
of surgery at time T on X(t) for t < T but close to it. Since no surgery after time To 
is done on a homotopically essential 2-sphere there are three possibilities: (i) X(t) 
is untouched by the surgery, (ii) surgery is performed on one or more homotopically 
trivial 2-spheres in X(t), or (hi) the component X(t) is completely removed by the 
surgery. In the second case, the result of the surgery on X(t) is a disjoint union of 
components one of which is homotopy equivalent to X{t), and hence has non-trivial 
7T2, and all others are homotopy 3-spheres. This implies that there is a unique 
extension of the path of components preserving the condition that every time-slice 
has non-trivial 7T2, unless the component X(t) is removed by surgery at time T, in 
which case there is no extension of the path of components to time T. Thus, there 
is a unique maximal such path of components starting at X{Tq) with the property 
that every time-slice has non-trivial TT2- There are two possibilities for the interval of 
definition of this maximal path of components with non-trivial tt2- It can be [To, oo) 
or it is of the form [To, T), where the surgery at time T removes the component X(t) 
for t < T sufficiently close to it. 

Proposition 18.9. Let {M, G) be a Ricci flow with surgery satisfying the conclu- 
sion of Theorem \1 5. 9[ Then there is some time T\ < oo such that every component 
of Mt for any T > T\ has trivial tt2 ■ For every T > T% , each component of Mt 
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either has finite fundamental group, and hence has a homotopy 3-sphere as universal 
covering, or has contractible universal covering. 

If M is a connected 3-manifold with ^(M) = 0, then the universal covering, 
M, of M is a 2-connected 3-manifold. The covering M is compact if and only if 
7Ti (M) is finite. In this case M is a homotopy 3-sphere. If M is non-compact then 
Hs(M) = 0, so that all its homology groups and hence, by the Hurewicz theorem, 
all its homotopy groups vanish. It follows from the Whitehead theorem that M is 
contractible in this case. This proves the last assertion in the proposition modulo 
the first assertion. 

The proof of the first assertion of this proposition occupies the rest of this sub- 
section. By the above discussion we see that the proposition holds unless there is 
a path of components X defined for all t £ [Tq,oo) with the property that every 
time-slice has non-trivial tt2- We must rule out this possibility. To achieve this we 
introduce the area functional. 

Lemma 18.10. Let X be a compact Riemannian manifold with ^(X) ^ 0. Then 
there is a positive number eo = eo(X) with the following two properties: 

(1) Any map f : S 2 — > X with area less than eo is homotopic to a point map. 

(2) There is a minimal 2-sphere f : S 2 ^ X, which is a branched immersion, 
with the property that the area of f(S 2 ) = eo and with the property that f 
is not homotopic to a point map. 

Proof. The first statement is Theorem 3.3 in [59]. As for the second, following 
Sacks-Uhlenbeck, for any a > 1 we consider the perturbed energy E a given by 



According to [59] this energy functional is Palais-Smale on the space of H 1 ' 2 ® maps 
and has an absolute minimum among homotopically non-trivial maps, realized by a 
map s a : S 2 — > X. We consider a decreasing sequence of a tending to 1 and the min- 
imizers s a among homotopically non-trivial maps. According to [59], after passing 
to a subsequence, there is a weak limit which is a strong limit on the complement 
of a finite set of points in S 2 . This limit extends to a harmonic map of S 2 — ► M, 
and its energy is less than or equal to the limit of the a-energies of s a . If the result 
is homotopically non-trivial then it realizes a minimum value of the usual energy 
among all homotopically non-trivial maps, for were there a homotopically non-trivial 
map of smaller energy, it would have smaller E a energy than s a for all a sufficiently 
close to 1. Of course if the limit is a strong limit, then the map is homotopically 
non-trivial, and the proof is complete. 

We must examine the case when the limit is truly a weak limit. Let s n be a 
sequence as above with a weak limit s. If the limit is truly a weak limit, then there 
is bubbling. Let x G S 2 be a point where the limit s is not a strong limit. Then ac- 
cording to [59| pre-composing with a sequence of conformal dilations p n centered at 
this point leads to a sequence of maps s' n converging uniformly on compact subsets 
of M 2 to a non-constant harmonic map s' that extends over the one-point compacti- 
fication S 2 . The energy of this limiting map s' is at most the limit of the a-energies 
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of the s a . If s' is home-topically non-trivial, then, arguing as before, we see that it 
realizes the minimum energy among all homotopically non-trivial maps, and once 
again we have completed the proof. We rule out the possibility that s' is homotopi- 
cally trivial. Let a be the area, or equivalently the energy, of s' . Let D C M? be 
a disk centered at the origin which contains three-quarters of the energy of s' (or 
equivalently three-quarters of the area of s'), and let D' be the complementary disk 
to D in S 2 . For all n sufficiently large the area of s' n \D minus the area of s' n \D' is 
at least a/3. The restrictions of s' n on dD are converging smoothly to s'\dD' . Let 
D n C S 2 be p^iD). Then the area of s n \D n equals the area of s' n \D and hence is at 
least the area of s'\D' plus a/4 for all n sufficiently large. Also, as n tends to infinity 
the image s n {D n ) converges smoothly, after reparameterization, to s'(dD). Thus, 
for all n large, we can connect s n {dD n ) to s'(dD') by an annulus A n contained in a 
small neighborhood of s'{dD') and whose area tends to as n goes to infinity. For all 
n sufficiently large, the resulting 2-sphere S n made out of s n \ (S 2 \ D n ) U A n U S'(D') 
is homotopic to s(S 2 ) since s' is homotopically trivial. Also, for all n sufficiently 
large, the area of E n is less than the area of s n minus a/5. Reparameterizing this 
2-sphere by a conformal map leads to a homotopically non-trivial map of energy less 
than the area of s n minus a/5. Since as n tends to infinity, the limsup of the areas 
of the s n converge to at most eo, for all n sufficiently large we have constructed a 
homotopically non-trivial map of energy less than eo, which contradicts the fact that 
the minimal a energy for a homotopically non-trivial map tends to eo as a tends to 
1. 

Of course, any minimal energy map of S 2 into M is conformal because there is 
no non-trivial holomorphic quadratic differential on S 2 . It follows that such a map 
is a branched immersion. □ 

Now suppose that X is a path of components defined for all t S po,oo) with 
ir 2 (X(t)) ^ for all t G [T ,oo). For each t > T we define W 2 (t) to be e Q {X(t)), 
where eo is the invariant given in the previous lemma. Our assumption on X means 
that W2(t) is defined and positive for all t £ [To, do). 

Lemma 18.11. 

jW 2 (t) < -4vr - ^R mhl (t)W 2 (t) 

in the sense of forward difference quotients. If t is not a surgery time, then W 2 {t) 
is continuous at t, and if t is a surgery time, then 

W 2 (t) < limmf t ,^ t -W2(0- 

Let us show how this lemma implies Proposition 118.91 Because the curvature is 
pinched toward positive, we have 

flmin(t) > (-6)/(l+4t). 

Let w 2 (t) be the function satisfying the differential equation 

dw 2 A 3w 2 

-4-7T + 



dt 1 + 4* 
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and w% (To) = Wi^Tq). Then by Lemma T2.22I and Lemma fl8.11l we have W 2 {t) < 
W2(t) for all t > To. On the other hand, we can integrate to find 

w 2 (t) = ^ 2 (T ) ^ + 1)3 3 /4 4 + 47r(4To + 1)V*(4* + l) 3 / 4 - 4vr(4t + 1). 
(4T + 1) J / 4 

Thus, for t sufficiently large, W2(t) < 0. This is a contradiction since W 2 {t) is always 
positive, and W2(t) < W2(t). 

This shows that to complete the proof of Proposition 118.91 we need only establish 
Lemma 118.111 

PROOF, (of Lemma fT8.11j) Let / : S 2 — ► (X(t ), g(to)) be a minimal 2-sphere. 
Claim 18.12. 



dArea g( ^(/(^)) (to) ^ _^ _ l^^j^^^^ 



Proof. Recall that, for any immersed surface / : S 2 — > (M, g(to)), we have 
([Ha]) 



(18-1) |Area 9(t) (/(S 2 ))|^ () = jT, ^Is- 



(I) 



da 

t=t 



/ (i? — Ric(n, n))da 



where -R denotes the scalar curvature of M, Ric is the Ricci curvature of M, and n 
is the unit normal vector field of S in M. Now suppose that f(S 2 ) is minimal. We 
can rewrite this as 

(18.2) l A rea 9(t) (/(5 2 ))| t=0 = - j^K S 2da - ^ jj\A\ 2 + R)da, 

where K S 2 is the Gaussian curvature of S 2 and A is the second fundamental form 
of f(S 2 ) in M. (Of course, since f(S 2 ) is minimal, the determinant of its second 
fundamental form is — 1^4| 2 /2.) Even if / is only a branched minimal surface, (|18.2p 
still holds when the integral on the right is replaced by the integral over the immersed 
part of f(S 2 ). Then by the Gauss-Bonnet theorem we have 

(18.3) j t Aiea g{t) (f(S 2 ))\ t=to < ~Att - ^Are& g{to) (S 2 ) mm{R g (x,t )}. 

□ 

Since f(S 2 ) is a homotopically non-trivial sphere in X(t) for all t sufficiently close 
to to w e see that Vf^(t) < Area g ^ f (S 2 ) . Since Area ff ( 4 )/(S' 2 )) is a smooth function 
of t, the forward difference quotient statement in Lemma 118.111 follows immediately 
from Claim COLLI 

We turn now to continuity at non-surgery times. Fix t' > Tq distinct from all 
surgery times. We show that the function eo(i') is continuous at tf. If /: S 2 — > X(t') 
is the minimal area, homotopically non-trivial sphere, then the area of f(S 2 ) with 
respect to a nearby metric g(t) is close to the area of f(S 2 ) in the metric g(t'). 
Of course, the area of f(S 2 ) in the metric g(t) is greater than or equal to W2(t). 
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This proves that W2(t) is upper semi-continuous at t' . Let us show that it is lower 
semi-continuous at t' . 

Claim 18.13. Let (M,g(t)), to <t < t\, be a Ricci flow on a compact manifold. 
Suppose that |Ric g ^)| < D for all t G [*o, *i] Let f : S 2 — > (M,g(to)) be a C x -map. 
Then 

Area 9(tl) /(5 2 ) < Area g{to) f(S 2 )e 4D ^-^. 
Proof. The rate of change of the area of f(S 2 ) at time t is 

/ %{t)da = -2f Ti\ TS 2(m Cg{t) )da<ADkT^ g{t) f{S 2 ). 

Integrating from to to t\ gives the result. □ 

Now suppose that we have a family of times t n converging to a time t' that is not 
a surgery time. Let f n : S 2 — > X(t n ) be the minimal area non-homotopically trivial 
2-sphere in X(t n ), so that the area of f n (S 2 ) in X(t n ) is eo(t n ). Since t! is not a 
surgery time, for all n sufficiently large we can view the maps /„ as homotopically 
non-trivial maps of S 2 into X(t'). By the above claim, for any 5 > for all n 
sufficiently large, the area of f n (S 2 ) with respect to the metric g(t') is at most the 
area of f n {S 2 ) plus 5. This shows that for any 5 > we have W2(t') < W2{t n ) + <5 
for all n sufficiently large, and hence W^^') < limm£ n —, OQ W2(t n ). This is the lower 
semi-continuity. 

The last thing to check is the behavior of W2 near a surgery time t. According to 
the description of the surgery process given in Section 01 we write X(t) as the union 
of a compact subset C(t) and a finite number of surgery caps. For every t' < t suffi- 
ciently close to t we have an embedding n t i : C(t) = C(t') C X(t') given by flowing 
C(t) backward under the flow to time t' . As tf — > t the maps 7] t > converge in the 
C°°-topology to isometries, in the sense that the n^,(g(t'))\c(t') converge smoothly 
to g(t)\c(t)- Furthermore, since the 2-spheres along which we do surgery are homo- 
topically trivial they separate Mf- Thus, the maps n^ 1 : C(t') — > C(t) extend to 
maps t/jf 1 '■ X(t') — > X(t). The image under tpt' °f X(t') \ C(t') is contained in the 
union of the surgery caps. Clearly, since all the 2-spheres on which we do surgery at 
time t are homotopically trivial, the maps ipt' are homotopy equivalences. If follows 
from Proposition 115.121 that for any ij > for all t' < t sufficiently close to t, the 
map ipt' '■ X(t') — * X{t) is a homotopy equivalence that is a (1 + ?7)-Lipschitz map. 
Thus, given 77 > for all t' < t sufficiently close to t, for any minimal 2-sphere 
f:S 2 ^ (X(t'),g(t')) the area of ipt'of: S 2 -> (X(t),g(t)) is at most (1 + r/) 2 times 
the area of f(S 2 ). Thus, given 77 > for all t' < t sufficiently close to t we see that 
Wi{t) < (1 + il) 2 W2{t'). Since this is true for every rj > 0, it follows that 

W 2 {t) < limmf t ^ t -W 2 (0- 

This establishes all three statements in Prop osit ion 1 1 8 . 91 and completes the proof 
of the proposition. 

As an immediate corollary of Proposition 118.91 we obtain the sphere theorem for 
closed 3-manifolds. 
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Corollary 18.14. Suppose that M is a closed, connected 3-manifold containing 
no embedded MP 2 with trivial normal bundle, and suppose that ^(M) ^ 0. Then 
either M can be written as a connected sum M\f^M2 where neither of the Mi is 
homotopy equivalent to S 3 or Mi has a prime factor that is a 2-sphere bundle over 
S . In either case, M contains an embedded 2-sphere which is homotopically non- 
trivial. 

Proof. Let M be as in the statement of the corollary. Let g be a normalized 
metric on M, and let (M, G) be the Ricci flow with surgery defined for all time with 
(M,g) as initial conditions. According to Proposition 118.91 there is T < oo such that 
every component of Mt has trivial tt2- Thus, by the analysis above, we see that there 
must be surgeries that kill elements in tt2- either the removal of a component with 
non-trivial tt2 or surgery along a homotopically non-trivial 2-sphere. We consider 
the first such surgery in M. The only components with non-trivial tt2 that can be 
removed by surgery are »S 2 -bundles over S 1 and RP 3 $:RP 3 . Since each of these 
has homotopically non-trivially embedded 2-spheres, if the first surgery killing an 
element in tt2 is removal of such a component, then, because all the earlier 2-sphere 
surgeries are along homotopically trivial 2-spheres, the homotopically non-trivial 
embedded 2-sphere in this component deforms back to an embedded, homotopically 
non-trivial 2-sphere in M. The other possibility is that the first time an element 
in 7T2(M) is killed it is by surgery along a homotopically non-trivial 2-sphere. Once 
again, using the fact that all previous surgeries are along homotopically trivial 2- 
spheres, deform this 2-sphere back to M producing a homotopically non-trivial 2- 
sphere in M. □ 

Remark 18.15. Notice that it follows from the list of disappearing components 
that the only ones with non-trivial 7T2 are those based on the geometry S 2 x M; that 
is to say, 2-sphere bundles over S 1 and MP 3 $:RP 3 . Thus, once we have reached the 
level To after which all 2-sphere surgeries are performed on homotopically trivial 
2-spheres the only components that can have non-trivial tt2 are components of these 
types. Thus, for example if the original manifold has no MP 3 prime factors and no 
non-separating 2-spheres, then when we reach time To we have done a connected 
sum decomposition into components each of which has trivial tt2- Each of these 
components is either covered by a contractible 3-manifold or by a homotopy 3- 
sphere, depending on whether its fundamental group has infinite or finite order. 

3. Extinction 

Now we assume that the Ricci flow with surgery (A4, G) satisfies the conclusion of 
Theorem 115.91 and also has initial condition M that is a connected 3-manifold whose 
fundamental group satisfies the hypothesis of Theorem 118. 11 The argument showing 
that components with non-trivial ir^ disappear after a finite time is, in spirit, very 
similar to the arguments above, though the technical details are more intricate in 
this case. 

3.1. Forward difference quotient for ir^. Let M be a compact, connected 3- 
manifold. Fix a base point xq £ M. Denote by AM the free loop space of M. By this 
we mean the space of C 1 -maps of S 1 to M with the C 1 -topology. The components of 
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AM are the conjugacy classes of elements in iri(M,xo). The connected component 
of the identity of AM consists of all homotopically trivial loops in M. Let * be the 
trivial loop at xq. 

Claim 18.16. Suppose that tt 2 (M,x ) = 0. Then 7r 2 (AM, *) ^ 7r 3 (M,x ) and 
^(AM, *) is identified with the free homotopy classes of maps of S 2 to the component 
of AM consisting of homotopically trivial loops. 

Proof. An element in ^(AM, *) is represented by a map S 2 x S 1 — » M that 
sends {pt} x S 1 to Xq. Hence, this map factors through the quotient of S 2 x 5 1 
obtained by collapsing {pt} x S 1 to a point. The resulting quotient space is homotopy 
equivalent to 5 2 V 5 3 , and a map of this space into M sending the wedge point to 
xq is, up to homotopy, the same as an element of iT2(M, xo) © tts(M, Xq). But we 
are assuming that ^(M, xq) = 0. The first statement follows. For the second, 
notice that since ^(M, xq) is trivial, tt^(M, xq) is identified with H3 of the universal 
covering M of M. Hence, for any map of S 2 into the component of AM containing 
the trivial loops, the resulting map S 2 x S 1 — > M lifts to M. The corresponding 
element in ir^M, xq) is the image of the fundamental class of S 2 x S 1 in H%(M) = 
vr 3 (M). ' □ 

Definition 18.17. Fix a homotopically trivial loop 7 G AM. We set A (7) equal 
to the infimum of the areas of any spanning disks for 7, where by definition a span- 
ning disk is a Lipschitz map D 2 — ► M whose boundary is, up to reparameterization, 
7. Notice that A(^) is a continuous function of 7 in AM. Also, notice that -A (7) is 
invariant under reparameterization of the curve 7. Now suppose that T: S 2 —>■ AM 
is given with the image consisting of homotopically trivial loops. We define W(T) 
to be equal to the maximum over all c G S 2 of A(T(c)). More generally, given a 
homotopy class £ G 7r2(AM, *) we define W(£) to be equal to the infimum over all 
(not necessarily based) maps r : S 2 — » AM into the component of AM consisting of 
homotopically trivial loops representing £ of W(r). 

Now let us formulate the analogue of Proposition 118.91 for 773. Suppose that X is 
a path of components of the Ricci flow with surgery (A4,G) defined for t G [to,ii]. 
Suppose that ^{X {to) , xq) = and that ^(X (to) , xq) / 0. Then, the same two 
conditions hold for X(t) for each t G [to >£].]• The reason is that at a surgery time 
t, since all the 2-spheres in X(t') (t' < t but sufficiently close to t) along which 
we are doing surgery are homotopically trivial, the result of surgery is a disjoint 
union of connected components: one connected component is homotopy equivalent 
to X(t') and all other connected components are homotopy 3-spheres. This means 
that either X(t) is homotopy equivalent to X(t') for tf < t or X(t) is a homotopy 
3-sphere. In either case both homotopy group statements hold for X(t). Even more 
is true: The distance-decreasing map X(tf) — > X(t) given by Proposition 115.121 is 
either a homotopy equivalence or a degree one map of X(t') — * X(t). In either case, 
it induces an injection of n%(X(t!)) — > n^(X(€)). In this way a non-zero element in 
£(to) G K%(X{to)) produces a family of non-zero elements £(t) G %^(X(t)) with the 
property that under Ricci flow these elements agree and at a surgery time t the degree 
one map constructed in Prop osition 1 1 5 . 1 2"! sends £(t') to £(t) for all t! < t sufficiently 
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close to it. Since 7T2 (#(£)) is trivial for all t, we identify £(t) with a homotopy class 
of maps of S 2 to AX(t). We now define a function We(t) by associating to each t 
the invariant W(£(t)). 

Here is the result that is analogous to Lemma ll8.111 

Proposition 18.18. Suppose that (M,G) is a Ricci flow with surgery as in 
Theorem 1 15. 91 Let X be a path of components of Ai defined for all t E [io^i] with 
^(^(^o)) = 0- Suppose that £ E 7T3(X(to), *) is a non-trivial element. Then the 
function W^(t) satisfies the following inequality in the sense of forward difference 
quotients: 

^<-2.-iiWW*)- 

Also, for every t E [to, t\] that is not a surgery time the function Wg(i) is continuous 
at t. Lastly, if t is a surgery time then 

Wt(t) < limnuv^-W^')- 

In the next subsection we assume this result and use it to complete the proof. 

3.2. Proof of Theorem 118.11 assuming Proposition 118.181 According to 
Proposition 118.91 there is T\ such that every component of Mt has trivial 7T2 for 
every T > T\. Suppose that Theorem 118.11 does not hold for this Ricci flow with 
surgery. We consider a path of components X(t) of A4 defined for [Ti, T^]. We shall 
show that there is a uniform upper bound to T2. 

Claim 18.19. X(T±) has non-trivial tt^. 

Proof. By hypothesis the fundamental group of Mq is a free product of infinite 
cyclic groups and finite groups. This means that the same is true for the fundamental 
group of each component of Mt for every t > 0, and in particular it is true for X(Tq). 
But we know that tT2(X(Tq)) = 0. 

Claim 18.20. Let X be a compact 3-manifold. If tti(X) is a non-trivial free 
product or if tt\(X) is isomorphic to Z, then ^(X) ^ 0. 

Proof. Sec [39J, Theorem 5.2 on page 56 (for the case of a copy of Z) and |39j 
Theorem 7.1 on page 66 (for the case of a free product decomposition). □ 

Thus, it follows that ni(X(Ti)) is a finite group (possibly trivial). But a 3- 
manifold with finite fundamental group has a universal covering that is a compact 
3-manifold with trivial fundamental group. Of course, by Poincare duality any 
simply connected 3-manifold is a homotopy 3-sphere. It follows immediately that 
-k^{X{Ti)) = Z. This completes the proof of the claim. □ 

Now we can apply Proposition 118. 181 to our path of components X defined for all 
t E [Ti,T2]. First recall by Theorem 115.91 that the curvature of (A4,G) is pinched 
toward positive which implies that R m m{t) > (— 6)/(l+4i). Let w(t) be the function 
satisfying the differential equation 

w '(t) = -2ir + -^—w(t) 
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with initial condition w(T\) = Wf(Ti). According to Proposition 118.181 and Propo- 
sition [222] we see that We(t) < w(t) for all t £ ^Ti,Tz]. But direct integration shows 
that 



w(t) 



wdTl) m^rm + 27r(4T ° + 1)1/4(4t + 1)3/4 " M4t + 1} - 



This clearly shows that w(t) becomes negative for t sufficiently large, how large 
depending only on W^{T\) and T\. On the other hand, since W^(t) is the infimum 
of areas of disks, Wt(t) > for all t £ \Ti,T<2\. This proves that T2 is less than a 
constant that depends only on T\ and on the component X(T\). Since there are 
only finitely many connected components of , this shows that T2 depends only 
on T\ and the Riemannian manifold . This completes the proof of Theorem 1 18. II 
modulo Proposition 118,181 □ 

Thus, to complete the argument for Theorem ll8,ll it remains only to prove Propo- 
sition MM 

3.3. Continuity of W^(t). In this subsection we establish the two continuity 
conditions for W^(t) stated in Proposition 1 18 . 1 81 

Claim 18.21. If t is not a surgery time, then Wc(t) is continuous at t. 

Proof. Since t is not a surgery time, a family T(t) : S 2 — ► AX{t) is also a family 
r(i') : S 2 -> KX(t') for all nearby t' . The minimal spanning disks for the elements of 
r(i)(x) are also spanning disks in the nearby X(t') and their areas vary continuously 
with t. But the maximum of the areas of these disks is an upper bound for W^(t). 
This immediately implies that W^(t) is upper semi-continuous at t. 

The result for lower semi-continuity is the same as in the case of 2-spheres. Given 
a time t distinct from a surgery time and a family r : S 2 — > AX(t') for a time t 1 near t 
we can view the family T as a map to AX(t). The areas of all minimal spanning disks 
for the loops represented by points T measured in X(t) are at most (1 + r)(\t — t'\)) 
times their areas measured in X(t'), where rj(\t — is a function going to zero 
as \t — t'\ goes to zero. This immediately implies the lower semi-continuity at the 
non-surgery time t. □ 

Claim 18.22. Suppose that t is a surgery time. Then 

W^{t) < hminf^-W^t'). 

Proof. This is immediate from the fact from Proposition 115.121 that for any 
77 > for every t' < t sufficiently close to t there is a homotopy equivalence X(t') — * 
X(t) which is a (1 + ?7)-Lipschitz map. □ 

To prove Proposition 118.181 and hence Theorem 118.11 it remains to prove the 
forward difference quotient statement for W%(t) given in Proposition 118.181 

3.4. A further reduction of Proposition [18JM Let r: S 2 -> AX(t ) be a 
family. We must construct an appropriate deformation of the family of loops T in 
order to establish Proposition 118.181 Now we are ready to state the more technical 
estimate for the evolution of W(r) under Ricci flow that will imply the forward 
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difference quotient result for W^{t) stated in Proposition 118.181 Here is the result 
that shows a deformation as required exists. 

Definition 18.23. Let (M,g(i)), t < t < ti, be a Ricci flow on a compact 3- 
manifold. For any a and any t' G [to, ti] let w a ^(t) be the solution to the differential 
equation 

(18.4) = -2tt - -R m - m (t)w a , t , (t) 

with initial condition w a ^'{t') = a. We also denote u> a ,t by w a . 

Proposition 18.24. Let (M,g(t)), t < t < t\, be a Ricci flow on a compact 
3-manifold. Fix a map T of S 2 to AM whose image consists of homotopically trivial 
loops and Q > 0. Then there is a continuous family T(t), to < t < t\, of maps 
S 2 — > AM whose image consists of homotopically trivial loops with [r(io)] = [F] 
in VT3(M, *) such that for each c G S 2 we have \A(T(to){c)) — A(T(c))\ < ( and 
furthermore, one of the following two alternatives holds: 

(i) The length ofT(ti)(c) is less than 

(ii) ^(f(t 1 )(c))<^ (F(to)(c)) (t 1 ) + C. 

Before proving this result we shall show it implies the forward difference quo- 
tient result in Proposition 118.181 Let X be a path of components. Suppose that 
7T2 xo) = for all t. Fix to and fix a non-trivial element £ G ^(^(to), xo), 
which we identify with a non-trivial element in £ G iT2(AX(to), *). Fix an inter- 
val [toj^i] with the property that there are no surgery times in the interval (to,ti\. 
Restricting to this interval the family X(t) is a Ricci flow on X(to). In particu- 
lar, all the X(t) are identified under the Ricci flow. Let w(t) be the solution to 
Equation ([TOD with value w(t ) = W^(X,t ). We shall show that W^h) < w(h). 
Clearly, once we have this estimate, taking limits as t\ approaches to establishes the 
forward difference quotient result at to- 

Definition 18.25. Let A(t) = f*, ±R min (s)ds. 

Direct integration shows the following: 

Claim 18.26. We have 

w a j,{t") = exp(-A(t")) (a - 2vr^ exp(A(t))dtj . 

If a' > a, then for to < t' < t" < t\, we have 

w a ',t'{t") = w a ,t'{t") + (a - a)exp(-A(t")). 
The next thing to establish is the following. 

Lemma 18.27. Given a compact Riemannian manifold (X,g) with ^(X) = 0. 
Then there is ( > such that if ^ G tvs{X) is represented by a family T: S 2 — > AX 
with the property that for every c G S 2 the length of the loop T(c) is less than C, then 
£ is the trivial homotopy element. 
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Proof. We choose £ smaller than the injectivity radius of (X, g). Then any pair 
of points at distance less than £ apart are joined by a unique geodesic of length less 
than (. Furthermore, the geodesic varies smoothly with the points. Given a map 
r : S 2 — ► AX such that every loop of the form T(c) has length at most £, we consider 
the map / : S 2 — > X defined by /(c) = T(c)(xo), where xq is the base point of the 
circle. Then we can join each point T(c)(x) to T(c)(xq) by a geodesic of length at 
most C to fill out a map of the disk T(c) : D 2 — > X. This disk is smooth except at the 
point r(c)(xo). The disks T(c) fit together as c varies to make a continuous family 
of disks parameterized by S 2 or equivalently a map 5" 2 x D 2 into X whose boundary 
is the family of loops T(c). Now shrinking the loops T(c) across the disks T(c) to 
r(c)(xo) shows that the family T is homotopic to a 2-sphere family of constant loops 
at different points of X. Since we are assuming that tt2(X) is trivial, this means the 
family of loops is in fact trivial as an element of 7r2(AX, *), which means that the 
original element £ G tts(X) is trivial. □ 

Notice that this argument also shows the following: 

Corollary 18.28. Let (X,g) be a compact Riemannian manifold. Given rj > 
there is a < ( < rj/2 such that any C^-loop c: S 1 — > X of length less than rj bounds 
a disk in X of area less than rj. 

Now we return to the proof that Proposition 118.241 implies Proposition 118.181 
We consider the restriction of the path X to the time interval [io>£i]- As we have 
already remarked, since there are no surgery times in (to,ti], this restriction is a 
Ricci flow and all the X(t) are identified with each other under the flow. Let w(t) 
be the solution to Equation (|18.4p with initial condition w(to) = Wt(to). There are 
two cases to consider: (i) w(t\) > and w(t\) < 0. 

Suppose that w(t\) > 0. Let ij > be given. Then by Claim [T8.26I and Corol- 
lary there is < £ < rj/2 such that the following two conditions hold: 

(a) Any loop in X{t\) of length less than £ bounds a disk of area less than r\. 

(b) For every a E [0, W^(to) + 2Q the solution w a satisfies w a (ti) < w(ti) + rj/2. 

Now fix a map r: S 2 -> AX (t ), whose image consists of homotopically trivial 
loops, with [r] = £, and with W(T) < W^(t ) + £. According to Proposition [18,24] 
there is a one-parameter family T(t), io < t < t\, of maps S 2 — > AX(t), whose 
images consist of homotopically trivial loops, with [r(£o)] = [T] = ^ such that for 
every c £ S 2 we have A(T(to)(c)) < A(T(c)) + C and one of the following holds 

(i) the length of T(ti)(c) is less than £, or 
(ii) 

A(r(t 1 )( c ))<^ (F(to)(c)) (t 1 ) + c. 

Since A(f (t )(c)) < A(T(c)) + C < W ? (i ) + 2(, it follows from our choice of C that 
for every c <E S 2 either 

(a) r(ti)(c) has length less than £ and hence bounds a disk of area less than 
rj, or 

(b) A(r(ii)(c)) < w^ (to)+2 c(ii) + C < w(ti) + 7?/2 + 17/2 = w(ti) + r?. 
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Since we are assuming that w(t\) > 0, it now follows that for every c G S 2 we have 
A(T(ti)(c)) < w(ti) + 7], and hence W(T(ti)) < w(ti) +rj. This shows that for every 
rj > we can find a family T(t) with r(io) representing £ and with W(r(ii)) < 
w(ti) + 77. This completes the proof of Proposition 118. 231 when > 0. 

Now suppose that w(t{) < 0. In this case, we must derive a contradiction 
since clearly it must be the case that for any one-parameter family T(t) we have 
W(T(ti )) > 0. We fix r\ > such that w(t\) + 77 < 0. Then using Lemma US. 271 and 
Claim UKM we fix ( with < ( < rj/2 such that: 

(i) If T: S 2 — ► AA'(ti) is a family of loops and each loop in the family is of 
length less than £, then the family is homotopically trivial. 

(ii) For any a G [0, Wf (i ) + 2<£] we have w a (t{) < w(h) + rj/2. 

We fix a map r: S 2 -> X(t ) with [T] = £ and with W(T) < W c (t ) + C- Now 
according to Proposition 118.241 there is a family of maps T(t) : S 2 — > AX(t) with 
[f (t )] = JT] = ^ and for every c G 5 2 we have A(f(t )(c)) < A(T(c)) + C and also 
either ^4(r(£i)(c)) < w ^(p(t )(c))(*i) + C or the length of r(ix)(c) is less than C- It 

follows that for every c G 5 2 we have A(f(t )(c)) < W{T) + £ < W^(t ) + 2(. From 
the choice of C this means that 

A(f (ti)(c)) < w(ti) + ??/2 + C < w(h) + r? < 

if the length of T(ti)(c) is at least C- Of course, by definition A(T(ti)(c)) > for 
every c G S 12 . This implies that for every c G 5 2 the loop T(ti)(c) has length less 
than £. By Lemma 118.271 this implies that T(t\) represents the trivial element in 
TT2(AX(ti)), which is a contradiction. 

At this point, all that it remains to do in order to complete the proof of The- 
orem 118.11 is to establish Proposition 118.241 The rest of this chapter is devoted to 
doing that. 

4. Curve-shrinking flow 

Given T, the idea for constructing the one-parameter family T(t) required by 
Proposition 118.241 is to evolve an appropriate approximation r(to) of T by the curve- 
shrinking flow. Suppose that (M,g(t)), to < t < ti, is a Ricci flow of compact man- 
ifolds and that c: S 1 x [to^i] - ► (M,g(to)) is a family of parameterized, immersed 
C 2 -curves. We denote by x the parameter on the circle. Let X(x,t) be the tangent 
vector dc(x,t)/dx and let S(x,t) = X(x,t)/(\X(x,t)\ g u)) be the unit tangent vector 
to c. We denote by s the arc length parameter on c. We set H(x, t) = V s( x ,t)S(x, t), 
the curvature vector of c with respect to the metric g(t). We define the curve- 
shrinking flow by 

d -^ = H(x,t), 

where c(x, t) is a one-parameter family of curves and H(x, t) is the curvature vector 
of the curve c(-,i) at the point x with respect to the metric g(t). We denote by 
k(x,t) the curvature function: k(x,t) = \H(x,t)\ g M. We shall often denote the one- 
parameter family of curves by c(-,t). Notice that if c(x,t) is a curve-shrinking flow 
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and if x(y) is a reparameterization of the domain circle then c'(y,t) = c{x{y),t) is 
also a curve-shrinking flow. 

Claim 18.29. For any immersed C -curve c: S 1 -> (M,g(t Q )) there is a curve- 
shrinking flow c(x,t) defined for t £ [to,t'i) f or some t\ > to with the property 
that each c(-,t) is an immersion. Either the curve-shrinking flow extends to a 
curve-shrinking flow that is a family of immersions defined at t\ and beyond, or 
m&x x& gik(x,t) blows up as t approaches t' x from below. 

For a proof of this result, see Theorem 1.13 in [2]. 

4.1. The proof of Proposition 118.241 in a simple case. The main technical 
hurdle to overcome is that in general the curve shrinking flow may not exist if the 
original curve is not immersed and even if the original curve is immersed the curve- 
shrinking flow can develop singularities, where the curvature of the curve goes to 
infinity. Thus, we may not be able to define the curve-shrinking flow as a flow 
defined on the entire interval [to, ii], even though the Ricci flow is defined on this 
entire interval. But to show the idea of the proof, let us suppose for a moment 
that the starting curve is embedded and that no singularities develop in the curve- 
shrinking flow and show how to prove the result. 

Lemma 18.30. Suppose that c G AM is a homotopically trivial, embedded C 2 - 
loop. and suppose that there is a curve-shrinking flow c(x, t) defined for all t £ [to, ti] 
with each c(-,t) being an embedded smooth curve. Consider the function A(t) which 
assigns to t the minimal area of a spanning disk for c(-,t). Then A(t) is a continuous 
function of t and 

^(t)<-27T-^R min (t)A(t) 
in the sense of forward difference quotients. 

Proof. According to results of Hildebrandt and Morrey, [40J and [52], for each 
t G [ioi*i]j there is a smooth minimal disk spanning c(-,t). Fix t! £ [to,t±) an d 
consider a smooth minimal disk D — > (M,g(t')) spanning c(-,t). It is immersed, see 
|37j or |27j . The family c(-,i) for t near t' is an isotopy of c(-,t'). We can extend 
this to an ambient isotopy <pt: M — > M with ip t / = Id. We impose coordinates {x a } 
on D; we let h a p(t') be the metric induced on tpt'(D) by g(t'), and we let da be the 
area form induced by the Euclidean coordinates on D. We compute 

^\ t=t ,Axea{cp t (D)) = ^\ t=t , f yjdet(h a0 )(t)da. 



Of course 
d_> 
dt 



t=t' 



det(h a p(t))da = — (TrRic T ) \/det(h a p(t))da 

+ J ^ div y/det(h a p(t))da. 



Here, Ric T denotes the restriction of the Ricci curvature of g{t') to the tangent planes 

'<Pt') 
dt 



of ipf(D) and -^m - is the component of tpt' tangent to tpt>(D). Setting A equal to 
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the second fundamental form of (pt'(D), using the fact that (ft'(D) is minimal and 
arguing as in the proof of Claim 118.121 we have 



- f ( Tr Ric T ) Jdet(h a p(t'))da 



K vAD) da- \ f (|i| 2 + R)da 

< - K (D) Jdet(h al3 (t'))da - -Area¥y(.D) mm{R(x,t')}. 

J^>A D ) v * X ^ M 

Integration by parts shows that 

Lm div (^) V^^)^ = - l t , m) {tQ ■ 

where n is the inward pointing normal vector to <pt'(D) along (p#(dD). Of course, 
by definition, if the variation along the boundary is given by the curve-shrinking 
flow, then along ipf{dD) we have 



dipt 
dt 



i-i' . -n-k 



Thus, we have 

d_ 

dt 



\t=t' 



det{h a fj{t))da 

<Pt(D) " 



< 



/ K v m)da- k geod ds - l-R min (t')Are&(ip t/ (D)). 

J<p tl (D) J<p t ,(dD) 2 



Of course, the Gauss-Bonnet theorem allows us to rewrite this as 
d 

□ 



dt 



[ J det(h a/3 (t))da < -2tt - ^ min (t')Area(^ (£>)). 



Let ip(t) be the solution to the ODE 

i//(t) = -2vr - -i? min (i)V(t) 

with ip(t~) = A(t~). The following is immediate from the previous lemma and 
Lemma E221 

Corollary 18.31. With notation and assumptions as above, if the curve-shrinking 
flow is defined on the interval [t~,t + ] and if the curves c(-,t) are embedded for all 
t E [t~,t + ] then 

A{t + ) < ?P(t + ). 

Actually, the fact that the loops in the curve-shrinking flow are embedded is not 
essential in dimensions > 3. 
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Lemma 18.32. Suppose that the dimension of M is at least 3 and that c(-,t) is 
a C 2 -family of homotopically trivial, immersed curves satisfying the curve- shrinking 
equation defined for t~ < t < t + . For each t, let A(t) be the infimum of the areas of 
spanning disks for c(-,t). Then A{t) is a continuous function and, with tp as above, 
we have 

A{t + ) < ^j{t + ). 

Proof. We first remark that continuity has already been established. To show 
the inequality, we begin with a claim. 

CLAIM 18.33. It suffices to prove the following for every 5 > 0. There is a C 2 - 
family c(x,t) of immersions within 5 in the C 2 -topology to c(x,t) defined on the 
interval [t~ , t + ] such that 

A{t + ) < i; 5 ,c(t + ) 
where ips,e is the solution of the ODE 

$ j6 (t) = -2vr + 25L £ (t) - ^ min (t)^, e (t) 
with value A(c(t~)) at t~ , and where L^(t) denotes the length of the loop c(-,t). 

PROOF, (of the claim) Suppose that for each 5 there is such a C 2 -family as in 
the statement of the claim. Take a sequence S n tending to zero, and let c n (-,t) be a 
family as in the claim for 5 n . Then by the continuity of the infimum of areas of the 
spanning disk in the C 1 -topology, we see that 

lim„^ 00 A(c n (-,t ± )) = A(c(;i±)). 

Since the c n (x,t) converge in the C 2 -topology to c(x,t), the lengths L(c n (t)) are 
uniformly bounded and the A(c n (t~)) converge to A(c(t)). Thus, the ips n ,c n converge 
uniformly to ip on [t~ , t + ], and taking limits shows the required inequality for A(c(t)), 
thus proving the claim. □ 

Now we return to the proof of the lemma. Let c(x, t) be a generic C 2 -immersion 
sufficiently close to c(x, t) in the C 2 -topology so that the following hold: 

(1) the difference of the curvature of c and of c at every (x,t) is a vector of 
length less than 5, 

(2) the difference of dc/dt and dc/dt is a vector of length less than S, 

(3) the ratio of the arc lengths of c and c at every (x, t) is between (1 — 5) and 
(1 + 5). 

The generic family c(x, t) consists of embedded curves for all but a finite number of 
t £ [t~,t + ] and at the exceptional t values the curve is immersed. Let t\ < ti < 
■ ■ ■ < ifc be the values of t for which c(-,t) is not embedded. We set to = t~ an d 
tk+i = t + . Notice that it suffices to show that 

A(c(t i+1 )) - A(c{U)) < - ^5,c{ti) 

for i = 0, . . . , k. To establish this inequality for the interval [U, tj+i], by continuity it 
suffices to establish the corresponding inequality for every compact subinterval con- 
tained in the interior of this interval. This allows us to assume that the approximat- 
ing family is a family of embedded curves. Let the endpoints of the parameterizing 
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interval be denoted a and b. Fix t' £ [a, b] and let D be a minimal disk spanning 
c(-,t'), and let ipt be an isotopy as in the argument given the proof of Lemma ll8.301 
According to this argument we have 



±A(c{t))\t=t> < -27T- lR min (t')A(c(t')) + / 
at 2 J c (x,t') 



n 



ds 



in the sense of forward difference quotients. The restriction of -Jr |t=t' to the bound- 
ary of D agrees with dc(x,t)/dt. Hence, by our conditions on the approximating 
family, and since for c(-,t) the corresponding quantities are equal, 



%eod (Cj - [ -jj-\t=t' 



n 



< 25. 



Integrating over the circle implies that 



j t A{c{t))\ t=v < -2vr - ^R min (t')A(c(t')) + 25L £ (t). 
The result is then immediate from Lemma 12.221 



□ 



4.2. Basic estimates for curve-shrinking. Let us establish some elementary 
formulas. To simplify the formulas we often drop the variables x, t from the notation, 
though they are understood to be there. 

Lemma 18.34. Assume that (M,g(t)), to < t < t\, is a Ricci flow and that 
c = c(x,t) is a solution to the curve-shrinking flow. We have vector fields X = d/dx 
and H = d/dt defined on the domain surface. We denote by \X\^. tg the function on 
the domain surface whose value at (x,t) is \(X(x, ) l^m • ^ e define S = \X\~^ g X, 
the unit vector in the x-direction measured in the evolving metric. Then, 

2Ric g{t) (X(x,t),X(x,t)) - 2k 2 \X(x,t)\ 2 g(t) , 

(k 2 + Ric 9(t) {S(x, t),S(x, t))) S{x, t). 

Proof. Notice that as t varies is not the norm of the vector field X 

with respect to the pullback of a fixed metric g(t). On the other hand, when we 
compute VhX at a point (x, t) we are taking a covariant derivative with respect to 
the pullback of a fixed metric g(t) on the surface. Hence, in computing H(\X\ 2 * g ) the 
usual Leibniz rule does not apply. In fact, there are two contributions to H(\X\ 2 » g ): 
one, the usual Leibniz rule differentiating in a frozen metric g(t) and the other 
coming from the effect on of varying the metric with t. Thus, we have 

H{\X\l g ){x,t) = -2Ric c * g[t) (X(x,t),X(x,t)) + 2(V H X(x,t),X{x,t)) c * git) . 

Since t and x are coordinates on the surface swept out by the family of curves, 
V hX = Vjffi, and hence the second term on the right-hand side of the previous 
equation can be rewritten as 2(VxH(x, t), X(x, i)) c * 9 (t)- Since X(x,t) and H(x,t) 



±L(|X|^)(*,t)=- 

and 

[H,S](x,t) = 
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are orthogonal in c*g(t) and since X = \X\ c * g S, computing covariant derivatives in 
the metric c*g(t), we have 

2(V x H,X) c * g ^ = -2{H, Vxl) c « 9 (t) 

\2 



-2(H, \X\ g ^VsS) c * g (t) - 2(H, \X\ g (t-)S(\X\ c *g)S)c*g(t) 
-2(H, H) c * g ty\X 
-2k 2 \X\l g . 



2 

9(f) 



This proves the first inequality. As for the second, since X and H commute we have 
[H,S] = [H, \X\-} g X] = H U\X\*. g )-V 2 ) X = ~ l H(\X\ c * g f)X. 

According to the first equation, we can rewrite this as 

[H,S](x,t) = (k 2 + Ric c , g(t) (S(x,t),S(x,t))) S(x,t). 

□ 

Now let us compute the time derivative of k 2 . In what follows we drop the 
dependence on the metric c*g(t) from all the curvature terms, but it is implicitly 
there. 



Lemma 18.35. 

,2 u /j„2\ r, / rv-r tt\± fr-r _ tj\±\ , niA 



§- t k " = ^(k z )-2((V x H) ± ,(V s H) ± ) c , g + 2k /i 

2Ric(ff, H) + 4A; 2 Ric(5, S) + 2Rm(H, S, H, S), 



where the superscript _L means the image under projection to the orthogonal com- 
plement of X. 



Proof. Using the same conventions as above for the function \H\ c * g and but 
leaving the metric implicit, we have 

d d 

(18.5) —k 2 = -Q t {\H\l* g ) = -2Ric(iJ, H) + 2(V H H, H) c * g . 
Now we compute (using the second equation from Lemma Il8.34|) 

V H H = V H V S S 

= V s VhS + V [h , s] S + K(H,S)S 

= V S V S H + V S ([H, S]) + V [HjS \S + K(H, S)S 

= V S V S H + V s {(k 2 + Ric(S, S))S) + (k 2 + Ric(S, S))V S S + K(H, S)S 
= V S V S H + 2{k 2 + Ric(5, S))H + S(k 2 + Ric(S, S))S + K(H, S)S. 
Using this, and the fact that {H, S) c * g = 0, we have 

(18.6) 2(V H H, H) c * g = 2g(V s V s H, H) + Ak 4 + 4A; 2 Ric(S, S)) + 2Rm(#, S, H, S). 
On the other hand, 

(18.7) S{S{{H, H) c ,g)) = 2(V S V S H, H) c * g + 2(V S H, V s H) c * g . 
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We write 

V S H = (VsH) 1 - + (V s H,S) c * g S. 

Since H and S are orthogonal, we have (VsH,S) c * g = — (H,VsS) c * g = —(H,H). 
Thus, we have 

V S H = {VsH) 1 - (H,H) c * g S. 

It follows that 

-2{V S H, V s H) c * g = -2HVSH) 1 , (VsH) 1 -)^ - 2k\ 
Substituting this into Equation (|18.7|) gives 

(18.8) 2(V s V s H,H) c * g = S(S(\H\ 2 c* 9 )) ~ 2<(V S F)\ (V S H) ± ) C * S - 2k 4 . 
Plugging this into Equation (|18.6p and using Equation (|18.5p yields 

+2k A + 4/c 2 Ric(S, S) + 2Rm(if, S, H, S). 



^k 2 = -2Ric(H,H) + S(S(H,H) c * g )-2((y s H) ± ,(V s H) ± ) c * g 



Of course, S (S \{H , H) c * g )) = (k )" so that this gives the result. □ 

Grouping together the last three terms in the statement of the previous lemma, 
we can rewrite the result as 

(18.9) |U 2 < (k 2 )" - 2((V S H) ± , (VsH) 1 )^ + 2k A + Ck 2 , 

where the primes refer to the derivative with respect to arc length along the curve 
and C is a constant depending only on an upper bound for the norm of the sectional 
curvatures of the ambient manifolds in the Ricci flow. 

Claim 18.36. There is a constant C\ < oo depending only on an upper bound 
for the norm of the sectional curvatures of the ambient manifolds in the Ricci flow 
(M,g(t)), to < t < t\, such that 

^-k < k" + k 3 + CiJfe. 
at 

PROOF. We set C\ = C/2, where C is as in Inequality 118.91 It follows from 
Inequality (fLjT9|) that 

8k 

(18.10) 2k— < 2kk" + 2{k') 2 + 2k 4 - 2((V S H) ± , (VsH) 1 )^ + Ck 2 . 

Since k 2 = (H,H) c * g , we see that (k 2 )' = 2(VsH, H) c * g . Since H is perpendicular 
to S, this can be rewritten as (k 2 )' = 2((V sH) 1 - , H) c * g . It follows that 



k' 



{(VsF) 1 ^)^ 



9 



\H\ C * 
Hence, 



U \c*g 

Plugging this into Equation (|18.10p gives 

dk 



^ < k" + k 3 + dk. 
at 
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□ 

Now we define the total length of the curve c(x,t), 

L(t) = J \X\ c * g dx = J ds. 

We also define the total curvature of the curve c(x,t), 

9(t) = J k\X\ c * g dx = J kds. 

Lemma 18.37. There is a constant C2 < 00 depending only on an upper bound 
for the norm of the sectional curvatures of the ambient manifolds in the Ricci flow 
such that 

(18.11) jh< J(C 2 -k 2 )ds 

and 

< c 2 e. 

at 

Proof. 

d 



By Lemma 118.341 we have 

d_~ f i 

dt 

Thus, 



L = J 2p^ ( ~ 2Ric(x ' x) ~ 2fc2|x|c2 ^ dx - 



(18.12) Jt L = j (- Ric ( S ' S ) ~ k2 )\ x \c*gdx = J (-Ric(S, S) - k 2 )ds. 

The first inequality in the lemma then follows by taking C2 to be an upper bound 
for the norm of Ric ff ^ . 

Now let us consider the second inequality in the statement. 



-e = j Wt w\„)d* = J [jaw*. + ) 

Thus, using Claim [T8.36I and the first equation in Lemma 118.341 we have 



dt 



f(k" + k 3 + dk)ds + I — y — (-2K\c{X,X) -2k 2 \X\ 2 c , )dx 

J J 2\X\ c *g 

= j {k" + k 3 + C x k)ds - j k(Bic(S, S) + k 2 )ds 

= J(k" + dk- kRic(S,S))ds. 
Since J k"ds = by the fundamental theorem of calculus, we get 

< c 2 e, 

dt 

for an appropriate constant C2 depending only on an upper bound for the norm of 
the sectional curvatures of the ambient family (M,g(t)). □ 
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Corollary 18.38. The following holds for the constant C2 as in the previous 
lemma. Let c(x,t) be a curve- shrinking flow, let L(t) be the total length of c(t) and 
let Q(t) be the total curvature of c(t). Then for any t$ < t' < t" < t\ we have 

L(t") < L(t')e c ^"-^ 

&(t") < Q(t')e c ^"-*\ 

4.3. Ramp solutions in M x S 1 . As we pointed out in the beginning of Sec- 
tion H] the main obstacle we must overcome is that the curve-shrinking flow does not 
always exist for the entire time interval [to,^i]- The reason is the following: Even 
though, as we shall see, it is possible to bound the total curvature of the curve- 
shrinking flow in terms of the total curvature of the initial curve and the ambient 
Ricci flow, there is no pointwise estimate on the curvature for the curve-shrinking 
flow. The idea for dealing with this problem, which goes back to [2], is to replace 
the original situation of curves in a manifold with graphs by taking the product 
of the manifold with a circle and using ramps. We shall see that in this context 
the curve-shrinking flow always exists. The problem then becomes to transfer the 
information back from the flows of ramps to the original manifold. 

Now suppose that the Ricci flow is of the form (M, g{t)) x (S\, ds 2 ) where (S\, ds 2 ) 
denotes the circle of length A. Notice that the sectional curvatures of this product 
flow depend only on the sectional curvatures of (M,g(t)) and, in particular, are 
independent of A. Let U denote vector field made up of unit tangent vectors in the 
direction of the circle factors. Let u(x,t) = (S,U) g M. 

Claim 18.39. 

|H = u " + (k 2 + Ric(5, S))u > u" - C'u, 
where C is an upper bound for the norm of the Ricci curvature of (M,g(t)). 

Proof. Since U is a constant vector field and hence parallel along all curves 
and since Ric(V, U) = for all tangent vectors V, by Lemma 118.341 we have 

§- t (S,U) g(t) = -2Ric(S,U) + (dc(V H S),U) git) 

= (dc(V H S), U) g{t) = (dc([H, S] + V S H), U) g{t) 

= (k 2 + mc(S,S))u + (dc(V s H),U) g(t) 

= (k 2 + mc(S,S))u + S(dc((H),U) g ) 

= (k 2 + mc(s,s))u + s((dc(y s s),u) g ) 

= (k 2 + Ric(S, S))u + S(S(u)) = (k 2 + Bic(S, S))u + u" . 

□ 

Definition 18.40. A curve c: S 1 — > M x S\ is said to be a ramp if u is strictly 
positive. 

The main results of this section show that the curve-shrinking flow is much better 
behaved for ramps than for the general smooth curve. First of all, as the next corol- 
lary shows, the curve-shrinking flow applied to a ramp produces a one-parameter 
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families of ramps. The main result of this section shows that for any ramp as initial 
curve, the curve-shrinking flow does not develop singularities as long as the ambient 
Ricci flow does not. 

Corollary 18.41. Ifc(x,t), to < t < t'\ < °°; * s a solution of the curve shrink- 
ing flow in (M,g(t)) x (S^,ds 2 ) and if c(to) a ramp, then c(t) is a ramp for all 

te[t ,t[). 

Proof. From the equation in Claim [T8.391 we see that for C an upper bound 
for the norm of the Ricci curvature, we have 

l(e c \)>(e c \Y 



dt 

It now follows from a standard maximum principle argument that the minimum 
value of e c l u is a non-decreasing function of t. Hence, if c(to) is a ramp then each 
c(t) is a ramp and in fact u(x, t) is uniformly bounded away from zero in terms of 
the minimum of u(x, to) and the total elapsed time t\ — to- □ 

Lemma 18.42. Let (M,g(t)), t <t < t\, be a Ricci flow. Suppose that c: S 1 —* 
(M x Sl,g(t) x ds 2 ) is a ramp. Then there is a curve- shrinking flow c(x,t) defined 
for all t 6 [iojti] with c as the initial condition at time t = to- The curves c(-,t) are 
all ramps. 

Proof. The real issue here is to show that the curve-shrinking flow exists for 
all t £ [to,ti]. Given this, the second part of the statement follows from the pre- 
vious corollary. If the curve shrinking flow does not exist on all of [to,ti] then by 
Claim [T8.29I there is a t' x < t\ such that the curve-shrinking flow exists on [to,t'i) 
but k is unbounded on S 1 x [to, t^). Thus, to complete the proof we need to see that 
for any t' x for which the curve-shrinking flow is defined on [to, t\ ) we have a uniform 
bound on k on this region. 

Using Claim 118.361 and Claim 118.391 we compute 

d { k \ 1 dk k du 

dt \u J u dt u 2 dt 

< k " + k 3 + C 1 k _k + 2 + 
u u A 



u u u 



On the other hand, 



k\ k"u — u"k ^ fv>'\ ( k'u — u'k 



U J u 2 \ u ) \ u 2 



Plugging this in, and using the curvature bound on the ambient manifolds we get 

for a constant C depending only on a bound for the norm of the sectional curvature 
of the ambient Ricci flow. A standard maximum principle argument shows that 
the maximum of k/u at time t grows at most exponentially rapidly in t. Since u 
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stays bounded away from zero, this implies that for ramp solutions on a finite time 



Next let us turn to the growth rate of the area of a minimal annulus connecting 
two ramp solutions. 

Lemma 18.43. Suppose that the dimension n of M is at least three. Let ci(x,t) 
and C2(x,t) be ramp solutions in (M,g) x (S{, ds 2 ) with the image under the pro- 
jection to S{ of each ci being of degree one. Let fx(t) be the infimum of the areas 
of annuli in [M x Sl,g(t) x ds 2 ) with boundary c±(x,t) U C2(x,t). Then fi(t) is a 
continuous function of t and 



in the sense of forward difference quotients. 

PROOF. Fix a time t'. First assume that the loops ci(-,i') and C2(-,i') are 
disjoint. Under Ricci flow the metrics on the manifold immediately become real 
analytic (see |3j) and furthermore, under the curve-shrinking flow the curves c\ and 
C2 immediately become analytic (see |21j). [Neither of these results is essential for 
this argument because we could approximate both the metric and the curves by real 
analytic objects.] Establishing the results for these and taking limits would give the 
result in general. Since ci(-,i') and C2 (-,£') are homotopic and are homotopically 
non-trivial there is an annulus connecting them and there is a positive lower bound 
to the length of any simple closed curve in any such annulus homotopic to a boundary 
component. Hence, there is a minimal annulus spanning c\(-,t') ]J C2(-, t') According 
to results of Hildebrandt ( |40j ) and Morrey ( |52j ) any minimal annulus A with 
boundary the union of these two curves is real analytic up to and including the 
boundary and is immersed except for finitely many branch points. By shifting 
the boundary curves slightly within the annulus, we can assume that there are no 
boundary branch points. Again, if we can prove the result for these perturbed curves 
taking limits will give the result for the original ones. Given the deformation vector 
H on the boundary of the annulus, extend it to a deformation vector H on the entire 
annulus. The first order variation of the area at time t' of the resulting deformed 
family of annuli is given by 



where Ric is the Ricci curvature in the tangent directions to the annulus. (The 
first term is the change in the area of the fixed annulus as the metric deforms. The 
second term is the change in the area of the family of annuli in the fixed metric. 
There is no contribution from moving the annulus in the normal direction since the 
original annulus is minimal.) If A is embedded, then by the Gauss-Bonnet theorem, 
we have 



interval, the value of k is bounded. 



□ 



— fi(t) < (2n- l)max xe A/|Rm(x,t)|//(t) 





'geod 




Kda 
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where K is the Gaussian curvature of A. More generally, if A has interior branch 
points of orders ni, . . . , n& then there is a correction term and the formula is 

k 



Thus, we see 

dAiea A 



/ —kgeodds = / Kda — 2_. ^(m — 1). 

JdA J A ~[ 

(t')< [ (-Tr(Ric T ( 5 (0)) + K)da. 
J A 



dt 

On the other hand, since A is a minimal surface, K is at most the sectional curvature 
of (M,g(t')) x (S\,ds 2 ) along the two-plane tangent to the annulus. Of course, the 
trace of the Ricci curvature along A is at most 2(n — l^max-cg^Rm^, 01- Hence, 

-j (0 < ( 2 ™ - l)|max a;6 MRni(j;,t / )|^(t / ). 

This computation was done assuming that C2(-,t') is disjoint from c\{-,t'). In 
general, since the dimension of M is at least three, given ci (•,£') and C2(-,i') we 
can find Cs(-,t) arbitrarily close to C2{-,t') in the C 2 -sense and disjoint from both 
ci (-,£') and C2 (•,£'). Let A3 be a minimal annulus connecting c% (•,*') to C3 (•,£') 
and ^2 be an minimal annulus connecting C3(-,t') to C2(-,i')- We apply the above 
argument to these annuli to estimate the growth rate of minimal annuli connecting 
the corresponding curve-shrinking flows. Of course the sum of these areas (as a 
function of t) is an upper bound for the area of a minimal annulus connecting the 
curve-shrinking flows starting from ci (•,£') and C2 (•,£'). As we choose cs(-,t') closer 
and closer to C2 (-,£')> the area of A2 tends to zero and the area of A3 tends to 
the area of a minimal annulus connecting ci (•,£') and C2(-,t')- This establishes the 
continuity of n(t) at t' and also establishes the forward difference quotient estimate 
in the general case. □ 

Corollary 18.44. Given curve-shrinking flows ci(-,t) and C2(-,t) for ramps of 
degree one in (M,g(t)) x (S\,ds 2 ) the minimal area of an annulus connecting c\(-,t) 
and C2(-,t) grows at most exponentially with time with an exponent determined by 
an upper bound on the sectional curvature of the ambient flow, which in particular 
is independent of X. 

5. Proof of Proposition 118.241 

Now we are ready to use the curve-shrinking flow for ramps inMx5] to establish 
Proposition 118.241 for M . As we indicated above, the reason for replacing the flow 
(M,g(t)) that we are studying with its product with S\ and studying ramps in 
the product is that the curve-shrinking flow exists for all time t £ [io^i] f° r these. 
By this mechanism we avoid the difficulty of finite time singularities in the curve 
shrinking flow. On the other hand, we have to translate results for the ramps back 
to results for the original Ricci flow (M,g(t)). This requires careful analysis. 

5.1. Approximations to the original family. The first step in the proof 
of Proposition 118.241 is to identify the approximation to the family T that we shall 
use. Here is the lemma that gives the needed approximation together with all the 
properties we shall use. 
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Given a loop c in M and A > we define a loop c in M x Sy The loop c is 
obtained by setting c x (x) = (c(x),x) where we use a standard identification of the 
domain circle (the unit circle) for the free loop space with Si, an identification that 
defines a loop in Si of constant speed \/2it. 

Lemma 18.45. Given a continuous map F: S 2 — > AM representing an element of 
7r^(M, *) and < £ < 1, there is a continuous map F: S 2 — > AM wzf/i £/te following 
properties: 

(1) [f] = [r] m7r 3 (M,*). 

(2) For eac/i c £ S 2 the loop F(c) is a C 2 -loop. 

(3) For each c€ 5 2 i/ie length ofF(c) is within ( of the length ofF(c). 

(4) For each c G S 2 , we have \A(F (c)) - A(T(c))| < C- 

(5) There is a constant Cq < oo depending only on F, on the bounds for the 
norm of the Riemann curvature operator of the ambient Ricci flow, and on 
C such that for each c £ S 2 and each A G (0, 1) the total length and the total 
curvature of the ramp F(c) x are both bounded by C3. 

Before proving this lemma we need some preliminary definitions and construc- 
tions. 

Definition 18.46. Let c: S 1 — > M be a C 1 -map. Fix a positive integer n. By a 
regular n-polygonal approximation to c we meEin the following. Let ^ n = exp(27ri/n), 
and consider the points pk = c(£^) for k = 1, . . . ,n + 1. For each 1 < k < n, 
let Ak be a minimal geodesic in M from p^ to p^+i. We parameterize by the 
interval [^,Cn +1 ] i n the circle at constant speed. This gives a piecewise geodesic 
map c n : S 1 — > M. 

The following is immediate from the definition. 

Claim 18.47. Given £ > and a C^-map c: S 1 — ► M t/ien /or o// n sufficiently 
large the following hold for the n-polygonal approximation c n of c. 

(a) i/ie length of c n is within £ 0/ £/ie length of c. 

(b) £/iere is a map 0/ i/ie annulus S X I to M connecting c n to c with the 
property that the image is piecewise smooth and of area less than £. 

Proof. The length of c is the limit of the lengths of the n-polygonal approxima- 
tions as n goes to infinity. The first item is immediate from this. As to the second, 
for n sufficiently large, the distance between the maps c and c n will be arbitrarily 
small in the C°-topology, and in particular will be much smaller than the injectivity 
radius of M. Thus, for each k we can connect Ak to the corresponding part of c by 
a family of short geodesies. Together, these form an annulus, and it is clear that for 
n sufficiently large the area of this annulus is arbitrarily small. □ 

As the next result shows, for £ > 0, the integer n(c) associated by the previous 
claim to a C 1 -map c can be made uniform as c varies over a compact subset of AM. 

Claim 18.48. Let X C AM be a compact subset and let £ > be fixed. Then 
there is N depending only on X and £ such the conclusion of the previous claim 
holds for every c G X and every n > N . 
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Proof. Suppose the result is false. Then for each N there is cat E X and n > N 
so that the lemma does not hold for cn and n. Passing to a subsequence, we can 
suppose that the cn converge to Cqo E X. Applying Claim [18.47l we see that there is 
./V such that the conclusion of Claim [T8.47I holds with £ replaced by £/2 for Cqo and 
all n> N. Clearly, then by continuity for all n > N the conclusion of Claim [T8.47I 
holds for the n-polygonal approximation for every q for all I sufficiently large. This 
is a contradiction. □ 

Corollary 18.49. Let T: S 2 — ► AM be a continuous map with the property that 
T(c) is homotopically trivial for all c E S 2 . Fix £ > 0. For any n sufficiently large 
denote by T n the family of loops defined by setting T n (c) equal to the n-polygonal 
approximation to T(c). There is N such that for alln> N we have 

(1) T n is a continuous family of n-polygonal loops in M. 

(2) For each c E S 2 , the loop T n (c) is a homotopically trivial loop in M and its 
length is within £ of the length o/T(c). 

(3) For each c E S 2 , we have \A(T n (c)) - A(T(c))\ < (. 

Proof. Given T there is a uniform bound over all c E S 2 on the maximal speed 
of r(c). Hence, for all n sufficiently large, the lengths of the sides in the n-polygonal 
approximation to T(c) will be uniformly small. Once this length is less than the 
injectivity radius of M, the minimal geodesies between the endpoints are unique 
and vary continuously with the endpoints. This implies that for n sufficiently large 
the family T n is uniquely determined and itself forms a continuous family of loops 
in M. This proves the first item. We have already seen that, for n sufficiently 
large, for all c E S 2 there is an annulus connecting T(c) and T n (c). Hence, these 
loops are homotopic in M. The first statement in the second item follows imme- 
diately. The last statement in the second item and third item follow immediately 
from Claim HH33 □ 

The next step is to turn these n-polygonal approximations into C 2 -curves. We fix, 
once and for all, a C°° function ip n from the unit circle to [0, oo] with the following 
properties: 

(1) ip n is non-negative and vanishes to infinite order at the point 1 on the unit 
circle. 

(2) ip n is periodic with period 2-Ki/n. 

(3) ijj n is positive on the interior of the interval [l,£ n ] on the un it circle, and 
the restriction of ip n to this interval is symmetric about exp(-7ri/n), and is 
increasing from 1 to exp(7ri/n). 

(4) ff"Ms)ds = 2ir/n. 

Now we define a map tp n : S 1 — > S 1 by 

ip n (y)dy. 

It is easy to see that the conditions on ip n imply that this defines a C°°-map from 
S 1 to S 1 which is a homeomorphism and is a diffeomorphism on the complement of 
the n th roots of unity. 
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Now given an n-polygonal loop c n we define the smoothing c n of c n by c n = c n oip n . 
This smoothing c n is a C°°-loop in M with the same length as the original polygonal 
loop c n . Notice that the curvature of c n is not itself a continuous function: just like 
the polygonal map it replaces, it has a 5- function at the 'corners' of c n . 

PROOF, (of Lemma T18.45P Given a continuous map T: S 2 — > AM and ( > 
we fix n sufficiently large so that Corollary 118,491 holds for these choices of V and 
£. Let r = T n be the family of smoothings of the family T n of n-polygonal loops. 
Since this smoothing operation changes neither the length nor the area of a minimal 
spanning disk, it follows immediately from the construction and Corollary 1 1 8 . 49 1 that 
r satisfies the conclusions of Lemma 118.451 except possibly the last one. 

To establish the last conclusion we must examine the lengths and total curvatures 
of the ramps T(c) A associated to this family of C 2 -loops. Fix A with < A < 1, 
and consider the product Ricci flow (M,g(t)) x (S\, ds 2 ) where the metric on S\ has 
length A. 

Claim 18.50. For any < A < 1, the length of the ramp T(c) A is at most A plus 
the length ofT(c). The total curvature o/T(c) A is at most nir. 

PROOF. The arc length element for T(c) A is \Ja(x) 2 + (X/2n) 2 dx < (a(x) + 
\/2it)dx where a{x)dx is the arc length element for T(c). Integrating gives the 
length estimate. 

The total curvature of r(c) A is the sum over the intervals [£n'£n +1 ] °f the total 
curvature on these intervals. On any one of these intervals we have a curve in a 
totally geodesic, flat surface: the curve lies in the product of a geodesic arc in M 
times S\. Let u and v be unit tangent vectors to this surface, u along the geodesic 
(in the direction of increasing x) and v along the S\ factor. These are parallel 
vector fields on the flat surface. The tangent vector X(x) to the restriction of 
T(c) A to this interval is Lip n (x)u + (X/2ir)v, where L is the length of the geodesic 
segment we are considering. Consider the first-half subinterval " exp(7ri/n)]. 

The tangent vector X(x) is (X/2tt)v at the initial point of this subinterval and is 
Lijj n (^-ex.p(Tri/2))u+(X/27r)v at the final point. Throughout this interval the vector 
is of the form a{x)u + (X/2ir)v where a(x) is an increasing function of x. Hence, 
the tangent vector is always turning in the same direction and always lies in the 
first quadrant (using u and v as the coordinates). Consequently, the total turning 
(the integral of k against arc-length) over this interval is the absolute value of the 
difference of the angles at the endpoints. This difference is less than ir/2 and tends to 
7r/2 as A tends to zero, unless L = in which case there is zero turning for any A > 0. 
By symmetry, the total turning on the second-half subinterval • exp(-7ri/n), 
is also bounded above by ir/2. Thus, for any A > 0, the total turning on one of the 
segments is bounded above by it. Since there are n segments this gives the upper 
bound of nir on the total turning of T(c) A as required. □ 

This claim completes the proof of the last property required of T = T n and hence 
completes the proof of Lemma 118.451 □ 
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Having fixed T and £ > 0, we fix n and set r = T n . We choose n sufficiently large 
so that f satisfies Lemma Q235J Fix A G (0, 1) and define f A :5 2 ^(Mx Sj), by 
setting f A (c) = f (c) A . 

Fix c G S 2 , and let T A (t), t < t < h, be the curve-shrinking flow given in 
Lemma [18. 421 with initial data the ramp r A (c) . As c varies over S 2 these fit together 
to produce a one-parameter family T A (t) of maps S 2 — ► A(M x S^). Let pi denote 
the projection of M x S\ to M. Notice that for any A we have r A (io) = r A (c), so that 
piT^(to) = r(c). We shall show that for A > sufficiently small, the family piF^(t) 
satisfies the conclusion of Proposition 118.241 for the fixed T and £ > 0. We do this 
in steps. First, we show that fixing one c G S 2 , for A sufficiently small (depending 
on c) an analogue of Proposition 118.241 holds for the one-parameter family of loops 
piT^(t). By this we mean that either piF^(ti) has length less than £ or A(piT^(ti)) 
is at most the value v(t\) + £> where v is the solution to the Equation (|18.4[) with 
initial condition v(to) = A(T(c)). (Actually, we establish a slightly stronger result, 
see Lemma 118.531 ) The next step in the argument is to take a finite subset S C S 2 
so that for every c G S 2 there is c G S such that T(c) and T(c) are sufficiently close. 
Then, using the result of a single c, we fix A > sufficiently small so that the analogue 
of Proposition 118.241 for individual curves (or rather the slightly stronger version of 
it) holds for every c G S. Then we complete the proof of Proposition 1 18 . 241 using the 
fact that for every c the curve T(c) is sufficiently close to a curve T(c) associated to 
an element c G S. 

5.2. The case of a single c G S 2 . According to Lemma ["18.45| for all A G (0, 1) 

the lengths and total curvatures of the T A (c) are uniformly bounded for all c G S 2 . 
Hence, by Corollary 118.381 the same is true for r A (t) for all c G S 2 and all t G [to, £i]. 

Claim 18.51. There is a constant C4 depending on ti — to, on the curvature bound 
of the sectional curvature of the Ricci flow (M,g(t)), to < t < t\, on the original 
family V and on Q such that for any c G S 2 and any to <t' < t" < t\ we have 

Aip^it")) - Aip^t')) < C A (t" - f). 

Proof. All the constants in this argument are allowed to depend on t\ — to, on 
the curvature bound of the sectional curvature of the Ricci flow (M,g(t)), to < t < 
ti, on the original family T and on C but are independent of A, c G S 2 , and tl < t" 
with to < t' and t" < t\. First, let us consider the surface S£ [t f , t"] in M x 5{ swept 
out by c(x, t), t! <t< t". We denote by Area (S£[t', t"]) the area of this surface with 
respect to the metric g(t") x ds 2 . We compute the derivative of this area for fixed t! 
as t" varies. There are two contributions to this derivative: (i) the contribution due 
to the variation of the metric g(t") with t" and (ii) the contribution due to enlarging 
the surface. The first is 

/ — Tr Ric 7 da 

JS£[t',t"] 

where Ric T is the restriction of the Ricci tensor of the ambient metric g(t") to the 
tangent planes to the surface and da is the area form of the surface in the metric 
g(t") x ds 2 . The second contribution is f c r xt ,i\ \H\ds. According to Lemma H8.37I 
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there is a constant C (depending only on the curvature bound for the manifold flow, 
the initial family T(t) and ( and t\ — to) such that the second term is bounded above 
by C . The first term is bounded above by C" Area S^[t' ,t"] where C" depends only 
on the bound on the sectional curvatures of the ambient Ricci flow. Integrating we 
see that there is a constant C[ such that the derivative of the area function is at most 
C(. Since its value at t! is zero, we see that Area S^[t', t"] < C[(t" — t'). It follows 
that the area of piS^ [t', t"] with respect to the metric g(t") is at most C[(t" — t'). 

Now we compute an upper bound for the forward difference quotient of A(piF^(t)) 
at t = t'. For any t" > t! we have a spanning disk for piT^(t") defined by taking the 
union of a minimal spanning disk for p\T^{t') and the annulus piS* [t', t"\. As before, 
the derivative of the area of this family of disks has two contributions, one coming 
from the change in the metric over the minimal spanning disk at time t' and the 
other which we computed above to be at most C[. Thus, the derivative is bounded 
above by C' 2 A{p\T^ (t')) + C[. This implies that the forward difference quotient of 
A(piT^(t')) is bounded above by the same quantity. It follows immediately that the 
areas of all the minimal spanning surfaces are bounded by a constant depending only 
on the areas of the minimal spanning surfaces at time to, the sectional curvature 
of the ambient Ricci flow and t\ — to. Hence, there is a constant C4 such that the 
forward difference quotient of A(piF^(t)) is bounded above by C4. This proves the 
claim. □ 

Next, by the uniform bounds on total length of all the curves F^(t), it follows 
from Equation (|18.1ip that there is a constant C5 (we take C5 > 1) depending only 
on the curvature bound of the ambient manifolds and the family V such that for any 
c G S 2 we have 

(18.13) I f k 2 dsdt < C 5 . 

J to Jr£(t) 

Thus, for any constant 1 < B < 00 there is a subset is(c, A) C [to, *i] of measure at 
least (ti — to) — C^B^ 1 such that 

/ k 2 ds < B 

for every t £ Ib(c, A). (Later, we shall fix B sufficiently large depending on T and 

CO 

Now we need a result for curve-shrinking that in some ways is reminiscent of Shi's 
theorem for Ricci flows. 

Lemma 18.52. Let (M,g(t)), to < t < t%, be a Ricci flow. Then there exist 
constants 5 > and d < 00 for i = 0, 1, 2, . . ., depending only on t\ — to and a 
bound for the norm of the curvature of the Ricci flow, such that the following holds. 
Let c(x,t) be a curve-shrinking flow that is an immersion for each t. Suppose that 
at a time t' for some < r < 1 such that t' + 5r 2 < t\, the length of c(-,t') is at least 
r and the total curvature of c(-,t') on any subarc of length r is at most 5. Then for 
every t S [t',t' + 5r 2 ) the curvature k and the higher derivatives satisfy 

k 2 < Coit-t')- 1 
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\V S H\ 2 <C x {t-t'y 2 , 
\^sH\ 2 < Ci{t - t')~ {i+1) ■ 

The first statement follows from arguments very similar to those in Section 4 of 
[2]. Once k 2 is bounded by Co/(t — t') the higher derivative statements are standard, 
see pQ. For completeness we have included the proof of the first inequality in the 
last section of this chapter. 

We now fix 5 > (and also 8 < 1) as described in the last lemma for the Ricci 
flow (M, g(t)), to < t < t\. By Cauchy-Schwarz it follows that for every t G -Tb(c, A), 
and for any arc J in T^(-,t) of length at most 5 2 B~ 1 we have 

/ k< 6. 

Jjx{t} 

Applying the previous lemma, for each a G Ib(c, A) with a < t\ — B^ 1 — 5 5 B~ 2 we 
set J(a) = [a + S 5 B- 2 /2,a + 5 5 B- 2 ] C [t , t x - B~ x \. Then for all t G U ae/B(CjA) J (a) 
for which the length of r£(-,t) is at least 5 2 B~ 1 we have that k and all the norms 
of spatial derivatives of H are pointwise uniformly bounded. Since Ib(c,\) covers 
all of [to,ti] except a subset of measure at most C5I?™ 1 , it follows that the union 
Jb(c, A) of intervals J(a) for a G Ib{c, A) n [to, ti — B — 5 5 B~ 2 ] cover all of [to, ti] 
except a subset of measure at most C^B^ 1 + B^ 1 + 5^B~ l < 3Csi? _1 . Now it is 
straightforward to pass to a finite subset of these intervals J(aj) that cover all of 
[to, ti] except a subset of measure at most SC^B -1 . Once we have a finite number 
of J(aj), we order them along the interval [to, ti] so that their initial points form an 
increasing sequence. (Recall that they all have the same length.) Then if we have 
Ji n Jj+2 7^ 0, then Jj_|_i is contained in the union of Jj and an d hence can be 
removed from the collection without changing the union. In this way we reduce to 
a finite collection of intervals Ji, with the same union, where every point of [to,ti] 
is contained in at most 2 of the intervals in the collection. Once we have arranged 
this we have a uniform bound, independent of A and c G S 2 , on the number of 
these intervals. We let Jb(c,X) be the union of these intervals. According to the 
construction and Lemma 118.521 these sets Jb(c, A) satisfy the following: 

(1) Jb(c, A) C [to, ti — B^ 1 ] is a union of a bounded number of intervals (the 
bound being independent of c G S 2 and of A) of length 5 5 B~ 2 /2. 

(2) The measure of Jb(c, A) is at least t\ — to — 2>C^B^ 1 . 

(3) For every t G Jb(c, A) either the length of T^(t) is less than 5 2 B~ 1 or 
there are uniform bounds, depending only on the curvature bounds of the 
ambient Ricci flow and the initial family T, on the curvature and its higher 
spatial derivatives of T^(t). 

Now we fix c G S 2 and 1 < B < 00 and we fix a sequence of A n tending to zero. 
Since the number of intervals in Jb(c, A) is bounded independent of A, by passing 
to a subsequence of A n we can suppose that the number of intervals in t/^(c, A^) is 
independent of n, say this number is N, and that their initial points (and hence the 
entire intervals since all their lengths are the same) converge as n goes to infinity. 
Let Ji, . . . , Jn be the limit intervals, and for each i, 1 < % < N, let Ji C Ji be a 
slightly smaller interval contained in the interior of Ji . We choose the Ji so that they 
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all have the same length. Let Jb(c) C [to,tx — B l ]he the union of the Jj. Then 
an appropriate choice of the length of the Jj allows us to arrange the following: 

(1) Jb(c) C Jb(c, X n ) for all n sufficiently large. 

(2) Jb(c) covers all of [to,ti] except a subset of length AC^B~ l . 

Now fix one of the intervals Jj making up Js(c). After passing to a subsequence 
(of the A n ), one of the following holds: 

(3) there are uniform bounds for the curvature and all its derivatives for the 
curves T^ n (t), for all t E J{ and all n, or 

(4) for each n there is t n G Jj such that the length of (t n ) is less than S 2 B~ 1 . 
By passing to a further subsequence, we arrange that the same one of the Alter- 
natives (3) and (4) holds for every one of the intervals Jj making up Jb{c). 

The next claim is the statement that a slightly stronger version of Proposi- 
tion MM holds for piF^(t). 

Lemma 18.53. Given ( > 0, there is 1 < B < oo, with B > (t\ — to) , depending 
only on T and the curvature bounds on the ambient Ricci flow (M,g(t)), to < t < t\, 
such that the following holds. Let t<i = t\ — B . Fix c G S 2 . Let v c be the 
solution to Equation &18.4\ ) with initial condition v c (to) = A(pi(T(c))), so that in 
our previous notation v c = w ^ pi (f^y Then for all A > sufficiently small, either 

A(pif*(ti)) < v c (ti) + C/2 or the length off*(t) is less than Q/2 for all t G [t 2 , *i] • 

Proof. In order to establish this lemma we need a couple of claims about func- 
tions on [tojii] that are approximately dominated by solutions to Equation (|18.4[) . 
In the first claim the function in question is dominated on a finite collection of 
subintervals by solutions to these equations and the subintervals fill up most of the 
interval. In the second, we also allow the function to only be approximately domi- 
nated by the solutions to Equation (|18.4p on these sub-intervals. In both claims the 
result is that on the entire interval the function is almost dominated by the solution 
to the equation with the same initial value. 

Claim 18.54. Fix C\ as in Claim [T8.51\ and fix a constant A > 0. Given ( > 
there is 5' > depending on C4, t\ — to, and A as well as the curvature bound of 
the ambient Ricci flow such that the following holds. Suppose that f: [to,ti] — > M is 
a function and suppose that J C [to>il] * s a finite union of intervals. Suppose that 
on each interval [a, b] of J the function f satisfies 

f(b) < 

Suppose further that for any t' < t" we have 

f(t")<f(t') + C A (t"-t'). 

Then, provided that the total length of [to,ti] \ J is at most 5' and < /(to) < A, 
we have 

f{h) <w/(to),to(ti) + C/4. 

Proof. We write J as a union of disjoint intervals J\, . . . , so that Jj < Jj+i 
for every i. Let aj, resp. bi, be the initial, resp. final, point of J{. For each i let Si 
be the length of the interval between Jj and Jj+i- (Also, we set So = a\ — to, and 
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Sk = h — b k .) Let C 6 > be such that R m in(t) > -2C 6 for all t G [to, h]. Let V(a) 
be the maximum value of |to a ,* l on the interval [io^l] and let V = max Qg j ^V(a). 
let Cj = C4 + 2ir + CqV. We shall prove by induction that 

i-l / i-l 

/(<*)- «>/(*,),*, ^ II eCiAh 

j=o \ e=j+i 

and 

i-l / i 

/(6f)-«/(io),*o(6i)<E n eC6lJd 

i=o \ e=j+i 

We begin the induction by establishing the result at a%. By hypothesis we know 
that 

f(a 1 )<f(t ) + C i S . 

On the other hand, from the defining differential equation for wj( io ) io and the defi- 
nitions of Cq and V we have 

Wf(t ),t (ai) > f(to) ~ (C 6 V + 2tt)5 . 

Thus, 

/(ai) - w f(to)tto (ai) < (C 4 + 2vr + C 6 y)<5 = C 7 <5 , 
which is exactly the formula given in the case of a\ . 

Now suppose that we know the result for Oj and let us establish it for 6j. Let 
oti = f(ai) - Wf(to),to(<H), and let # = - Wf(t ),t {k)- Then by Claim [1826] we 
have 

Given the inductive inequality for aij, we immediately get the one for 
Now suppose that we have the inductive inequality for Then 

/(oi+i) < + C 4 <5 f . 
On the other hand, by the definition of Cq and V we have 

w /(io),*o( a i+i) -^/(t ),to( 6 i) ^ -(C 6 ^ + 2vr)^. 

This yields 

/(oi+i) - w fi t o)M (ai +l ) < (3i + C 7 5i. 

Hence, the inductive result for (3i implies the result for Qj+i. This completes the 
induction. 

Applying this to a^+i = t% gives 

m)- W f(t 0) , t0 (h)<t( C ^ fl ewA<Cr£,6 j eW-*\ 

3=0 \ l=j+l J 3=0 

Of course Y2j=i $j = h — to — i(J) < 5' , and CV only depends on Cg, C4 and V, 
while V only depends on A and Cq only depends on the sectional curvature bound 
on the ambient Ricci flow. Thus, given C^,A and t\ — to and the bound on the 
sectional curvature of the ambient Ricci flow, making 5' sufficiently small makes 
f(t\) — Wf(t ),to(ti) arbitrarily small. This completes the proof of the claim. □ 
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Here is the second of our claims: 

Claim 18.55. Fix £ > 0, A and C%,C^ as in the last claim, and let 8' > be as 
in the last claim. Suppose that we have J C [to^l] which is a finite disjoint union 
of intervals with t\ — to — \J\ < 8' . Then there is 8" > (8" is allowed to depend 
on J) such that the following holds. Suppose that we have a function f: [to,t\] — ► M 
such that: 

(1) For all t' < t" in [t ,h] we have f(t") - f(t') < C A {t" - t'). 

(2) For any interval [a, b] C J we have fib) < Wf( a \ a (b) + 8" . 



Proof. We define C-j as in the previous proof. We use the notation J = 
Jx II " " " II Jk with J\ < J2 < ■ ■ ■ < Jk and let Si be the length of the interval 
separating Jj_i and Jj. The arguments in the proof of the previous claim work in 
this context to show that 



Applying this to a^+i an d taking the limit as 5" tends to zero, the right-hand side 
tends to a limit smaller than £/4. Hence, for 8" sufficiently small the right-hand 



Now let us return to the proof of Lemma 118.531 Recall that c G S 2 is fixed. 
We shall apply the above claims to the curve-shrinking flow T^(t) and thus prove 
Lemma 118.531 Now it is time to fix B. First, we fix A = W{T) + C, we let C2 be 
as in Corollary 118.381 C4 be as in Claim [18.511 C5 be as in Equation (j 18. 13[) . and 
Cq be as in the proof of Claim [T8.541 Then we have 8' depending on Cq, C4, A as in 
Claim We fix B so that: 



The first step in the proof of Lemma 118.531 is the following: 

Claim 18.56. After passing to a subsequence of{X n }, either: 

(1) for each n sufficiently large there is t n G Jb(c) with the length ofT^ n (t n ) < 
8 2 B-\ or 

(2) for each component Jj = [t~,tf] of Jb(c), after composing T^ n (x,t) by 
a reparameterization of the domain circle (fixed in t but a different repa- 
rameterization for each n) so that the T^ n (t~) have constant speed, there 
is a smooth limiting curve-shrinking flow denoted T c (t), for t G J\ for the 
sequence p\T^ n [t) , <t<tf. The limiting flow consists of immersions. 

Proof. Suppose that the first case does not hold for any subsequence. Fix a 
component Jj of Jb(c). Then, by passing to a subsequence, by the fact that Jb(c) C 
Jb(c, A n ) for all n, the curvatures and all the derivatives of the curvatures of T^ n (t) 
are uniformly bounded independent of n for all t G Jb(c). We reparameterize the 



Then f(t 1 )<w f(toUo (t 1 ) + C/2. 




side is less than Q/2. 



□ 



(1) B > 3C 5 (8')-\ 

(2) B > 3e C2 ^~ t0 ^-\ and 

(3) J B>C 2 /(log4-log3). 
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domain circle so that the r^ n (^ ) have constant speed. By passing to a subsequence 
we can suppose that the lengths of the r£ n (t7") converge. The limit is automatically 
positive since we are assuming that the first case does not hold for any subsequence. 
Denote by S n = S^ n (t^) the unit tangent vector to T^ n (t^) and by u n the inner 
product {S n , U). Now we have a family of loops with tangent vectors and all higher 
derivatives bounded. Since u n is everywhere positive, since J u n ds = X n , since the 
length of the loop T^ n (t^) is bounded away from independent of n, and since 
|(^n)'| = | ( Vs„ 5 n , C/) | is bounded above independent of n, we see that u n tends 
uniformly to zero as n tends to infinity. This means that the |pi(<S n )| converge 
uniformly to one as n goes to infinity. Since the ambient manifold is compact, 
passing to a further subsequence we have a smooth limit of the piT^ n (t~). The 
result is an immersed curve in (M, g(t~)) parameterized at unit speed. Since all the 
spatial and time derivatives of the piT^ n (t) are uniformly bounded, by passing to a 
further subsequence, there is a smooth map / : S 1 x [tj~, tf] — > M which is a smooth 
limit of the sequence T^ n (t), fT" <t < tf. If for some i S [tj~ , tf) the curve /|si x {rt 
is immersed, then this limiting map along this curve agrees to first order with the 
curve-shrinking flow. Thus, for some t > t~ the restriction of / to the interval [t~ , t] 
is a curve-shrinking flow. We claim that / is a curve-shrinking flow on the entire 
interval [t^~ ,tf]. Suppose not. Then there is a first t' < tf for which /|si x {t'} is 
not an immersion. According to Lemma 118.291 the maximum of the norms of the 
curvature of the curves f(t) must tend to infinity as t approaches t' from below. 
But the curvatures of f(t) are the limits of the curvatures of the family piF^ n (t) 
and hence are uniformly bounded on the entire interval [t^,tf]. This contradiction 
shows that the entire limiting surface 

/:^xK7,t+]^(M, 9 (t)) 

is a curve-shrinking flow of immersions. □ 

Remark 18.57. Notice that if the first case holds then by the choice of B we 
have a point t n & Jb(c) for which the length of T^ n (t n ) is less than e~ c ' 2 ^ 1 ~ to )("/3. 

For each n, the family of curves piF^ n (t) in M all have pir^ n (io) = T(c) as their 
initial member. Thus, these curves are all homotopically trivial. Hence, for each 
t G Jb{c) the limiting curve T(c)(t) of the piF^ n (t) is then also homotopically trivial. 
It now follows from Lemma 118.321 Claim 118.561 and Remark 118.571 that one of the 
following two conditions holds: 

(1) for some t G Jb(c) the length of T(c)(t) is less than or equal to e^ C2i - tl ^ t °\/'i 
or 

(2) the function A(t) that assigns to each t £ Jb(c) the area of the minimal 
spanning disk for piT(c)(i) satisfies 

dA(t) 1 

_AZ < _ 27r _ -R min (t)A(t) 

in the sense of forward difference quotients. 
By continuity, for any 5" > then for all n sufficiently large one of the following 
two conditions holds: 
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(1) there is t n G J B (c) such that the length of (t n ) is less than e -Ch(ti-ta)£/2, 
or 

(2) for every t G </b(c), the areas of the minimal spanning disks for pi(r^ n (£)) 
satisfy 

in the sense of forward difference quotients. 

Suppose that for every n sufficiently large, for every t G J B (c) the length of T*"(i) 
is at least e~ Ca ^ tl ~ t °^/2. We have already seen in Claim US. 511 that for every t' < t" 
in [io,£i] the areas satisfy 

A{ Pl (f^(f))) - A(p!(r^(0)) < c 4 (t" - 0- 

Since the total length of the complement Jb{c) in [to, t±] is at most 3C5S -1 , it follows 
from our choice of B that this total length is at most the constant 5' of Claim 118.541 
Invoking Claim Q235] and the fact that A(f (c)) < W(T(c)) + ( < W(T) + ( = A, 
we see that for all n sufficiently large we have 

A{ Pl (fi n (t l )))-v c {t 1 )<C/2. 

The other possibility to consider is that for each n there is t n G Jb(c) such that 
the length of f^(t n ) < e~ c ^ tl - tt ^C/2. Since J B (c) C [t ,h - B' 1 ], injhis case we 
invoke the first inequality in Corollary 118.381 to see that the length of T^ n (t) < Q/2 
for every t G [t± — B ,t±\. This completes the proof of Lemma 118.531 □ 

5.3. The completion of the proof of Proposition 118.241 Now we wish 
to pass from Lemma 118.531 which deals with an individual c G S 2 to a proof of 
Pr op osition 1 1 8 . 241 which deals with the entire family T. Let us introduce the following 
notation. Suppose that uj C S 2 is an arc. Then T(u) = U ceu) T(c) is an annulus in 
M and for each t G [io>*i] we have the annulus in M x S\. 

A finite set S C S 2 with the property that for c 6 S 2 there is c G S and an arc 
u in S 2 joining c to c so that the area of the annulus T(u) is less than v is called 
a u-net for T. Similarly, if for every c G S 2 there is c G S and an arc u connecting 
them for which the area of the annulus T^(to) is less than u, we say that S is a v-net 
for r\ Clearly, for any v there is a subset S C S 2 that is a v-net for T and for T A 
for all A sufficiently small. 

Lemma 18.58. There is a \i > such that the following holds. Let c,c G S 2 . 
Suppose that there is an arc uj in S 2 connecting c to c with the area of the annulus 
r^(to) in M x S\ less than p. Let vg, resp., v c , be the solution to Equation {18.$ 
with initial condition ue(io) = ^.(r(c)), resp., f c (io) = ^(r(c)). If 

Aipiflih)) <v, + C/2, 

then 

A(p 1 (f^(t 1 ))<v c + C. 
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Proof. First of all we require that fi < e-^n-^O'ih-to)^^ where c i 

is an upper 

bound for the norm of the Riemann curvature tensor at any point of the ambient 
Ricci flow. By Lemma 118.431 the fact that the area of the minimal annulus between 
the ramps T x (to) and Ig(io) is l ess than \i implies that the area of the minimal 
annulus between the ramps r^(ti) and V\{t\) is less than \iS^ n ~ x ^ c = £/4. 

The same estimate also holds for the image under the projection p\ of this minimal 
annulus. Thus, with this condition on fi, and for A sufficiently small, we have 

Aip^ih)) - A( Pl f x £ (h))\ <C/4. 

The other condition we impose upon fj, is that if a, a are positive numbers at most 
W(T) + £ and if a < a + \i then 

W a ,t {tl) < Wa, to (h) + C/4- 

Applying this with a = A(T(c)) and a = A(T(c)) (both of which are at most VF(T) < 
W(r) + £), we see that these two conditions on \x together imply the result. □ 

We must also examine what happens if the second alternative holds for We 
need the following lemma to treat this case. 

Lemma 18.59. There is 5 > such that for any r > there isjc > 0, depending 
on r and on the curvature bound for the ambient Ricci flow such that the following 
holds. Suppose that 7 and 7 are ramps in (M,g(t)) x S^. Suppose that the length of 
7 is at least r and suppose that on any sub-interval I of 7 of length r we have 

kds < 5. 



1 

Suppose also that there is an annulus connecting 7 and 7 of area less than ~fi. Then 
the length of 7 is at least 3/4 the length of 7. 

We give a proof of this lemma in the next section. Here we finish the proof of 
Proposition 118.241 assuming it. 

Claim 18.60. There is /j, > such that the following holds. Suppose that c,c £ S 2 
are such that there is an arc uj in S 2 connecting c and c such that the area of the 
annulus T x (u>) is at most /i. Set t2 = t\ — B" 1 . If the length o/Tg(t) is less than 
C/2 for all t G [^2,^1]; then the length of P iT x {t\) is less than Q. 

Proof. The proof is by contradiction: Suppose that the length of p\T x {t\) is at 
least £ and the length of (t) is less than £/2 for all t E \t%, tx]. Of course, it follows 
that the length of r^(^i) is also at least (. The third condition on B is equivalent 
to 

e C 2 B~i < 4/3 _ 

It then follows from Corollary 118.381 that for every t G [^2^1] the length of is 
at least 3£/4. On the other hand, by hypothesis for every such t, the length of (t) 
is less than Q/2. It follows from Equation (|18.1ip that 

J' 1 ^ k 2 ds^j dt < C 2 Qf 1 L{f x c {t))dt^j - L{f x (ti)) + L(f x (t 2 )). 
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(Here L is the length of the curve.) From this and Corollary 118.381 we see that there 
is a constant C% depending on the original family T and on the curvature of the 
ambient Ricci flow such that 



ti 



k 2 ds \dt < C 8 . 



k 2 ds < C 8 B. 



Since t± — = B 1 , this implies that there is t 1 £ [i2>*i] with 

/ 

By Cauchy-Schwarz, for any subinterval I of length < r in T x (t') we have 

J kds < ^CsBr. 

We choose < r < ( sufficiently small so that \JC%Br is less than or equal to the 
constant 5 given in Lemma 118.591 Then we set fx equal to the constant given by 
that lemma for this value of r. 

Now suppose that fx is sufficiently small so that the solution to the equation 

^ = (2n-l)\Rm git) \ f x(t) 

with initial condition /x(to) < li is less than fx on the entire interval [toj^i]- With 
this condition on li, Lemma [18.431 implies that for every t S [to^i] the ramps T^(t) 
and Tg(t) are connected by an annulus of area at most fx. In particular, this is true 
for Tc(t') and r~(i'). Now we have all the hypotheses of Lemma 118.591 at time t' . 
Applying this lemma we conclude that 

But this is a contradiction since by assumption L(T^(t')) < Q/2 and the supposition 
that L(pif£(ii)) > C led to the conclusion that L(f^(t')) > 3C/4. This contradiction 
shows that our supposition that L(pir^(ti)) > ( is false. □ 

Now we complete the proof of Proposition 118.241 

Proof, (of Proposition ll8.24[ ) Fix li > sufficiently small so that Lemma fl8.58l 
and Claim [T8.60I hold. Then we choose a ^/2-net X for T. We take A sufficiently 
small so that Lemma 118.531 holds for every c S S. We also choose A sufficiently 
small so that X is a //-net for T A . Let c 6 S 2 . Then there is c E S and an arc oj 
connecting c and c such that the area of T x (uj) < li. Let vg, resp., v c be the solution 
to Equation 118.41 with initial condition t>c(io) = ^(^(c)), resp., v c (to) = A(T(c)). 
According to Lemma [[833] either A(p 1 f x (t 1 )) < v s (ti) + C/2 or the length of T x (t) 
is less than C/2 for every t £ [t2,ti] where ti = t\ — B~ x . In the second case, 
Claim 118. 6UI implies that the length of i p^t x (t\) is less than In the first case, 
Lemma [18.581 tells us that A(piF x (ti)) < v c (ti) + This completes the proof of 
Proposition 118.241 □ 
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6. Proof of Lemma 118. 59t annuli of small area 



Except for the brief comments that follow, our proof involves geometric analysis 
that takes place on an abstract annulus with bounds on its area, upper bounds on 
its Gaussian curvature, and on integrals of the geodesic curvature on the boundary. 
Proposition 118.631 below gives the precise result along these lines. Before stating 
that proposition, we show that its hypotheses hold in the situation that arises in 
Lemma [18.59l Let us recall the situation of Lemma fl8.59l We have ramps 7 and 7 in 
which are real analytic embedded curves in the real analytic Riemannian manifold 
(M x S\,g x ds 2 ). By a slight perturbation we can assume they are disjointly 
embedded. These curves that are connected by an annulus Aq — ► M x S\ of small 
area, an area bounded above by, say, /i. We take an energy minimizing map of an 
annulus ip: A — > M x S\ spanning 7IJ7. According to |40j, ip is a real analytic 
map and the only possible singularities (non-immersed points) of the image come 
from the branch points of if), i.e., points where dip vanishes. There are finitely many 
branch points. If there are branch points on the boundary, then the restriction 
of tp to dA will be a homeomorphism rather than a diffeomorphism onto 7 TJ 7. 
Outside the branch points, ip is a conformal map onto its image. The image is an 
area minimizing annulus spanning 7IJ7. Thus, the area of the image is at most \x. 
According to |71j the only branch points on the boundary are false branch points, 
meaning that a local smooth reparameterization of the map on the interior of A near 
the boundary branch point removes the branch point. These reparameterizations 
produce a new smooth structure on A, identified with the original smooth structure 
on the complement of the boundary branch points. Using this new smooth structure 
on A the map ip is an immersion except at finitely many interior branch points. From 
now on the domain surface A is endowed with this new smooth structure. Notice 
that, after this change, the domain is no longer real analytic; it is only smooth. Also, 
the original annular coordinate is not smooth at the finitely many boundary branch 
points. 

The pullback of the metric g x ds 2 is a smooth symmetric two-tensor on A. Off 
the finite set of interior branch points it is positive definite and hence a Riemannian 
metric, and in particular, it is a Riemannian metric near the boundary. It vanishes at 
each interior branch point. Since the geodesic curvature &g eo d of the boundary of the 
annulus is given by k-n where n is the unit normal vector along the boundary pointing 
into A, we see that the restriction of the geodesic curvature to 7, /c geo d '■ 7 — ► K has 
the property that for any sub-arc I of 7 of length r we have 



Lastly, because the map of A into M x S\ is minimal, off the set of interior branch 
points, the Gaussian curvature of the pulled back metric is bounded above by the up- 
per bound for the sectional curvature of M xSl, which itself is bounded independent 
of A and t, by say C > 0. 

Next, let us deal with the singularities of the pulled back metric on A caused by 
the interior branch points. As the next claim shows, it is an easy matter to deform 
the metric slightly near each branch point without increasing the area much and 
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without changing the upper bound on the Gaussian curvature too much. Here is 
the result: 

Claim 18.61. Let if): A C M x be an area-minimizing annulus of area at 
most ji with smoothly embedded boundary as constructed above. Let h be the induced 
(possibly singular) metric on A induced by pulling back g x ds 2 by ip, and let C" > 
be an upper bound on the Gaussian curvature of h (away from the branch points). 
Then there is a deformation h of h, supported near the interior branch points, to a 
smooth metric with the property that the area of the deformed smooth metric is at 
most 2/x and where the upper bound for the curvature of h is 2C" . 

Proof. Fix an interior branch point p. Since tp is smooth and conformal onto 
its image, there is a disk in A centered at p in which h = f(z, z)\dz\ 2 for a smooth 
function / on the disk. The function / vanishes at the origin and is positive on the 
complement of the origin. Direct computation shows that the Gaussian curvature 
K (ti) of h in this disk is given by 

where A is the usual Euclidean Laplacian on the disk and |V/| 2 = (df /dx) 2 + 
{df/dy) 2 . Now consider the metric (/ + e)|<iz| 2 on the disk. Its Gaussian curvature 
is 



-A/ + |V/| 2 



3 ' 



2(/ + e) 2 2(/ + e) 

Claim 18.62. For all e > the Gaussian curvature of (/ + e)|(iz| 2 is at most 
2C". 

Proof. We see that - A/ < C"f 2 , so that 

-A/ + |V/| 2 _ (/ + e )(-A/) + |V/| 2 



(f + e) 2 (/ + e)3 (f + e) 



3 



C"f-eAf ef 2 C" 



□ 



Now we fix a smooth function p(r) which is identically one on a subdisk D' of D 
and vanishes near dD and we replace the metric h on the disk by 

K = {f + ep{r))\dz\ 2 . 

The above computation shows that the Gaussian curvature of h t on D' is bounded 
above by 2C" . As e tends to zero the restriction of the metric h e to D\D' converges 
uniformly in the C°°-topology to h. Thus, for all e > sufficiently small the Gaussian 
curvature of h e on D \ D' will also be bounded by 2C" . Clearly, as e tends to zero 
the area of the metric h e on D tends to the area of /j on D. 

Performing this construction near each of the finite number of interior branch 
points and taking e sufficiently small gives the perturbation h as required. □ 
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Thus, if 7 and 7 are ramps as in Lemma 118.591 then replacing 7 by a close 
C 2 approximation we have an abstract smooth annulus with a Riemannian met- 
ric connecting 7 and 7. Taking limits shows that establishing the conclusion of 
Lemma 118.591 for a sequence of better and better approximations to 7 will also es- 
tablish it for 7. This allows us to assume that 7 and 7 are disjoint. The area of this 
annulus is bounded above by a constant arbitrarily close to fi. The Gaussian curva- 
ture of the Riemannian metric is bounded above by a constant depending only on 
the curvature bounds of the ambient Ricci flow. Finally, the integral of the absolute 
value of the geodesic curvature over any interval of length r of 7 is at most 5. 

With all these preliminary remarks, we see that Lemma 118.591 follows from: 

Proposition 18.63. Fix < 5 < 1/100. For each < r and C" < 00 there is 
a [i > such that the following holds. Suppose that A is an annulus with boundary 
components cq andc\. Denote by l(co) andl{c{) the lengths of Co andc\, respectively. 
Suppose that the Gaussian curvature of A is bounded above by C" . Suppose that 
1(cq) > r and that for each sub-interval I of cq of length r, the integral of the 
absolute value of the geodesic curvature along I is less than 5. Suppose that the area 
of A is less than /i. Then 

l(ci) > |i(co). 

To us, this statement was intuitively extremely reasonable but we could not find 
a result along these lines stated in the literature. Also, in the end, the argument we 
constructed is quite involved, though elementary. 

The intuition is that we exponentiate in from the boundary component cq using 
the family of geodesies perpendicular to the boundary. The bounds on the Gaussian 
curvature and local bounds on the geodesic curvature of cq imply that the exponen- 
tial mapping will be an immersion out to some fixed distance 5 or until the geodesies 
meet the other boundary, whichever comes first. Furthermore, the metric induced 
by this immersion will be close to the product metric. Thus, if there is not much 
area, it must be the case that, in the measure sense, most of the geodesies in this 
family must meet the other boundary before distance 5. One then deduces the length 
inequality. There are two main difficulties with this argument that must be dealt 
with. The first is due to the fact that we do not have a pointwise bound on the geo- 
desic curvature of cq, only an integral bound of the absolute value over all curves of 
short length. There may be points of arbitrarily high geodesic curvature. Of course, 
the length of the boundary where the geodesic curvature is large is very small. On 
these small intervals the exponential mapping will not be an immersion out to any 
fixed distance. We could of course, simply omit these regions from consideration 
and work on the complement. But these small regions of high geodesic curvature on 
the boundary can cause focusing (i.e., crossing of the nearby geodesies). We must 
estimate out to what length along the boundary this happens. Our first impression 
was that the length along the boundary where focusing occurred would be bounded 
in terms of the total turning along the arc in cq. We were not able to establish 
this. Rather we found a weaker estimate where this focusing length is bounded in 
terms of the total turning and the area bounded by the triangle cut out by the 
two geodesies that meet. This is a strong enough result for our application. Since 
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the area is small and the turning on any interval of length r is small, a maximal 
collection of focusing regions will meet each interval of length r in cq in a subset of 
small total length. Thus, on the complement (which is most of the length of Co) the 
exponential mapping will be an immersion out to length 5 and will be an embed- 
ding when restricted to each interval of length one. The second issue to face is to 
show that the exponential mapping on this set is in fact an embedding, not just an 
immersion. Here one uses standard arguments invoking the Gauss-Bonnet theorem 
to rule out various types of pathologies, e.g., that the individual geodesies are not 
embedded or geodesies that end on cq rather than c\, etc. Once these are ruled out, 
one has established that the exponential map on this subset is an embedding and 
the argument finishes as indicated above. 

6.1. First reductions. Of course, if the hypothesis of the proposition holds 
for r > then it holds for any < r' < r. This allows us to assume that r < 
min((C") -1 / 2 , 1). Now let us scale the metric by 4r -2 . The area of A with the 
rescaled metric is 4r -2 times the area of A with the original metric. The Gaussian 
curvature of A with the rescaled metric is less than (r 2 C"/4) < 1. Furthermore, 
in the rescaled metric cq has length greater than 2 and the total curvature along 
any interval of length 1 in cq is at most 5. This allows us to assume (as we shall) 
that r = 1, that C" < 1, and that 1(cq) > 2. We must find a /i > such that the 
proposition holds provided that the area of the annulus is less than \x. 

The function /c ge od : Co — > M is smooth. We choose a regular value a for k geo( ± with 
1 < a < 1.1. In this way we divide cq into two disjoint subsets, Y where kg eot ^ ^> o?, 
and X where /c geo d < a - The subset Y is a union of finitely many disjoint open 
intervals and X is a disjoint union of finitely many closed intervals. 

Remark 18.64. The condition on fc geo d implies that for any arc J in cq of length 
1 the total length of J D Y is less than 5. 

Fix 5' > 0. For each x £ X there is a geodesic D x in A whose initial point is x 
and whose initial direction is orthogonal to cq. Let fix) be the minimum of 5 and 
the distance along D x to the first point (excluding x) of its intersection with dA. 
We set 

S x (6') = {(x,t)eXx[0,6']\ t<f(x)}. 

The subset Sx(5') inherits a Riemannian metric from the product of the metric on 
X induced by the embedding X C cq and the standard metric on the interval [0, 5']. 

Claim 18.65. There is 5' > such that the following holds. The exponential 
mapping defines a map exp: Sx(5') —> A which is a local diffeomorphism and the 
pullback of the metric on A defines a metric on S X (S') which is at least (1 — 5) 2 
times the given product metric. 

PROOF. This is a standard computation using the Gaussian curvature upper 
bound and the geodesic curvature bound. □ 

Now we fix < 5' < 1/10 so that Claim [18.651 holds, and we set Sx = S X (S'). 
We define 

d + Sx = {{x,t)eS x \t = f(x)}. 
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Then the boundary of Sx is made up of X, the arcs {x} x [0, f(x)] for x £ dX and 
d+(Sx)- For any subset Zclwe denote by Sz the intersection (Z x [0, 5]) n Sx, 
and we denote by d+(Sz) the intersection of n d+Sx- 

Lastly, we fix \x > with /i < (1 — 5) 2 (5')/10. Notice that this implies that 
\x < 1/100. We now assume that the area of A is less than this value of \i (and recall 
that r = 1, C" = 1 and 1(cq) > 2). We must show that Z(c x ) > 3Z(c )/4. 

6.2. Focusing triangles. By a focusing triangle we mean the following. We 
have distinct points x, y £ X and sub-geodesics D' x C D x and C D y that are 
embedded arcs with x, respectively y, as an endpoint. The intersection D' x n .D^ is 
a single point which is the other endpoint of each of D' x and D' y . Notice that since 
D' x C D x and D' y C D y , by construction both D' x and have lengths at most 5' . 
We have an arc £ in co with endpoints x and y and the loop £ * -D^ * (Z^.) -1 bounds 
a disk £> in A. The arc £ is called the base of the focusing triangle and with, respect 
to an orientation of cq, if x is the initial point of £ then D x is called the left-hand 
side of the focusing triangle and D' is called its right-hand side. See Fig. [TJ 




x - y 



Figure 1. Focusing triangle. 

Our main goal here is the following lemma which gives an upper bound for the 
length of the base, £, of a focusing triangle in terms of the turning along the base 
and the area of the region B enclosed by the triangle. 

Lemma 18.66. Suppose that we have a focusing triangle T with base £ bounding 
a disk B in A. Suppose that the length of £ is at most one. Then 

1(0 < (^J k gcod ds + Area(-B)^ . 

Proof. We begin with a preliminary computation. We denote by a(B) the area 
of B. We define 

t^ = kg eo dds and T^= I |feg eo d|^s- 

h h 

Recall that given a piecewise smooth curve, its total turning is the integral of the 
geodesic curvature over the smooth part of the bofe^dary plus the sum over the break 
points of 7r minus the interior angle at the break point. The Gauss-Bonnet theorem 
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tells us that for any compact surface with piecewise smooth boundary the integral of 
the Gaussian curvature over the interior of the surface plus the total turning around 
the boundary equals 2tt times the Euler characteristic of the surface. 

Claim 18.67. The angle Ob between D' x and D y at the vertex v satisfies 

B < t£ + a(B) 

and for any measurable subset B' C B we have 

Ob~H- a(B) < / Kda < a{B). 
Jb' 

Proof. Since D' x and D' y meet dA in right angles, the total turning around the 
boundary of B is 

t s + 2vr - Ob- 

Thus, by Gauss-Bonnet, we have 

B = / Kda + t£. 
Jb 

But K < 1, giving the first stated inequality. On the other hand J B Kda = 
J B K + da + J B K~da, where K + = wax{K,Q) and K~ = K - K+. Since < 
f B K + da < a{B) and J B K~ < 0, the second string of inequalities follows. □ 

In order to make the computation we need to know that this triangle is the 
image under the exponential mapping of a spray of geodesies out of the vertex v. 
Establishing that requires some work. 

Claim 18.68. Let a E int£. There is a shortest path in B from a to v. This 
shortest path is a geodesic meeting dB only in its end points. It has length < 
(1/2) + 5'. 

Proof. The length estimate is obvious: Since £ has length at most 1, a path 
along dA n B from a to the closest of x and y has length at most 1/2. The corre- 
sponding side has length at most 8' . Thus, there is a path from a to v in B of length 
at most (1/2) + 5'. 

Standard convergence arguments show that there is a shortest path in B from a 
to v. Fix a E int(cM fi B). It is clear that the shortest path cannot meet either of 
the 'sides' D' x and D' y at any point other than v. If it did, then there would be an 
angle at this point and a local shortcut, cutting off a small piece of the angle, would 
provide a shorter path. We must rule out that the shortest path from a to v meets 
dA n B in another point. If it does, let a' be the last such point (parameterizing 
the geodesic starting at a). The shortest path from a then leaves OA at a' in the 
direction tangent at a' to dA. (Otherwise, we would have an angle which would 
allow us to shorten the path just as before.) This means that we have a geodesic 7 
from v to a' whose interior is contained in the interior of B and which is tangent to 
dA at a! . We label the endpoints of dA n B so that the union of 7 and the interval 
on dA n B from a' to y gives a C 1 -curve. Consider the disc B' bounded by 7, the 
arc of dA from a' to y, and D' y . The total turning around the boundary is at most 
3n/2 + 5, and the integral of the Gaussian curvature over B' is at most the area of 
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B, which is less than fj, < 1/20 < (tt/4) — <5. This contradicts the Gauss-Bonnet 
theorem. □ 

Claim 18.69. For any a G (dA n B) there is a unique minimal geodesic in B 
from a to v. 

Proof. Suppose not; suppose there are two 7 and 7' from v to a. Since they 
are both minimal in B, each is embedded, and they must be disjoint except for 
their endpoints. The upper bound on the curvature and the Gauss-Bonnet theorem 
implies that the angles that they make at each endpoint are less than [i < tt/2. 
Thus, there is a spray of geodesies (i.e. geodesies determined by an interval (3 in the 
circle of directions at v) coming out of v and moving into B with extremal members 
of the spray being 7 and 7'. The geodesies 7 and 7' have length at most (1/2) + 5' , 
and hence the exponential mapping from v is a local diffeomorphism on all geodesies 
of length at most the length of 7. Since the angle they make at a is less than ir/2 
and since the exponential mapping is a local diffeomorphism near 7, as we move 
in from the 7 end of the spray we find geodesies from v of length less than the 
length of 7 ending on points of 7'. The same Gauss-Bonnet argument shows that 
the angles that each of these shorter geodesies makes with 7' is at most fi. Consider 
the subset (3' of j3 which are directions of geodesies in B of length < (1/2) + 5' that 
end on points of 7' and make an angle less than /i with 7'. We have just seen that 
j3' contains an open neighborhood of the end of (3 corresponding to 7. Since the 
Gaussian curvature is bounded above by 1, and these geodesies all have length at 
most 1/2 + 5, it follows that the exponential map is a local diffeomorphism near all 
such geodesies. Thus, is an open subset of (3. On the other, hand if the direction 
of 7" 7^ 7' is a point b" £ (3 which is an endpoint of an open interval /?', and if this 
interval separates b" from the direction of 7 then the length of 7" is less than the 
length of each point in the interval. Hence, the length of 7" is less than (1/2) + 5' . 
Invoking Gauss-Bonnet again we see that the angle between 7" and 7' is < /x. 

This proves that if U is an open interval in (3' then the endpoint of U closest to the 
direction of 7' is also contained in (3' (unless that endpoint is the direction of 7'). It 
is now elementary to see that (3' is all of (3 except the endpoint corresponding to 7'. 
But this is impossible. Since the exponential mapping is a local diffeomorphism out 
to distance (1/2) + 5' , and since 7' is embedded, any geodesic from v whose initial 
direction is sufficiently close to that of 7' and whose length is at most (1/2) + 5' will 
not cross 7'. □ 

See Fig. [2] 

Remark 18.70. The same argument shows that from any a £ (dA n B) there is 
a unique embedded geodesic in B from v to a with length at most (1/2) + 5' . (Such 
geodesies may cross more than once, but the argument given in the lemma applies 
to sub-geodesics from v to the first point of intersection along 7.) 

Let E be the sub-interval of the circle of tangent directions at v consisting of all 
tangent directions of geodesies pointing into B at v. The endpoints of E are the 
tangent directions for D' x and D' y . We define a function from £ to the interval E 
by assigning to each a 6 £ the direction at v of the unique minimal geodesic in B 
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V 




Figure 2. Spray of geodesies from v. 

from v to a. Since the minimal geodesic is unique, this function is continuous and, 
by the above remark, associates to x and y the endpoints of E. Since geodesies 
are determined by their initial directions, this function is one-to-one. Hence it is a 
homeomorphism from ^ to E. That is to say the spray of geodesies coming out of 
v determined by the interval E produces a diffeomorphism between a wedge-shaped 
subset of the tangent space at v and B. Each of the geodesies in question ends when 
it meets £. 

Now that we have shown that the region enclosed by the triangle is the image 
under the exponential map from the vertex v of a wedge-shaped region in the tan- 
gent space at v, we can make the usual computation relating length and geodesic 
curvature. To do this we pull back to the tangent space at v, and, using polar 
coordinates, we write £ as {s = h(if));t/j G E} where s is the radial coordinate and 
ip is the angular coordinate. Notice that h{ip) < (1/2) + 5' for all ip 6 E. (In fact, 
because the angles of intersection at the boundary are all close to ir/2 we can give a 
much better estimate on h but we do not need it.) We consider the one-parameter 
family of arcs X(t) defined to be the graph of the function t \— ► s(t) = th(ifi), for 
< t < 1. We set/ (t) equal to the length of A(t). 

Claim 18.71. 

— (t) < max^/i^) / k geod ds. 
at J\(t) 

Proof. First of all notice that, by construction, the curve £, which is defined by 
{s = h(ip)}, is orthogonal to the radial geodesies to the endpoints. As a consequence, 
h'(ip) = at the endpoints. Thus, each of the curves X(t) is orthogonal to the radial 
geodesies through its end points. Therefore, as we vary the family A(i) the formula 
for the derivative of the length is 

i'(t) = [ k geod (ip)h(^)\cos(e^,t))\d s 

where 9(i(),t) is the angle at (th(iji) , ip) between the curve s = th(t/j) and the radial 
geodesic. The result follows immediately. □ 

Next, we must bound the turning of \(t). For this we invoke the Gauss-Bonnet 
theorem once again. Applying this to the wedge-shaped disk W(t) cut out by X(t) 
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A(t) 



kgeodds = 9b- 



From Claim [T8. 671 we conclude that 




kgeodds < t% + a(B). 



Of course, by Claim [TB. 681 we have max^, g £;/i(^) < (1/2) +5' . Since 1(0) = 0, this 



Corollary 18.72. Suppose thatT is a focusing triangle with base £ of length at 
most one. Then the length of £ is at most 5 + fi. More generally, suppose we have 
a collection of focusing triangles T\, . . . ,T n whose bases all lie in a fixed interval of 
length one in c$ . Suppose also that the interiors of disks bounded by these focusing 
triangles are disjoint. Then the sum of the lengths of the bases is at most 5 + fj,. 

Proof. The first statement is immediate from the previous lemma. The second 
comes from the fact that the sum of the areas of the disks bounded by the % is at 
most jx and the sum of the total turnings of the £j is at most 8. □ 

This completes our work on the local focusing issue. It remains to deal with global 
pathologies that would prevent the exponential mapping from being an embedding 
out to distance 5'. 

6.3. No D x is an embedded arc with both ends in cq. One thing that we 
must show is that the geodesies D x are embedded. Here is a special case that will 
serve some of our purposes. 

Lemma 18.73. For each x £ X, there is no non-trivial sub-geodesic of D x which 
is a homotopically trivial embedded loop in A. 

Proof. Were there such a loop, its total turning would be ir minus the angle it 
makes when the endpoints of the arc meet. Since K < 1 and the area of the disk 
bounded by this loop is less than the area of A which in turn is less than \x < ir, one 
obtains a contradiction to the Gauss-Bonnet theorem. □ 

Next, we rule out the possibility that one of the geodesies D x has both endpoints 
contained in cq. This is the main result of this section. In a sense, what the 
argument we give here shows that if there is a D x with both ends on cq, then under 
the assumption of small area, D x cuts off a thin tentacle of the annulus. But out 
near the end of this thin tentacle there must be a short arc with large total turning, 
violating our hypothesis on the integrals of the geodesic curvature over arcs of length 
at most one. 

Lemma 18.74. There is no x for which D x is an embedded arc with both endpoints 
on cq and otherwise disjoint from dA. 




This completes the proof of Lemma 118.661 



□ 
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Proof. Suppose that there were such a D x . Then D x separates A into two 
components, one of which, B, is a topological disk. Let c' be the intersection of cq 
with B. We consider two cases: Case (i): l(c' ) < 1 and Case (ii): l(c' ) > 1. 

Let us show that the first case is not possible. Since D x is a geodesic and D x is 
perpendicular to cq at one end, the total turning around the boundary of B is at 
most 



where the last inequality uses the fact that the length of Cg is at most one. On 
the other hand, j B Kda < ^, and /i < 1/20 < (vr/2) — 5. This contradicts the 
Gauss-Bonnet theorem. 

Now let us consider the second case. Let J be the subinterval of c with one 
end point being x and with the length of J being one. We orient J so that x is its 
initial point. We set Xj = J n X. We define Sxj(B) C Sxj as follows. For each 
y G Xj we let be the minimum of 5' and the distance along D y to the first 

point (excluding y) of D y contained in dB and let D y (B) be the sub-geodesic of 
D y of this length starting at y. Then Sxj(B) C Sxj is the union over y G Xj of 
[0, fs {y)]- Clearly, the exponential mapping defines an immersion of Sxj(B) into B. 
We need to replace Xj by a slightly smaller subset in order to make the exponential 
mapping be an embedding. To do this we shall remove bases of a maximal focusing 
triangles in B. 

First notice that for each y G Xj the exponential mapping is an embedding on 
D y (B). The reason is that the image of D y {B) is a geodesic contained in the ball 
B. Lemma 118.731 then shows that this geodesic is embedded. This leads to: 

Claim 18.75. For any component c of Xj, the restriction of the exponential 
mapping to S C (B) = (c x [0,5')) n Sx 7 (B) is an embedding. 

PROOF. Since the geodesies that make up S C (B) have length at most 5' < 1/10 
and since the curvature of the annulus is bounded above by 1, the restriction of the 
exponential mapping to S C (B) is a local diffeomorphism. The restriction to each 
{y} x [0, fsiy)] is an embedding onto D y (B). If the restriction of the exponential 
mapping to S C (B) is not an embedding, then there are y ^ y' in c such that the 
geodesies D y (B) and D y /(B) meet. When they meet, they meet at a positive angle 
and by the Gauss-Bonnet theorem this angle is less than fx+8. Thus, all the geodesies 
starting at points sufficiently close to y' and between y and y' along c must also meet 
D y (B). Of course, if a sequence of D yi (B) meet D y (B), then the same is true for 
the limit. It now follows that D y ii{B) meets D y (B) for all y" between y and y' . This 
contradicts the fact that D y {B) is embedded. □ 

Claim 18.76. Any focusing triangle for J must contain a component of J\Xj. 
If {T n } is an infinite sequence of focus triangles for J, then, after passing to a 
subsequence, there is a limiting focusing triangle for J. 

Proof. The first statement is immediate from Claim 118.751 Since X n J is 
compact, it is clear that after passing to a subsequence each of the sequence of left- 
hand sides and the sequence of right-hand sides converge to a geodesic arc orthogonal 
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to J at points of X. Furthermore, these limiting geodesies meet in a point at distance 
at most 5' from the end of each. The only thing remaining to show is that the limiting 
left- and right-hand sides do not begin at the same point of X. This is clear since 
each focusing triangle contains one of the finitely many components of J \ Xj. □ 

Using Claim 118.761 we see that if there is a focusing triangle for J there is a first 
point x\ in Xj whose associated geodesic contains the left-hand side of a focusing 
triangle for J. Then since the base length of any focusing triangle is bounded by 
a fixed constant, invoking again Claim 118.761 that there is a focusing triangle T\ 
for J that has left-hand side contained in the geodesic D X1 and has a maximal 
base among all such focusing triangles, Maximal in the sense that the base of this 
focusing triangle contains the base of any other focusing triangle with left-hand side 
contained in D Xl . Denote its base by £i and denote the right-hand endpoint of £i 
by yi. For the triangle we take the geodesic arcs to the first point of intersection 
measured along D yi . Set J\ = J \ £, and repeat the process for J\. If there is a 
focusing triangle for J\ we find the first left-hand side of such focusing triangles and 
then find the maximal focusing triangle T2 with this left-hand side. 

Claim 18.77. The interior 0/72 is disjoint from the interior ofT\. 

Proof. Since by construction the interiors of the bases of T\ and T2 are disjoint, 
if the interior of 7j meets T\ , then one of the sides of T2 crosses the interior of one of 
the sides of T\. But since T\ is a maximal focusing triangle with its left-hand side, 
neither of the sides of 7j can cross the interior of the left-hand side of T\ . If one of 
the sides of T2 crosses the interior of the right-hand side of T\ , then the right-hand 
side of T\ is the left-hand side of a focusing triangle for J\. Since by construction 
the left-hand side of 72 is the first such, this means that the left-hand side of 72 
is the right-hand side of T\. This means that the right-hand side of 72 terminates 
when it meets the right-hand side of 7i and hence the right-hand side of 72 ends the 
first time that it meets the right-hand side of 7i and hence does not cross it. □ 

We continue in this way constructing focusing triangles for J with disjoint interi- 
ors. Since each focusing triangle for J contains a component of J\Xj, and as there 
are only finitely many such components, this process must terminate after a finite 
number of steps. Let T%, ... ,7^ be the focusing triangles so constructed, and denote 
by & the base of %. Let X' J = Xj\ uf =1 &. 

Definition 18.78. We call the triangles 71, ... ,7^ constructed above, the max- 
imal set of focusing triangles for J relative to B. 

Claim 18.79. The length of Xj is at least 1 — 25 — \i. 

Proof. Since the interiors of the 7J are disjoint, according to Corollary 118.721 
we have Y2i Kd) < ^ + M- We also know by Remark 118.641 that the length of Xj is 
at least (1 — 5). Putting these together gives the result. □ 

We define Sx' (B) to be the intersection of Sxj(B) with S x y 

Claim 18.80. The restriction of the exponential mapping to Sx'^B) is an em- 
bedding. 
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PROOF. Suppose that we have distinct points x',y' in X'j such that D x i{B) n 
Dyi(B) ^ 0. We assume that x' < y' in the orientation on J. Then there is a 
focusing triangle for J whose base is the sub-arc of J with endpoints x' and y', and 
hence the left-hand side of the focusing triangle is contained in D x i{B). Since x' 
is not a point of Ui^i either it lies between two of them, say £j and Cj+i or h nes 
between the initial point x of J and the initial point of £i or it lies between the last 
£ n and the final point of J. 

But x' cannot lie before £i, for this would contradict the construction which took 
as the left-hand endpoint of £i the first point of J whose geodesic contained the 
left-hand side of a focusing triangle for J. Similarly, x' cannot lie between £j and 
for any j since the left-hand endpoint of is the first point at or after the 
right-hand endpoint of £j whose geodesic contains the left-hand side of a focusing 
triangle for J. Lastly, x' cannot lie to the right of the last , for then we would not 
have finished the inductive construction. □ 

We pull back the metric of A to the Sjf^(B) by the exponential mapping. Since 
this pullback metric is at least (1 — 5) 2 times the product of the metric on X'j induced 
from Co and the usual metric on the interval, and since the map on this subset is 
an embedding, we see that the area of the region of the annulus which is the image 
under the exponential mapping of this subset is at least 



where s is arc length along X'j. Of course, the area of this subset is at most fi. This 
means that, setting Z equal to the subset of X'j{5') given by 



where the last inequality is an immediate consequence of our choice of /u. Thus, 
the length of Z is at least (0.9 - 26 - fx) > 0.87. Let d + S z (B) be the union of the 
final endpoints (as opposed to the initial points) of the D X (B) as x ranges over Z. 
Of course, since < 5' for all z E Z, it must be the case that the exponential 

mapping embeds d+Sz(B) into dB. Furthermore, the total length of the image of 
d + Sz(B) is at least (1 — 6)l(Z) > 0.86. The boundary of B is made up of two pieces: 
D x and an arc on cq. But the length of D x is at most 5' < 1/20 so that not all of 
d+Sz{B) can be contained in D x . Thus, there is z 6 Z, distinct from x such that 
D z has both endpoints in cq. It then follows that all points of Z that are separated 
(along J) from x by z have the same property. Since the length of Z is at least 0.86, 
it follows that there is a point z & X aX least distance 0.85 along J from x with the 
property that D z has both endpoints in cq. The complementary component of D z 
in A, denoted B', is a disk that is contained in B and the length of B' n cq is at least 
0.85 less than the length of B n cq. 

The length of B' n cq cannot be less than 1, for that gives a contradiction. But if 
the length of B' n cq is greater than one, we now repeat this construction replacing 




Z = {z G X'j\f B (z) < 6'} 



the total length of X'j \ Z satisfies 



l{X'j\Z)<{l-8)-\5')-\i<±- 
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B by B' . Continuing in this way we eventually we cut down the length of B n cq to 
be less than one and hence reach a contradiction. □ 

6.4. For every x G X, the geodesic D x is embedded. The steps in the 
above argument inductively constructing disjoint maximal focusing triangles and 
showing that their bases have a small length and that off of them the map is an 
embedding will be repeated in two other contexts. The next context is to rule out 
the case when a sub-arc of D x forms a homotopically non-trivial loop in A. 

Lemma 18.81. For any x G X there is no sub-geodesic of D x that is an embedded 
loop in A. 

Proof. We have already treated the case when the loop bounds a disk. Now we 
need to treat the case when the loop is homotopically non-trivial in A. Let D' x C D x 
be the minimal compact sub-geodesic containing x that is not an embedded arc. Let 
int-B be the complementary component of D' x in A that contains cq \ {x}. There 
is a natural compactification of int B as a disk and an immersion of this disk into 

A, an immersion that is two-to-one along the shortest sub- geodesic of D' x from x to 
the point of intersection of D x with itself. We do exactly the same construction as 
before. Take a sub-arc J of length one with x as an endpoint and construct Sxj(B) 
consisting of the union of the sub- geodesies of D z , for z £ J(~)X that do not cross the 
boundary of B. We then construct a sequence of maximal focusing triangles along 
J relative to B just as in the previous case. In this way we construct a subset Z of 
X n J of total length at least 0.87 with the property that for every z G Z the final 
end of D' Z {B) lies in dB. Furthermore, the length of the arcs that these final ends 
sweep out is at least 0.86. Hence, since the total length of the part of the boundary 
of B coming from D' x is at most 25' < 0.2, there must be a z G Z for which D Z {B) 
has both ends in Co- This puts us back in the case ruled out in Lemma 118.741 □ 

6.5. Far apart D x s don't meet. Now the last thing that can prevent the 
exponential mapping in the complement of the focusing triangles from being an 
embedding is that geodesies D x and D y might meet even though x and y are far 
apart along cq. Our next goal is to rule this out. 

Lemma 18.82. Let x,y be distinct points of X. Suppose that there are sub- 
geodesics D' x C D x and D' C D y with a common endpoint. Then the arc D' x *(D' y )~ 1 
cuts A into two complementary components, exactly one of which is a disk, denoted 

B. Then it is not possible for B Dcq to contain an arc of length 1. 

Proof. The proof is exactly the same as in Lemma 118.741 except that the part 
of the boundary of B that one wants to avoid has length at most 25' < 0.2 instead 
of 5'. Still, since (in the notation of the proof of Lemma |18.74|) the total length of 
Z is at least 0.87 so that the lengths of the other ends of the D z as z ranges over Z 
is at least 0.86, there is z G Z for which both ends of D z lie in cq. Again this puts 
us back in the case ruled out by Lemma 118.741 □ 

As a special case of this result we have the following. 

Corollary 18.83. Suppose that we have an arc £ of length at most 1 on cq. 
Denote the endpoints of £ by x and y and suppose that D x n D y ^ 0. Let D' x and 
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D' y be sub- geodesies containing x and y respectively ending at the same point, v, and 
otherwise disjoint. Then the loop £ * D' y * (D' x )~ l bounds a disk in A. 

Proof. If not, then it is homotopically non-trivial in A and replacing £ by its 
complement, cq \ int£, gives us exactly the situation of the previous lemma. (The 
length of Co \ int£ is at least one since the length of cq is at least 2.) □ 

Let us now summarize what we have established so far about the intersections of 
the geodesies {D x } xeX - 

Corollary 18.84. For each x £ X , the geodesic D x is an embedded arc in A. 
Either it has length 5' or its final point lies on c\. Suppose there are x ^ x' in 
X with D x Pi D x / ^ 0. Then there is an arc £ on cq connecting x to x' with the 
length of £ at most S + \i. Furthermore, for sub-geodesics D x C D x , containing x, 
and D' i C D x i , containing x' , that intersect exactly in an endpoint of each, the loop 
£ * D' x , * (D' x )~ l bounds a disk B in A, and the length of £ is at most the turning of 
£ plus the area of B . 

6.6. Completion of the proof. We have now completed all the technical work 
on focusing and we have also shown that the restriction of the exponential mapping 
to the complement of the bases of the focusing regions is an embedding. We are now 
ready to complete the proof of Proposition 118.631 

Let J be an interval of length one in cq. Because of Corollary 118.841 we can 
construct the maximal focusing triangles for J as follows. Orient J, and begin at 
the initial point of J. At each step we consider the first x (in the subinterval of J 
under consideration) which intersects a D y for some later y G J. If we have such 
y, then we can construct the sides of the putative triangle for sub-geodesics of D x 
and D y . But we need to know that we have a focusing triangle. This is the content 
of Corollary 118.831 The same reasoning works when we construct the maximal such 
focusing triangle with a given left-hand side, and then when we show that in the 
complement of the focusing triangles the map is an embedding. Thus, as before, for 
an interval J of length 1, we construct a subset X'j C X n J of length at least 0.97 
such that the restriction of the exponential mapping to Sx> r is an embedding. Again 
the area estimate shows that there is a subset Z C X'j whose length is at least 0.87 
with the property that for every z € Z the geodesic D z has both endpoints in dA. 
By Lemma [18.74| the only possibility for the final endpoints of all these D z 's is that 
they lie in c\. 

In particular, there are x 6 X for which D x spans from cq to c\. We pick one such, 
xo, contained in the interior of X, and use it as the starting point for a construction 
of maximal focusing triangles all the way around cq. What we are doing at this point 
actually is cutting the annulus open along D xo to obtain a disk and we construct a 
maximal family of focusing triangles of the interval [x ,Xg] obtained by cutting cq 
open at xq relative to this disk. Here x' and x'q are the points of the disk that map 
to xq when the disk is identified to form A. Briefly, having constructed a maximal 
collection of focusing triangles for a subinterval [x ,x], we consider the first point y 
in the complementary interval [x, x'q] with the property that there is y' in this same 
interval, further along with D y f]D y i ^ 0. Then, using Corollary 1 1 8 . 84 1 we construct 
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the maximal focusing triangle on [x, x'q] with left-hand side being a sub-geodesic of 
D y . We then continue the construction inductively until we reach x'q. Denote by 
£1, . . . , the bases of these focusing triangles and let X' be X \ Uj£j. 

The arguments above show that the exponential mapping is an embedding of Sx 1 
to the annulus. 

Claim 18.85. For every subinterval J of length one in cq the total length of the 
bases & that meet J is at most 25 + fx < 0.03. 

Proof. Since, by Corollary 118.721 every base of a focusing triangle has length 
at most S + fj,, we see that the union of the bases of focusing triangles meeting J is 
contained in an interval of length 1 + 2(5 + fi) < 2. Hence, the total turning of the 
bases of these focusing triangles is at most 25 whereas the sum of their areas is at 
most fi. The result now follows from Corollary 118.721 □ 

By hypothesis there is an integer n > 1 such that the length 1(cq) of cq is greater 
than n but less than or equal to n + 1. Then it follows from the above that the total 
length of the bases of all the focusing triangles in our family is at most 

(n + 1)(25 + fj)< 0.03(n + 1) < 0.06n < 0.06Z(c ). 

Since the restriction of the exponential mapping to Sx' is an embedding, it follows 
from Claim [T8. 651 and the choice of 5' that, for any open subset Z of X' , the area of 
the image under the exponential mapping of Sz is at least (1— 5) 2 f z f(x)ds, where ds 
is the arc length along Z. Also, the image under the exponential mapping of d+(Sz) 
is an embedded arc in A of length at least (1 — 5)l(Z). Since the length of X' is at 
least (0.94)/(co) and since the area of A is less than fi < (1 — 5) 2 5' /10, it follows that 
the subset of X' on which / takes the value 5' has length at most 0.10 < (O.lO)Z(co). 
Hence, there is a subset X" C X' of total length at least (0.84)/(co) with the property 
that f(x) < 5' for all x £ X" . This means that for every x £ X" the geodesic D x 
spans from cq to ci, and hence the exponential mapping embeds d+Sx" into c\. But 
we have just seen that the length of the image under the exponential mapping of 
d + Sx" is at least 

(1 - 5)l(X") > (0.9d)l(X") > (0.83)Z(cq). 

It follows that the length of c% is at least (0.83)Z(co) > 3(/(co))/4. 
This completes the proof. 

7. Proof of the first inequality in Lemma 118.521 

Here is the statement that we wish to establish when the manifold (W,h(t)) is 
the product of (M,g(t)) x (S{,ds 2 ). 

Lemma 18.86. Let (W, h(t)), t < t < t\, be a Ricci flow and fix 6 < oo. Then 
there exist constants 5 > and < ro < 1 depending only on the curvature bound for 
the ambient Ricci flow and O such that the following holds. Let c(x,t), to < t < t\, 
be a curve-shrinking flow with c(-,t) immersed for each t £ [toj^l] and with the total 
curvature of c(-,to) being at most 0. Suppose that there is < r < ro and at a time 
t' G [to,ti — 5r 2 ] such that the length of c(-,t') is at least r and the total curvature 
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of c(-,t') on any sub-arc of length r is at most 5. Then for every t G [t' , t! + 5r 2 ] the 
curvature k satisfies 



The rest of this section is devoted to the proof of this lemma. In [2] such a 
local estimate was established when the ambient manifold was Euclidean space and 
the curve in question is a graph. A related result for hypersurfaces that are graphs 
appears in [19j . The passage from Euclidean space to a general Ricci flow is straight- 
forward, but it is more delicate to use the bound on total curvature on initial sub-arcs 
of length r to show that in appropriate coordinates the evolving curve can be written 
as an evolving graph, so that the analysis in [2] can be applied. 

We fix 5 > sufficiently small. We fix t' € [to, t\ — 5r 2 ] for which the hypotheses 
of the lemma hold. The strategy of the proof is to first restrict to the maximum 
subinterval of [t',t 2 ] of [t',t' + 5r 2 } on which k is bounded by \/2/(t - t'). If t 2 < 
t' + 5r 2 , then k achieves the bound \/2/(t — t') at time t 2 . We show that in fact on 
this subinterval k never achieves the bound. The result then follows. To show that k 
never achieves the bound, we show that on a possibly smaller interval of time [£',£3] 
with £3 < t 2 we can write the restriction of the curve-shrinking flow to any interval 
whose length at time t' is (0.9)r as a family of graphs in a local coordinate system so 
that the function / (of arc and time) defining the graph has derivative along the arc 
bounded in norm by 1/2. We take £3 < t 2 maximal with respect to these conditions. 
Then with both the bound on k and the bound on the derivative of / one shows 
that the spatial derivative of / never reaches 1/2 and also that the curves do not 
move too much so that they always remain in the coordinate patch. The only way 
that this can happen is that if t 2 = £3, that is to say, on the entire time interval 
where we have the curvature bound, we also can write the curve-shrinking flow as 
a flow of graphs with small spatial derivatives. Then it is convenient to replace the 
curve-shrinking flow by an equivalent flow, introduced in [2], called the graph flow. 
Applying a simple maximum principle argument to this flow we see that k never 
achieves the value \j2j(t — tf) on the time interval [t', t 2 ] and hence the curvature 
estimate k < \/2/(t — ¥) holds throughout the interval (t',t' + 5r 2 ]. 

7.1. A bound for j kds. Recall that k is the norm of the curvature vector 
VsS, and in particular, k > 0. For any sub-arc j t i of c(-,t') at time t' we let jt be 
the result at time t of applying the curve-shrinking flow to 7^ . The purpose of this 
subsection is to show that J kds is small for all t G [t',f + 5r 2 ] and all initial arcs 
j t i of length at most r. 

Claim 18.87. There is a constant Dq < 00, depending only on O and the curva- 
ture bound of the ambient Ricci flow such that for every te [f, t' + 5r 2 ] and every 
sub-arc 7^ whose length is at most r, we have J kds < Dq and l(yt) < D^r, where 
Kit) is the length 0/7*. 



Proof. This is immediate from Corollary 118.381 applied to all of c(-,i). 



□ 
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Now we fix t2 < t' + 5r 2 maximal subject to the condition that k(x,t) < w j^jr 



for all x and all t £ [t' , t^. If ti < t' + <5r then there is x with £2) — y (t 2 -f) ' 

Now consider a curve 7^ of length r. Prom the integral estimate in the previous 
claim and the assumed pointwise estimate on k, we see that 



J "tt Jit 



t-t' 



■Dn 



Using Equation (|18.12|) . it follows easily that, provided that 5 > is sufficiently 
small, the length of "ft is at least (0.9)r for all t £ [t', t^\, and more generally for any 
subinterval "f' t , of jt' an d f° r an y t € [i' 5 £2] the length of the corresponding interval "f[ 
is at least (0.9) times the length of jL. We introduce a cut-off function on 7^ x [t 1 , fa] 
as follows. First, fix a smooth function tp: [—1/2,1/2] — > [0,1] which is identically 
zero on [-0.50, -0.45] and on [0.45,0.50], and is identically 1 on [-3/8,3/8]. There 
is a constant D 1 such that l^'l < D' and < Z)'. Now we fix the midpoint xq £ "ft' 
and define the signed distance from (xo , t) , denoted 

s: -ff x [i',i 2 ] ->R, 

as follows: 



s(x, t) = 
We define the cut-off function 

(f(x,t) 



\X(y,t)\dy. 



s(x, i) 



Claim 18.88. There is a constant D\ depending only on the curvature bound for 
the ambient Ricci flow such that for any sub-arc 74/ 0/ length r, defining (p(x,t) as 
above, for all x S "ft a nd all t £ [£',£2] we /taue 



dip(x, t) 



Ot 



< 



Proof. Clearly, 



dip(x, t) 
dt 







s(x, t) 



+ D X . 

1 Os{x, t) 
r 



Ot 



We know that |^'| < D' so that 

dtp(x, t) 



On the other hand, 
so that 

By Lemma 118.341 we have 
d\X(y,t)\ 
dy 



Ot 



s(x, t) 



< 



D' 



Os(x, t) 



Ot 



\X(y,t)\dy, 



ds(x, t) 




dt 





d\X(y,t)\ 
dt 



dy 



dy 



-mc(S(y,t),S(y,t))-k 2 (y,t))ds, 
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so that there is a constant D depending only on the bound of the sectional curvatures 
of the ambient Ricci flow with 

ds(x, t) 



at 



< 



(D + k )ds < Dl(jt) + / k z (y,t)ds(y,t), 



•*•■<) 



and hence by Claim [T8. 871 

ds(x,t) 



dt 



< DD r+ [ k 2 (y,t)ds(y,t). 

Jx 



Using the fact that k 2 < 2/(t — t'), we have 



k 2 (y,t)ds(y,t) < 



.to 



t-t' 



V2D 



kds < 

XQ y/t-f 



Putting all this together, we see that there is a constant D\ such that 



d<p(x, t) 



dt 



< D x {- 



1 



Vt - 1 



7 + 1 )- 



□ 



Claim 18.89. There is a constant D2 depending only on the curvature bound of 
the ambient Ricci flow and G and a constant D3 depending only on the curvature 
bound of the ambient Ricci flow, such that for any t G \t\t?\ and any sub-arc 7^ of 
length r, we have 







— [ Lpkds 





1 



PROOF. We have 
d 
dt 



(pkds 



it 



< 



ry/t - 1 
d(p(x, t) 



D 2 



ipkds. 



dt 



kds 



+ 



d(kds) 



it 



dt 



Using Claim 118.881 for the first term and Claim 118.361 and arguing as in the proof of 
Lemma 118.371 for the second term, we have 



d 



— / tpkds 



<D 1 [1 + 



1 



/ kds + 


/ ipk" ds 


-I 


' it 


J tt 


J ft 



C[ipkds, 



ry/t -if ' t 

where C[ depends only on the ambient curvature bound. We bound the first term 
by 



1 



+ 1 



Syft - t' 

where Dq is the constant depending on Q and the ambient curvature bound from 
Claim [T8.871 Since the ends of 74 are at distance at least (0.45)r from xo all t E [f, t^], 
we see that for all t E [t' , 1 2] 



ipk" 



ft 



C(;t) 



Integrating by parts we have 



/ ipk" ds 
Jc(-,t) 



ip"kds, 



c(-,t) 
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where the prime here refers to the derivative along c(-,t) with respect to arc length. 
Of course \(p"\ < -3-. Thus, we see that 



(pk"ds 



it 



< 



D' 



kds < 



D'D 



c(-,t) 



Putting all this together, we have 



d_ 

df 



ipkds 



< 



for D2 = Dq max(D' , D\) and D3 = C[. This gives the required estimate. □ 
Corollary 18.90. For any t e [t'jtz] and any sub-arc j# of length r we have 

/ ipkds < D^vS 
J it 

for a constant D4 that depends only on the sectional curvature bound of the ambient 
Ricci flow and 0. 

Proof. This is immediate from the previous result by integrating from r to 
t% < t! + 5r 2 , and using the fact that S < 1 and r < 1 , and using the fact that 

/ ipkds < / kds < 5 
J-it' Jit' 



since jt' has length at most r. 
This gives: 



□ 



Corollary 18.91. For j t / C c(-,t') a sub-arc of length at most r and for any 
t £ [t 1 , tg], we have 

kds < 2D A V5. 



it 



For any t £ [^,£2] an d any sub-arc J C c(-,t) of length at most r/2 with respect to 
the metric h(t), we have 



k(x,t)ds(x,t) < 2D 4 V6. 



Proof. We divide an interval 7^ C c(-,t') of length at most r into two subin- 
tervals j' t , and 7" of lengths at most r/2. Let j' t , and 7^ be intervals of length r 
containing 7j, and 7j' respectively as middle subintervals. We then apply the previ- 
ous corollary to 7^ and j'J, using the fact that (pk > everywhere and <pk = k on the 
middle subintervals of and 7{'. For an interval J C 7t of length r/2, according to 
Lemma 118.381 the length of jt'\j with respect to the metric h(t') is at most r, and 
hence this case follows from the previous case. □ 
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7.2. Writing the curve flow as a graph. Now we restrict attention to [t 1 , £2], 
the maximal interval in [t 1 , t' + 5r 2 ] where k 2 < 2/(t — t'). Let 7^ be an arc of length r 
in c(-, t') and let xq be the central point of ■ Denote 7^ (xo) = p G W. We take the 
/i(t')-exponential mapping from T p W — > IU. This map will be a local diffeomorphism 
out to a distance determined by the curvature of h(t'). For an appropriate choice of 
the ball (depending on the ambient curvature bound) the metric on the ball induced 
by pulling back h(t) for all t £ [£',£2] will be within 5 in the C 1 -topology to the 
Euclidean metric U = h(t') p . By this we mean that 

(1) \(X, Y)uf\ — (X,Y}h'\ < 5\X\h'\Y\h' for all tangent vectors in the coordi- 
nate system, and 

(2) viewing the connection T as a bilinear map on the coordinate space with 
values in the coordinate space we have |T(X, Y)!// < <5|^T|^/ . 

We choose < r$ < 1 so that it is much smaller than this distance, and hence r 
is also much smaller than this distance. We lift to the ball in T p W. 

We fix orthonormal coordinates with respect to the metric h! so that the tangent 
vector of 7t'(xo) points in the positive x 1 -direction. Using these coordinates we 
decompose the coordinate patch as a product of an interval in the a^-direction and 
an open ball, B, spanned by the remaining Euclidean coordinates. From now on we 
shall work in this coordinate system using this product structure. To simplify the 
notation in the coming computations, we rename the x 1 -coordinate the z-coordinate. 
Ordinary derivatives of a function a with respect to z are written a z . When we 
write norms and inner products without indicating the metric we implicitly mean 
that the metric is h(t). When we use the Euclidean metric on these coordinates we 
denote it explicitly. Next, we wish to understand how jt moves in the Euclidean 
coordinates under the curve-shrinking flow. Since we have |V5 , S'|/ l = k, it follows 
that \VsS\h' < v 7 ! + Sk < 2/y/t — t', and hence, integrating tells us that for any 
x £ 7f/ we have 

I7t(a0 - lt>{x)\ h , < Wt - t' < 4V5r. 
This shows that for every t £ [i', ^2] 5 the curve 7^ is contained in the coordinate 
patch that we are considering. This computation also implies that the z-coordinate 
of 7t changes by at most 4\[8r over this time interval. 

Because the total curvature of 7^ is small and the metric is close to the Euclidean 
metric, it follows that the tangent vector at every point of ^t 1 is close to the positive 
z-direction. This means that we can write 7^ as a graph of a function / from a 
subinterval in the z-line to Y with \ f z \h' < 25. By continuity, there is t% £ (^',^2] 
such that all the curves 74 are written as graphs of functions (over subintervals of the 
z-axis that depend on t) with \f z \y < 1/10. That is to say, we have an open subset 
U of the product of the z-axis with [£',£3], and the evolving curves define a map 
7 from U into the coordinate system, where the slices at constant time are graphs 
z 1 — ^ (z,f(z,t)) and are the curves 74. Using the coordinates (z,t) gives a new flow 
of curves by moving in the t-direction. This new flow is called the graph-flow. It is a 
reparameterization of the curve shrinking flow in such a way that the z-coordinate is 
preserved. We denote by Z = Z(z, t) the image under the differential of the map 7 of 
the tangent vector in the z-direction and by Y(z, t) the image under the differential 
of 7 of the tangent vector in the t-direction. Notice that Z is the tangent vector 



462 



18. FINITE-TIME EXTINCTION 



along the parameterized curves in the graph flow. Since we are now using a different 
parameterization of the curves from the one determined by the curve-shrinking flow, 
the tangent vector Z has the same direction but not necessarily the same length as 
the tangent vector X from the curve-shrinking parameterization. Also, notice that 
in the Euclidean norm we have |Z|?, = 1 + It follows that on U we have 

(1 - 5){l + \f z \l) < \Z(z, t)\l {t) < (1 + S)(l + \f z \ 2 h/ ). 

In particular, because of our restriction to the subset where \f z \h' < 1/10 we have 
(l-6)<\Z(z,t)\ 2 h{t) <(1.01)(l + 6). 

Now we know that 7^ is a graph of a function f(z, t') defined on some interval 
/ along the z-axis. Let /' be the subinterval of I centered in / with Zi'-length (0.9) 
times the Zi'-length of I. By the above estimate on \Z\ it follows that the restriction 
of 7^ to I' has length between (0.8)r and r, and also that the Zi'-length of /' is 
between (0.8)r and r. The above estimate means that, provided that 5 > is 
sufficiently small, for every t € [£',£3] there is a subinterval of jt that is the graph 
of a function defined on all of I' . We now restrict attention to the family of curves 
parameterized by /' x [t' , i 3 ] . For every t £ [£',£3] the curve jt \l' has length between 
(0.8)r and r. The curve-shrinking flow is not defined on this product because under 
the curve-shrinking flow the z-coordinate of any given point is not constant. But the 
graph flow defined above, and studied in [2] (in the case of Euclidean background 
metric), is defined on I' x [£', £3] since this flow preserves the z-coordinate. The time 
partial derivative in the curve-shrinking flow is given by 

(18.14) V S S = - rLiVzZ, Z)Z. 

The time partial derivative in the graph-flow is given by Y = dj/dt. The tangent 
vector Y is characterized by being Zi'-orthogonal to the z-axis and differing from 
VsS by a functional multiple of Z. 

Claim 18.92. 

V Z Z-(T(Z, Z),d z ) h ,Z , f (V Z Z,Z) (T(Z, Z),d z ) h , 

Y = w = 5 \ w w — 

PROOF. In our Euclidean coordinates, Z = (l,f z ) so that VzZ = (0,f zz ) + 
T(Z,Z). Thus, 

(V z Z,d z ) h , = (T(Z,Z),d z ) h ,. 
Since {Z,d z )h' = 1, it follows that 

V Z Z-(F(Z, z),d z ) h ,z 
\z\ 2 

is Zi'-orthogonal to the z-axis and hence is a multiple of Y. Since it differs by a 
multiple of Z from Vg/S, it follows that it is Y. This gives the first equation; the 
second follows from this and Equation (|18.14p . □ 

To simplify the notation we set 

(T(Z,Z),d z ) h , 

*P(Z) = — p . 
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Notice that from the conditions on T and h' it follows immediately that (V'(-^)l < 
(1.5)5. 

7.3. Proof that £3 = £2. At this point we have a product coordinate system 
on which the metric is almost the Euclidean metric in the C 1 -sense, and we have 
the graph flow given by 

&2 _ Vz_z 
dt~ \z\ 

defined on [t', £3] with image always contained in the given coordinate patch and 
written as a graph over a fixed interval I' in the z-axis. For every t € [t', ^3] the 
length of jt'\r in the metric h(t') is between (0.8)r and r. The function f(z, t) whose 
graphs give the flow satisfies \f z \h' < 1/10. Our next goal is to estimate \f z \h' and 
show that it is always less than 1/10 as long as k 2 < 2/(t — t') and t — t' < 5r 2 for 
a sufficiently small 5, i.e., for all t E [i 7 , £2]; that is to say, our next goal is to prove 
that t% = t2- In all the arguments that follow C is a constant that depends only 
on the curvature bound for the ambient Ricci flow, but the value of C is allowed to 
change from line to line. 

The first step in doing this is to consider the angle between V zZ and Z. 

Claim 18.93. Provided that 5 > is sufficiently small, the angle (measured in 
h(t)) between Y and Z = (1, f z ) is greater than 7r/4. Also, 

(1) 

k < \Y\ < V2k. 

(2) 

\(V Z Z,Z)\ < (k + 25)\Z\ 3 . 

(3) 

\V Z Z\ < 2(\Y\ +6). 

(4) 

\(Y,Z)\<\Y\\f z \(l + 35). 

PROOF. Under the hypothesis that \f z \h' ^ 1/10, it is easy to see that the 
Euclidean angle between (0, f zz ) and (l,f z ) is at most ir/2 — tt/5. From this, the 
first statement follows immediately provided that 5 is sufficiently small. Since Y is 
the sum of VsS and a multiple of Z and since V5S is /i(i)-orthogonal to Z, it follows 
that \Y\ = |Vs<S| (cos(^))" 1 , where 8 is the angle between V^S and Y. Since Y is 
a multiple of (0,/ 2Z ), it follows from the first part of the claim that the /i(t)-angle 
between Y and V^5 is less than 7r/4. Item (1) of the claim then follows from the 
fact that by definition | V^^S'I = k. 
Since 

Yll=Y + ^(Z)Z, 

and \Z\ 2 < (1.01)(1 + 5), the third item is immediate. For Item (4), since Y is 
Zi'-orthogonal to the z-axis, we have 

\(Y,Z) h ,\ = \(Y,(0,f z )) h ,\ < \Y\ h ,\f g \ h ,. 
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From this and the comparison of h(t) and h', the Item (4) is immediate. Lastly, let 
us consider Item (2). We have 



:v.z^ {v ^' Z) -(r(z,z),d z ) h , 



Thus, from Item (4) we have 

(V Z Z,Z) 



<\Y\\f z \(l + 38) + (1.5)6. 



\Z\< 

Since Y < y/2k and \f z \< 1/10, the Item (2) follows. □ 

Claim 18.94. The following hold provided that 8 > is sufficiently small: 

(1) \Z(iP(Z))\ < C'(1 + 8\Y\), and 

(2) \Y(^(Z))\<C'(\Y\ + 5\V Z Y\). 

(Recall that C is a constant depending only on the curvature bound of the ambient 
Ricci flow.) 

Proof. For the first item, we write Z(tp(Z)) as a sum of terms where the 
differentiation by Z acts on the various. When the Z-derivative acts on T the 
resulting term has norm bounded by a constant depending only on the curvature 
of the ambient Ricci flow. When the Z-derivative acts on one of the Z-terms in 
T(Z,Z) the norm of the result is bounded by 28\V Z Z\\Z\. Action on each of the 
other Z-terms gives a term bounded in norm by the same expression. Lastly, when 
the Z-derivative acts on the constant metric h! the norm of the result is bounded 
by 28 2 . Since \V Z Z\ < 2(\Y\ + 5), the first item follows. 

We compute Y(tp(Z)) in a similar fashion. When the ^-derivative acts on the 
r, the norm of the result is bounded by C"|Y|. When the Y-derivative acts on one 
of the Z-terms the norm of the result is bounded by 2£|VyZ|. Lastly, when the 
Y-derivative acts on the constant metric hi , the norm of the result is bounded by 
<5 2 |Y|. Putting all these terms together establishes the second inequality above. □ 

Now we wish to compute Jp x n\ \ Z\ 2 dz. To do this we first note that using the 
definition of Y, and arguing as in the proof of the first equation in of Lemma 118.341 
we have we have 

d 

— \Z\ 2 = -2Ric(Z,Z) +2(VyZ,Z) 
= -2Ric(Z,Z) + 2(V Z Y,Z) 

Direct computation shows that 
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Thus from the Claim 118.921 we have 
d 

\Z\ 2 = 2{V Z Y,Z) -2Ric(Z,Z) 



Z l^W) ~ 2^#l^! 2 " 2(Vz(^(Z)Z), Z) - 2Ric(Z, Z) 



(18.15) = zl^p^-2\Y\ 2 \Z\ 2 + V, 
where 

y = -4|Z| 2 (y,-0(Z)Z) -2V> 2 (Z)|Z| 4 -2(V Z (V>(Z)Z),Z) -2Ric(Z,Z). 
By Item (1) in Claim 118.911 and Item (4) in Claim 118.931 we have 

(18.16) \V\<C'(1 + 5\Y\). 
Using this and the fact that \Y\ < \/2k we compute: 



If \Z\ 2 dz < f Z (^P-)dz+f (C(l + 5k))dz 

'tt Jl'x{t} Jl'x{t} V \ Z \ J Jl'x{t} 

Z(|Z|2) a + f (C'(l + 6k))dz 

Jl'xU} 



,{VzZ,Z) 



IZP 



a + f (C(l + 5k))dz, 

Jl'x{t} 



where we denote the endpoints of I' by {0} and {a}. By Item (2) in Claim [T8.931 
the first term is at most 2(fc + 25) yj (1.01)(1 + 5), which is at most ,^ ^ and the 
second term is at most C"(l + 5k)r. Now integrating from t' to t we see that for any 
t E [t',ts] we have 

/ \Z\ 2 dz< f \Z\ 2 dz + 16V5r + C'5r 3 + C'5 3/2 r 2 . 
Jl'x{t} Jl'x{t'} 

Since \ f z (z, t')\ h > < 25 and \Z\ 2 is between (1 - 5)(l + \f z \ 2 ,) and (1 + 5)(l + \f z \ 2 ,), 
we see that fp x un \Z\ 2 dz < (1 + 35)£f l '(I'). It follows that for any t E [t',ts] we 
have 

/ \Z\ 2 dz < (1 + 3tf)Z fc /(J') + C'(V5r + <5r 3 + 5 3 l 2 r 2 ). 
Jl'x{t} 

Since |Z| 2 is between (1 — <5)(1 + \ f z \%) and (1 + 5)(1 + \f z \%), we see that there 
is a constant Cf depending only on the ambient curvature bound such that for any 
t E [£',£3], denoting by ih'(I') the length of I 1 with respect to h' , we have 

/ \fz\ldz < m hl (f) + C?(V5r + 5r 3 + 5 3 ' 2 r 2 ). 

Jl'x{t} 

Since (0.8)r < £h'(I') < r < I, we see that provided that 5 is sufficiently small, 
for each t E [t',t 3 ] there is z(t) E V such |/ 2 (z(t), t)||, < 2C'{\f5. If we have 
chosen <5 sufficiently small, this means that for each t E [£',£3] there is z(t) such that 
\fz(z(t),t)\ h > < 1/20. Since by Corollary MM\ Jr x{t } k ds < 2D 4 V5, provided that 
5 is sufficiently small, it follows that for all t E [t',ts] the curve jt\r is a graph of 
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(z,t) and \ f z \h' < 1/10. But by construction either £3 = ti or there is a point in 
(2,^3) £ I' x {t 3 } with \ fz{z,ts)\h' = 1/10. Hence, it must be the case that £3 = t2, 
and thus our graph curve flow is defined for all t € [t' , t%\ and satisfies the derivative 
bound \f z \h> < 1/10 throughout the interval [^,£2]- 

7.4. Proof that t% = t' + Sr 2 . The last step is to show that the inequality 
k 2 < 2/(t - t') holds for all t G [tf , f + 5r 2 }. 

We fix a point xq. We continue all the notation, assumptions and results of the 
previous section. That is to say, we lift the evolving family of curves to the tangent 
space T X0 M using the exponential mapping, which is a local diffeomorphism. This 
tangent space is split as the product of the z-axis and B. On this coordinate system 
we have the evolving family of Riemannian metrics h(t) pulled back from the Ricci 
flow and also we have the Euclidean metric h' from the metric h(t') on T XQ M. We 
fix an interval /' on the z-axis of Zi'-length between (0.8)r and r. We choose I' 
to be centered at xq with respect to the z-coordinate. On I' x [t',^] we have the 
graph-flow which is reparameterization of the pull back of the curve-shrinking flow. 
The graph-flow is given as the graph of a function / with \f z \h' < 1/10. The vector 
fields Z and Y are as in the last section. 

We follow closely the discussion in Section 4 of [2] (pages 293 -294) . Since we are 
not working in a flat background, there are two differences: (i) we take covariant 
derivatives instead of ordinary derivatives and (ii) there are various correction terms 
from curvature, from covariant derivatives, and from the fact that Y is not equal to 
V Z Z/\Z\ 2 . 

Notice that 

■z(\z\ 2 )\ \z\ 2 zz (\z\ 2 z ) 2 



z\ 2 / z 2 z 



7\ 2 

lzz - 4(Y, Z) 2 - 8(Y, Z)^{Z)\Z\ 2 - ^ 2 {Z)\Z\ 



\Z\ 2 

Thus, it follows from Equation ()18. 15[) that we have 

4-IZI 2 = ^ Z })" - 2\Z\ 2 \Y\ 2 - 4(Z,Y} 2 + V, 
at \Z\ l 

where |V| < C'(l + 5\Y\) for a constant C depending only on the curvature bound 
of the ambient flow. 

Similar computations show that 



9_ lYl 2 _ (\ Y \ 2 )zz 2\V Z Y\ 2 4 ^zZ 
dt l 1 \Z\ 2 \Z\ 2 \Z\ 2{ \Z\ 2 



Of course, 



-2Ric(y, Y) + 2 Rm(X f^ Z) - 2(Vy^(Z)Z),Y). 



^L,Y) = \Y\ 2 + ^(Z)(Z,Y) 
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Hence, putting all this together and using Claim [18.941 we have 
where 

|w|<c"|F|(|y| + «5|v z y|). 

Now let us consider 

V 2-|Z| 2 ' 

Notice that since < 1/10, it follows that 1-5 < \Z\ 2 < (1.01)(1 + 5) on all of 

^2] ■ We now make computation following the computations on p. 294 of [2] and 
adding in the error terms. 

n m 2 , \Y\ 2 \Z\ 2 t 



(2-IZP) (2-|Z|2)2 

|y| 2 , 2|v z y| 2 4|Y| 2 w 



(v z y,z> + 



|Z| 2 (2-|Z| 2 ) |Z| 2 (2-|Z| 2 ) |Z| 2 (2-|Z| 2 ) N ' ' (2-|Z| 2 ) 

1 m 2 l^lL _ 2|z| 2 ||y| 4 _ 4|y|2 |y| 2 

|Z| 2 (2-|Z|2)2 (2-|Z| 2 )2 (2-|Z| 2 )2\ ' ; + (2 - I Z| 2 ) 2 ' 
On the other hand, 

Q« _ ML , M 2 I^IL _ L _ 2|y| 2 |z| 2 , 2|y| 2 (|z| 2 ) 2 



\Z\ 2 \Z\ 2 {2-\Z\ 2 ) \Z\ 2 {2- \Z\ 2 ) 2 \Z\ 2 \{2 - \Z\ 2 ) 2 \Z\ 2 (2 - \Z\ 2 ) 3 
From Claim [T8. 931 we have 

\Z\ 2 Z = 2(V Z Z, Z) = 2\Z\ 2 (Y, Z) + 2^(Z)|Z| 4 . 
Plugging in this expansion gives 

Qzz _ \Y\ 2 ZZ + |y| 2 |z| 2 z 



|Z| 2 |Z|2(2-|Z| 2 ) |Z| 2 (2- |Z| 2 ) 2 

8(V Z Y,Y)(Y,Z) 84>(z)\Z\ 2 (V z Y,Y) 
(2-|Z| 2 )2 + (2-|Z| 2 )2 

8|z|2|y|2(y ; z) 2 i6^(z)iz| 4 |y| 2 (y,z) 8y> 2 (z)|z| 6 |y| 2 

(2-|Z| 2 )3 + (2-|Z| 2 )3 + (2-|Z| 2 )3 • 

Expanding, we have 

Qzz_ \Y\ 2 ZZ \Y\ 2 \Z\ 2 ZZ 8(V Z Y,Y)(Y,Z) 

\Z\ 2 \Z\ 2 {2- \Z\ 2 ) \Z\ 2 (2- \Z\ 2 ) 2 (2-\Z\ 2 ) 2 

8|y| 2 |z| 2 (y,z) 2 

(2-|Z| 2 ) 3 + ' 

where 

\U\<C'(\Y\ 2 + 5\X7 Z Y\\Y\+5\Y\ 3 ). 
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Comparing the formulas yields 

Q zz 8(V Z Y,Y)(Y,Z) 8\Y\ 2 \Z\ 2 (Y,Z) 2 



Qt 



\Z\ 2 (2-\Z\ 2 ) 2 (2-\Z\ 2 ) s 
2\V Z Y\ 2 4\Y\ 2 



\Z\ 2 {2-\Z\ 2 ) \Z\ 2 {2-\Z\ 2 
2\Z\ 2 \\Y\ A 4\Y\ 2 



-(V Z Y,Z) 



(2-\Z\ 2 ) 2 (2-\Z\ 2 ) 2 



(Z,Yy + A, 



where 



\A\ <C'(\Y\ 2 + 5\VzY\\Y\+5\Y\ 3 ). 
Using Item (4) of Claim 118.931 this leads to 

n < Qzz , 8(l + 35)\Y\ 2 \f z \\V z Y\ i\Y\ 2 (V z Y,Y) 

Wt - \Z\ 2 (2-\Z\ 2 ) 2 \Z\ 2 {2-\Z\ 2 ) 
2\V Z Y\ 2 2\Z\ 2 \\Y\± 

|Z| 2 (2-|Z| 2 ) (2 — |^| 2 ) 2 11 

Next, we have 
Claim 18.95. 

\(V Z Y, Z)\ < (\f z \{\V z Y\ + 2S\Y\) + 5\Z\ 2 \Y\)(l + 6). 

PROOF. Since Y = (0, <p) for some function 0, we have V Z Y = (0, <f> z ) + T(Z, Y) 
and hence 

\(V z Y,Z) h ,\ = \(V z Y,(l,f z )) h ,\ < \(f z ,<l> g ) h ,\+\(T(Z,Y),Z) h ,\ < \f z \h'\<t>z\h'+8\Z\ 2 \Y\- 

On the other hand V Z Y = (0,<fi z ) + T(Z, Y) so that \$ x \ h , < \V Z Y\+5\Z\\Y\. From 
this the claim follows. □ 

Now for 5 > sufficiently small, using the fact that 1-5 < \Z\ 2 < (1 + S)(1M) 
we can rewrite this as 

Q < Qzz | 8(l + 35)\Y\ 2 \f z \\V z Y\ 4|lf|(l + 5)\V z Y\\f z \ 
V * ~ \Z\ 2 (2-\Z\ 2 ) 2 \Z\ 2 (2-\Z\ 2 ) 

2\V Z Y\ 2 (1.95)|y| 4 



\Z\ 2 (2-\Z\ 2 ) (2-\Z\ 2 ) 2 



+ A, 



where A < C'(\Y\ 2 + S\Y\\V Z Y\ + 5\Y\ 3 ). Of course, |V||V^V| + \Y\ 3 < 2\Y\ 2 + 
\\7 Z Y\ 2 + \Y\ 4 . Using this, provided that 5 is sufficiently small, we can rewrite this 
as 



Qt < % + 



\Z\ 2 (2-\Z\ 2 ) 

A\Y\ 2 \{l + 5)\V z Y\\f z \-{l.nV z Y\ 
\Z\ 2 



8(i + 3j)|v z y||/,||y| 2 -(o.9)|yr 

{2-\Z\ 2 ) 

-Q 2 + A" 
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where A" < C"(|y| 2 ). We denote the quantity within the brackets by B and we 
estimate 

„ < , ,„ m 2 |Vz>1(i/io)(i + 'S) , 4(i/io)(i + ^)|y| 2 |v z r| 

" 8(1 + M) (2-(i.oi)(i + 4 » + 

(1.9) a (0.9)|yr 



Therefore, 



(1.01)(1 + <J)' " 1 2- (1.01) (1 + 6) 

< (i.6)|y| 2 |v z y| - (o.8)|v z y| 2 - (o.8)|y| 4 

< o. 



Qt<^-Q 2 + \A\<^-(Q-C[) 2 + (C[) 2 , 



for some constant C[ > 1 depending only on the curvature bound for the ambient 
Ricci flow. 

Denote by I the length of I' under h' . As we have already seen, (0.8)r < I < r. 
We translate the z-coordinate so that z = is one endpoint of /' and z = I is the 
other endpoint; the point xo then corresponds to z = 1/2. Consider the function 
g = l 2 /(z 2 (l — z) 2 ) on /' x [i',^]- Direct computation shows that g zz < 12g 2 . Now 
set 

Q = Q-C[ 



and 

Then 
so that 



h ~t-t> + z\l-z) 2 +Cv 
-h t + (l-S)- 1 h zz + (C[) 2 <h 



2 



(Q-Vt<^-^- d -Q 2 + h 2 . 



Since both h and h zz are positive, at any point where Q — h > and Q zz < 0, we 
have (Q — h) t < 0. At any point where Q zz > 0, using the fact that \Z\ 2 > (1 — S) 
we have 

(Q - h) t < (1 - S)-\Q - h) zz - Q 2 + h 2 . 

Thus, for any fixed t, at any local maximum for (Q — h)(-,t) at which (Q — h) is 
> we have (Q — h) t < 0. Since Q — h equals — oo at the end points of I' for 
all times, there is a continuous function f(t) = max ze //(Q — h)(z,t), defined for 
all t £ (t' ,t<z\ approaching — oo uniformly as t approaches t' from above. By the 
previous discussion, at any point where f(t) > we have f'(t) < in the sense of 
forward difference quotients. It now follows that f(t) < for all t G (i',^]- This 
means that for all t G (t', £2] at the Zi'-midpoint xq of I 1 (the point where z = 1/2) 
we have 

Q(l0 , t) <_i_ + ^i(^ +c; . 
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Since I > (0.8)r and since t — t' < 5r 2 , we see that provided 5 is sufficiently small 
(depending on the bound of the curvature of the ambient flow) we have 

QM<2$z-e) 

for all t € [t 1 , to\. Of course, since \Z\ 2 > 1 — 5 everywhere, this shows that 
k 2 (x ,t) < |y(x ,t)| 2 = (2- \Z(x ,t)\ 2 )Q(x ,t) < 



(t-t>) 

for all t £ [t' , t<2\. Since xq was an arbitrary point of c(-, t'), this shows that k(x, t) < 
J -j^-jr for all x G c(-,t) and all t G [i',^]- By the definition of ^2 this implies that 
i 2 = i' + 5?" 2 and completes the proof of Lemma fl8, 861 
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Appendix: Canonical neighborhoods 

Recall that an e-neck structure on a Riemannian manifold (N,g) centered at a 
point x G N is a diffeomorphism tp: S 2 x (— e _1 ,e _1 ) — ► A with the property that 
x G V , (5' 2 x {0}) an d the property that R(x)ip*g is within e in the C[ 1//e l-topology of 
the product metric ho x (is 2 , where ho is the round metric on S 2 of scalar curvature 
1 and ds 2 is the Euclidean metric on the interval. Recall that the scale of the e-neck 
is R(x)~ l l 2 . We define s = sn- A — > (— e _1 , e _1 ) as the composition of followed 
by the projection to the second factor. 

1. Shortening curves 

Lemma 19.1. The following holds for all e > sufficiently small. Suppose that 
(M,g) is a Riemannian manifold and that A C M is an e-neck centered at x. 
Let S(x) be the central two-sphere of this neck and suppose that S(x) separates M. 
Let y £ M. Orient s so that y lies in the closure of the positive side of S(x). 
Let 7: [0, a] — > M be a rectifiable curve from x to y. If 7 contains a point of 
e -1 , — e _1 /2) then there is a rectifiable curve from x to y contained in the 
closure of the positive side of S(x) whose length is at most the length of 7 minus 

Proof. Since 7 contains a point on the negative side of S(x) and it ends on 
the positive side of S(x), there is a c G (0, a) such that 7(c) 6 <5(x) and 7|( C)0 i is 
disjoint from S(x). Since 7|[o, c ] has both endpoints in S(x) and also contains a point 
of e -1 , — e _1 /2), it follows that for e sufficiently small, the length of 7|[o, c ] is a t 

least 3e~ 1 i?(x)~ 1 / 2 /4. On the other hand, there is a path \i in S(x) connecting x to 
7(c) of length at most 2v / 2'7r(l + e). Thus, if e is sufficiently small, the concatenation 
of [i followed by 7|[ C)0 ] is the required shorter path. □ 

2. The geometry of an e-neck 

Lemma 19.2. For any < a < 1/8 there is e\ = e\(a) > such that the following 
two conditions hold for all < e < ei . 

(1) If (N,g) is an e-neck centered at x of scale one (i.e., with R(x) = 1) 
then the principal sectional curvatures at any point of A are within a/60/ 
{1/2,0,0}. In particular, for any y £ A we have 

(l-a)<R(y)<(l + a). 

(2) There is unique two-plane of maximal sectional curvature at every point of 
an e-neck, and the angle between the distribution of two-planes of maximal 
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sectional curvature and the two-plane field tangent to the family of two- 
spheres of the e-neck structure is everywhere less than a. 

Proof. The principal curvatures and their directions are continuous functions 
of the metric g in the space of metrics with the C 2 -topology. The statements follow 
immediately. □ 

Corollary 19.3. The following holds for any e > sufficiently small. Suppose 
that (N, g) is an e-neck and we have and an embedding f : S 2 — > N with the property 
that the restriction of g to the image of this embedding is within e in the C' 1 / 6 ]- 
topology to the round metric ho of scalar curvature one on S 2 and with the norm of 
the second fundamental form less than e. Then the two-sphere f(S 2 ) is isotopic in 
N to any member of the family of two-spheres coming from the e-neck structure on 
N. 

Proof. By the previous lemma, if e is sufficiently small for every n £ N there is a 
unique two-plane, P n , at each point on which the sectional curvature is maximal. The 
sectional curvature on this two-plane is close to 1/2 and the other two eigenvalues 
of the curvature operator at n are close to zero. Furthermore, P n makes small g- 
angle with the tangent planes to the S^-factors in the neck structure. Under the 
condition that the restriction of the metric to f{S 2 ) is close to the round metric 
ho and the norm of the second fundamental form is small, we see that for every 
p £ S 2 the two-plane df(T p S 2 ) makes a small g- angle with P n and hence with the 
tangent planes to the family of two-spheres coming from the neck structure. Since 
g is close to the product metric, this means that the angle between df(T n S 2 ) and 
the tangents to the family of two-spheres coming from the neck structure, measured 
in the product metric, is also small. Hence, the composition of / followed by the 
projection mapping N — > S 2 induced by the neck structure determines a submersion 
of S 2 onto itself. Since S 2 is compact and simply connected, any submersion of S 2 
onto itself is a diffeomorphism. This means that f(S 2 ) crosses each line {x} x 
(— e _1 ,e _1 ) transversely and in exactly one point. Clearly then, it is isotopic in N 
to any two-sphere of the form S 2 x {s}. □ 

Lemma 19.4. For any a > there is 62 = 62(a) > such that the following hold 
for all < e < ei- Suppose that (N,g) is an e-neck centered at x and R(x) = 1. 
Suppose that 7 is a minimal geodesic in N from p to q. We suppose that 7 is 
parameterized by arc length, is of length £ > e _1 /100 ; and that s(p) < s(q). Then 
for all s in the domain of definition of 7 we have 

W(s)-(d/ds)\ g <a. 

In particular, the angle between 7' and d/ds is less than 2a. Also, any member S 2 
of the family of two-spheres in the N has intrinsic diameter at most (1 + a)\/2vr. 

Proof. Let us consider a geodesic \i in the product Riemannian manifold S 2 xl 
with the metric on S 2 being of constant Gaussian curvature 1/2, i.e., radius \/2. 
Its projections, [i\ and ^2, to S 2 and to R, respectively, are also geodesies, and 

= \/\fii\ 2 + |M2p- For /i to be a minimal geodesic, the same is true of each of 
its projections. In particular, when fi is minimal, the length of fi\ is at most \f2~n. 
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Hence, for any ol > 0, if \x is sufficiently long and if the final endpoint has a larger 
s-value than the initial point, then the angle between the tangent vectors fjf(s) and 
d/ds is less than a' . This establishes the result for the standard metric on the model 
for e-necks. 

The first statement now follows for all e sufficiently small and all e-necks because 
minimal geodesies between a pair of points in a manifold vary continuously in the 
C 1 -topology as a function of the space of metrics with the C fc -topology, since k > 2. 
The second statement is obvious since the diameter of any member of the family of 
two-spheres in the standard metric is 

Corollary 19.5. For any a > there is 63 = 63(a) > such that the following 
hold for any < e < £3 and any e-neck N of scale 1 centered at x. 

(1) Suppose that p and q are points of N with either \s(q) — s(p)\ > e _1 /100 or 
d(p,q) > e -1 /100. Then we have 

{l-a)\s(q)-s(p)\ <d(p,q) < (1 + a)\s(q) - s(p)\. 

(2) 

B(x, (1 - a)e~ l ) C N C B(x, (1 + a)e _1 ). 
(3) Any geodesic that exits from both ends of N has length at least 2(1 — a)e . 

Corollary 19.6. The following holds for all e > sufficiently small. Let N be 
an e-neck centered at x. If 7 is a shortest geodesic in N between its endpoints and 
if |7| > i?(x) _1 / 2 e _1 /100, then 7 crosses each two-sphere in the neck structure on 
N at most once. 

There is a closely related lemma. 

Lemma 19.7. The following holds for every e > sufficiently small. Suppose that 
(M, g) is a Riemannian manifold and that N C M is an e-neck centered at x and 
suppose that 7 is a shortest geodesic in M between its endpoints and that the length 
of every component of N n I7I has length at least i?(x) _1 / 2 e _1 /8. Then 7 crosses 
each two-sphere in the neck structure on N at most once; see Fig. [0 

Proof. We parameterize 7 as a map from [a, b] — > M. By Corollary 119.61 
provided that e > is sufficiently small, each component of 7 n N crosses each two- 
sphere of the neck structure at most once. Suppose that there is some two-sphere 
S 2 x {x} that is crossed by two different components of 7. Let c < d be two points 
of intersection of 7 with S 2 x {s}. 

There are two cases to consider. Suppose that the two components of 7 n iV 
cross S 2 x {x} in opposite directions. In this case, since each component of 7 n N 
has length at least e _1 /8, then applying Corollary 119.51 we can take the two-sphere 
that they both cross to be S 2 x {s} for some s 6 (— (0.9)e -1 , (0.9)e _1 ). Applying 
Corollary 119.51 again we see that the distance from this sphere to the complement 
of iV is at least i?(x) _1 / 2 e _1 /20. Let c < d be the points of intersection. Remove 
7([c, d]) from 7 and replace it by a path in S 2 x {s} between 7(c) and 7(d). If e is 
sufficiently small, by Lemma 119.41 we can choose this path to have length at most 
2tt, and hence the result will be a shorter path. 
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shortest geodesies 




e-neck 



shortest geodesic 



e-cap 




core 



Figure 1. Shortest geodesies in necks and caps 

The other possibility is that 7 crosses S 2 x {s} twice in the same direction. In 
this case the central two-sphere of N does not separate M and 7 makes a circuit 
transverse to the two-sphere. In particular, by Corollary 119.51 the length of 7([c, d]) 
is bounded below by 2(1 — a)R(x)~ 1 ' 2 e'' 1 where we can take a > as close to zero 
as we want by making e smaller. Clearly, then in this well, replacing 7([c, d}) 

with a path of length less than 2irR(x)~ 1 / 2 on S 2 x {s} will shorten the length of 
7. □ 

Corollary 19.8. The following holds for all e > sufficiently small and any 
C < 00. Let X be an (C,e)-cap in a complete Riemannian manifold (M,g), and let 
Y be its core and let S be the central two-sphere of the e-neck N = X — Y . We orient 
the s- direction in N so that Y lies off the negative end of N . Let Y be the union 
of Y and the closed negative half of N and let S be the boundary of Y . Suppose 
that "f is a minimal geodesic in (M,g) that contains a point of the core Y . Then the 
intersection of 7 with Y is an interval containing an endpoint 0/7; see Fig. [7J 

Proof. If 7 is completely contained in Y then the result is clear. Suppose that 
the path is 7: [a, b] — ► M and 7(d) G Y for some d G [a, b]. Suppose that there are 
a' < d < b' with 7(0') and 7(6') contained in S. Then, by Corollary 119.51 replacing 
7|r > yi with a path on S joining 7(0') to 7(6') creates a shorter path with the same 
endpoints. This shows that at least one of the paths j\[ a ,d] or 7l[d,&]> ^ us sa Y 7l[a,d]> 
is contained in Y. The other path 7|mm has an endpoint in Y and exits from Y, 
hence by Corollary 119. 61 there is a subinterval [d, b'] such that either 7(6') is contained 
in the frontier of X or b = b' and furthermore 7(^,6']) crosses each two-sphere of 
the e-neck structure on N at most once. Since 7 is not contained in Y, there is 
b" G [d, b'] such that 7(6") G S. We have constructed a subinterval of the form [a, b"] 
such that j([a,b"]) is contained in Y. If b' = b, then it follows from the fact that 
7|[(2 i &] crosses each two-sphere of N at most once that 'y I [6",6] is disjoint from Y. This 
establishes the result in this case. Suppose that b' < b. If there is c G [b',b] with 
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7(c) £ Y then the length of j([b",c]) is at least twice the distance from S to the 
frontier of the positive end of N. Thus, we could create a shorter path with the 
same endpoints by joining 7(6") to 7(c) by a path of S. This means that 7|[&',6] is 
disjoint from S and hence from Y, proving the result in this case as well. □ 

We also wish to compare distances from points outside the neck with distances 
in the neck. 

Lemma 19.9. Given < a < 1 there is 64 = 64(a) > such that the following 
holds for any < e < £4. Suppose that N is an e-neck centered at x in a connected 
manifold M (here we are not assuming that R{x) = 1). We suppose that the central 
2-sphere of N separates M . Let z be a point outside of the middle two-thirds of 
N and lying on the negative side of the central 2-sphere of N . (We allow both the 
case when z £ N and when z N.) Let p be a point in the middle half of N . Let 
\x: [0, a] — ► N be a straight line segment (with respect to the standard product metric) 
in the positive s-direction in N beginning at p and ending at a point q of N. Then 

(1 - a)(s(q) - a(p)) < d(z, q) - d(z,p) < (1 + a)(s(q) - s(p)). 

Proof. This statement is clearly true for the product metric on an infinite 
cylinder, and hence by continuity, for any given a, the result holds for all e > 
sufficiently small. □ 

N.B. It is important that the central two-sphere of ./V separates the ambient manifold 
M . Otherwise, there may be shorter geodesies from z to q entering the other end of 
JV. 

Lemma 19.10. Given any a > there is e(a) > such that the following holds for 
any < e < e(a). Suppose that N is an e-neck centered at x in a connected manifold 
M (here we are not assuming that R(x) = 1 ) and that z is a point outside the middle 
two-thirds of N . We suppose that the central two-sphere of N separates M . Let p 
be a point in the middle sixth of N at distance d from z. Then the intersection of 
the boundary of the metric ball B(z,d) with N is a topological 2-sphere contained in 
the middle quarter of N that maps homeomorphically onto S 2 under the projection 
mapping N — > S 2 determined by the e-neck structure. Furthermore, if p' £ dB(z,d) 
then \s(p) - s(p')\ < a J R(x) _1 / 2 e _1 ; see Fig. d 




Figure 2. Intersection of metric balls and necks 
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Proof. The statement is scale- invariant, so we can assume that R(x) = 1. 
Denote by S(z,d) the boundary of the metric ball B(z,d). We orient s so that z 
lies to the negative side of the central two-sphere of N. It follows immediately from 
the previous result that, provided that e > is sufficiently small, S(z, d) intersects 
any line y x (—e~ 1 /3,e~ 1 /3) in at most one point. To complete the proof we need 
only show that S(z,d) is contained s~ 1 ((s(p) — ae~ 1 ,s(p) + ae™ 1 )). The distance 
from d to any point in the two-sphere factor of N containing p is contained in the 
interval [d — 2n,d + 2ir\. Provided that e is sufficiently small depending on a, the 
result follows immediately from Lemma 119.91 □ 

3. Overlapping e-necks 

The subject of this section is the internal geometric properties of e-necks and of 
intersections of e-necks. We assume that e < 1/200. 

Proposition 19.11. Given < a < 10~ 2 , there is 65 = 65(01) > such that the 
following hold for all < e < 65. Let N and N' be e-necks centered at x and x' , 
respectively, in a Riemannian manifold X: 

(1) If N n N' 7^ then 1 - a < R(x)/R(x') < 1 + a. In particular, denoting 
the scales of N and N' by h and h' we have 

1 — a < — < 1 + a. 
h 

(2) Suppose y G N n N' and S and S' are the two-spheres in the e-neck struc- 
tures on N and N' , respectively, passing through y. Then the angle between 
TS y and TS' y is less than a. 

(3) Suppose that y G NnN' . Denote by d/dsN and d/dsN' the tangent vectors 
in the e-neck structures of N and N' , respectively. Then at the point y, 
either 

\R{x) x ' 2 (d/ds N ) - R{x') x l 2 d/ds N ,\ < a 

or 

\R(x) 1/2 (d/ds N ) + R{x'f/ 2 d/ds N ,\ < a. 

(4) Suppose that one of the two-spheres S' of the e-neck structure on N' is 
completely contained in N. Then S' is a section of the projection mapping 
on the first factor 

Px:S 2 x{-e-\e- l )^S 2 . 

In particular, S' is isotopic in N to any one of the two-spheres of the e-neck 
structure on N by an isotopy that moves all points in the interval directions. 

(5) If NnN' contains a point y with (— 0.9)e _1 < S7v(y) < (0.9)e -1 , then there 
is a point y' G N n N' such that 

-(0.96)e _1 < s N (y') < (0.96)e _1 

-(0.96)e _1 < s N r(y') < (0.96)e -1 . 

The two-sphere S(y') in the neck structure on N through y' is contained in 
N' and the two-sphere S'(y') in the neck structure on N' through y' is con- 
tained in N. Furthermore, S(y') and S'(y') are isotopic in Nf]N'. Lastly, 
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N n N' is diffeomorphic to S 2 x (0, 1) under a diffeomorphism mapping 
S(y) to S 2 x {1/2}, see Fig. 



iV' 




AT 



Figure 3. Overlapping e-necks. 



PROOF. Fix < 65(a) < min(ei(ai),e2(a/3), 63(a), a/3) sufficiently small so 
that Corollary 119. 31 holds. The first two items are then immediate from Lemma [19 .21 
The third statement is immediate from Lemma [1931 an d the fourth statement from 
Corollary 1 19 .31 Let us consider the last statement. Let y G Nn N' have — (0.9)e _1 < 
s n(u) < (0.9)e _1 . By reversing the s-directions of N and/or N' if necessary, we can 
assume that < S7v(y) < (0.9)e~ 1 and that d SN and <9 Sjv , almost agree at y. If 
-(0.96)e~ 1 < s N >(y) < (0.96)e~ 1 , we set y' = y. Suppose that s N >(y) > (0.96)e" 1 . 
We move along the straight line though y in the neck structure on N in the negative 
direction to a point y' with (0.96)e~ 1 = SN'(y') According to Item 3 of this result 
we have — (0.96)e~ 1 < sn(x') < (0.96)e~ 1 . There is a similar construction when 
s N'(y) < — (0.96)e~ 1 . In all cases this allows us to find y' such that both the 
following hold: 

-(0.96)e~ 1 < sjv(y') < (0.96)e^ 1 

-(0.96)e~ 1 < s N ,(y') < (0.96)e~ 1 . 

Let y' be any point satisfying both these inequalities. According to Lemma 119.41 
and Part (1) of this result, the diameter of S(y') is at most 2nh, where h is the scale 
of N and N' . Since e _1 > 200, it follows from Corollary 119.51 that S(y') is contained 
in N'. Symmetrically S'(y') is contained in N. 

Now consider the intersection of any straight line in the neck structure on N with 
N'. According to Part (3), this intersection is connected. Thus, NPiN' is a union of 
open arcs in the SAr-directions thought the points of S(y'). These arcs can be used 
to define a diffeomorphism from N n N' to S 2 x (0, 1) sending S(y') to S 2 x {1/2}. 
Also, we have the straight line isotopy from S'(y') to S(y') contained in N ON'. □ 

4. Regions covered by e-necks and (C, e)-caps 

Here we fix < e < 1 /200 sufficiently small so that all the results in the previous 
two sections hold with a = 10 -2 . 
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4.1. Chains of e-necks. 

Definition 19.12. Let (X,g) be a Riemannian manifold. By a finite chain of 
e-necks in (X,g), we mean a sequence iV a , . . . , iV&, of e-necks in (X,g) such that: 

(1) for all i, a < i < b, the intersection N n iVi+i contains the positive-most 
quarter of iVj and the negative-most quarter of iVj+i and is contained in the 
positive-most three-quarters of N and the negative-most three-quarters of 
N i+ i, and 

(2) for all i, a < i < b, iVj is disjoint from the negative end of N a . 

By an infinite chain of e-necks in X we mean a collection {iVj}j g / for some interval 
I C Z, infinite in at least one direction, so that for each finite subinterval J of I the 
subset of {Ni}i £ j is a chain of e-necks. 

Notice that in an e-chain iVj H Nj = if \i — j\ > 5. 

Lemma 19.13. The union U of the N in a finite or infinite chain of e-necks is 
diffeomorphic to S 2 x (0,1). In particular, it is an e-tube. 

Proof. Let us first prove the result for finite chains. The proof that U is 
diffeomorphic to S 2 x (0, 1) is by induction on b — a + 1. If b = a, then the result 
is clear. Suppose that we know the result for chains of smaller cardinality. Then 
N a U- ■ •UiVft-i is diffeomorphic to S 2 x (0, 1). Hence by Part (5) of Proposition ll9.11l 
U is the union of two manifolds each diffeomorphic to S 2 x (0, 1) meeting in an 
open subset diffeomorphic to S 2 x (0, 1). Furthermore, by the same result in the 
intersection there is a two-sphere isotopic to each of the two-sphere factors from the 
two pieces. It now follows easily that the union is diffeomorphic to S 2 x (0, 1). Now 
consider an infinite chain. It is an increasing union of finite chains each diffeomorphic 
to S 2 x (0, 1) and with the two-spheres of one isotopic to the two-spheres of any larger 
one. It is then immediate that the union is diffeomorphic to S 2 x (0, 1). □ 

Notice that the frontier of the union of the necks in a finite chain, U = U a <j<ftiVj, 
in M is equal to the frontier of the positive end of 2V& union the frontier of the 
negative end of N a . Thus, we have: 

Corollary 19.14. Let {N a , . . . , N^} be a chain of e-necks. If a connected set Y 
meets both U = U a <j<biVj and its complement, then Y either contains points of the 
frontier of the negative end N a or of the positive end of Nf,. 

The next result shows there is no frontier at an infinite end. 

Lemma 19.15. Suppose that {Nq, • • • } is an infinite chain of e-necks in M . Then 
the frontier of U = U^lgiVj is the frontier of the negative end of Nq. 

Proof. Suppose that x is a point of the frontier of U. Let xi € U be a sequence 
converging to x. If the Xj were contained in a finite union of the Nk, say NqD ■ ■ ■ U Ne, 
then x would be in the closure of this union and hence by the previous comment 
would be either be in the frontier of the negative end of iVo or the frontier of the 
positive end of N#. But the frontier of the positive end of Ne is contained in A^ +1 
and hence contains no points of the frontier of U. Thus, in this case x is a point of 
the frontier of the negative end of Nq. If {x{\ is not contained in any finite union, 
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then after passing to a subsequence, we can suppose that Xj G N k ^ where k(i) is 
an increasing sequence tending to infinity. Clearly R{xi) converges to R(x) < oo. 
Hence, there is a uniform lower bound to the scales of the N^u^ . For all i sufficiently 
large Xi iVo- Thus, for such i any path from x% to x must traverse either Nq or 
iV/c^) for all j > i + 5. The length of such a path is at least the minimum of the 
width of Nq and the width of N^u^ for some j sufficiently large. But we have just 
seen that there is a positive lower bound to the scales of the Nuj) independent of j, 
and hence by Corollary |19. 51 there is a positive lower bound, independent of j, to the 
widths of the N^uy This shows that there is a positive lower bound, independent 
of i, to the distance from Xi to x .This is impossible since X{ converges to x. □ 

In fact, there is a geometric version of Lemma ll9.131 

Lemma 19.16. There is eq > such that the following holds for all < e < eo- 
Suppose that {Nj}j^j is a chain of e-necks in a Riemannian manifold M . Let 
U = Uj^jNj. Then there exist an interval I and a smooth map p: U — » I such that 
every fiber of p is a two-sphere, and if y is in the middle 7/8 's of Nj then the fiber 
P ip(y)) makes a small angle at every point with the family of two-spheres in the 
e-neck Nj . 

Proof. Since according to Lemma [19.2l the two-spheres for Nj and Nj+i almost 
line up, it is an easy matter to interpolate between the projection maps to the interval 
to construct a fibration of U by two-spheres with the given property. The interval 
/ is simply the base space of this fibration. □ 

A finite or infinite chain {Nj}j^j of e-necks is balanced provided that for every 
j £ J, not the largest element of J, we have 

(19.1) (0.99)R(x j y 1/2 e- 1 < d( Xj ,x j+1 ) < (1.01)i?(x i ) _1/2 e _1 , 

where, for each j, Xj is the central point of Nj. 

Notice that in a balanced chain Nj n Nji = if \j — j'\ > 3. 

Lemma 19.17. There exists eq > such that for all < e < eo the following is 
true. Suppose that N and N' are e-necks centered at x and x' , respectively, in a 
Riemannian manifold M . Suppose that x' is not contained in N but is contained in 
the closure of N in M . Suppose also that the two-spheres of the neck structure on 
N and N' separate M . Then, possibly after reversing the e-neck structures on N 
and/or N' , the pair {N,N'} forms a balanced chain. 

Proof. By Corollary 119.51 Inequality (|19.ip holds for d(x,x'). Once we have 
this inequality, it follows immediately from the same corollary that, possible after 
reversing, the s-directions {iV, iV'} makes a balanced chain of e-necks. (It is not 
possible for the positive end of Nj, to meet N a for this would allow us to create a 
loop meeting the central two-sphere of Nf, transversely in a single point, so that this 
two-sphere would not separate M.) □ 

Lemma 19.18. There exists eo > such that for all < e < eo the following is 
true. Suppose that {N a , . . . ,Nb} is a balanced chain in a Riemannian manifold M 
with U = U^ =a Ni. Suppose that the two-spheres of the neck structure of N a separate 
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M. Suppose that x is a point of the frontier of U contained in the closure of the 
plus end of Nb that is also the center of an e-neck N. Then possibly after reversing 
the direction of N, we have that {N a , . . . , Nb, N} is a balanced chain. Similarly, if 
x is in the closure of the minus end of N a , then (again after possibly reversing the 
direction of N ) we have that {N, N a , . . . , Nb} is a balanced e-chain. 

Proof. The two cases are symmetric; we consider only the first. Since x is 
contained in the closure of Nb, clearly N^ClN ^ 0. Also, clearly provided that e > 
is sufficiently small, d(xb,x) satisfies Inequality (|19.ip so that Lemma ["19.17l the pair 
{Nb, N} forms an e-chain, and hence a balanced e-chain. It is not possible for N to 
meet the negative end of N a since the central two-sphere of N a separates M. Hence 
{N a , . . . ,Nb, N} is a balanced chain of e- necks. □ 

Proposition 19.19. There exists eo > such that for all < e < e the following 
is true. Let X be a connected subset of a Riemannian manifold M with the property 
that every point x £ X is the center of an e-neck N(x) in M. Suppose that the 
central two-spheres of these necks do not separate M. Then there is a subset {xi} 
of X such that the necks N(xi) (possibly after reversing their s-directions) form 
a balanced chain of e-necks {N{xi)} whose union U contains X . The union U is 
diffeomorphic to S 2 x (0, 1). It is an e-tube. 

Proof. According to Lemma 119.181 for e > sufficiently small the following 
holds. Suppose that we have a balanced chain of e-necks N a . . . ,Nb, with iVf centered 
at Xi S X, whose union U does not contain X. Then one of the following holds: 

(1) It is possible to find an e-neck Nb+i centered at a point of the intersection 
of X with the closure of the positive end of Nb so that N a , . . . , Nb+i is a 
balanced e-chain. 

(2) It is possible to find an e-neck N a _i centered at a point of the intersection 
of X with the closure of the negative end of N a so that N a -i, N a , . . . , Nb is 
a balanced e-chain. 

Now assume that there is no finite balanced chain of e-necks N(xi) containing 
X. Then we can repeatedly lengthen a balanced chain of e-necks centered at points 
of X by adding necks at one end or the other. Suppose that we have a half-infinite 
balanced chain {No, Ni, . . . , }. By Lemma 119.151 the frontier of this union is the 
frontier of the negative end of Nq. Thus, if we can construct a balanced chain which 
is infinite in both directions, then the union of the necks in this chain is a component 
of M and hence contains the connected set X. If we can construct a balanced chain 
that is infinite at one end but not the other that cannot be further extended, then 
the connected set is disjoint from the frontier of the negative end of the first neck in 
the chain and, as we have see above, the 'infinite' end of the chain has no frontier. 
Thus, X is disjoint from the frontier of U in M and hence is contained in U. Thus, 
in all cases we construct a balanced chain of e-necks containing X. By Lemma ll9,13l 
the union of the necks in this chain is diffeomorphic to S 2 x (0, 1) and hence is an 
e-tube. □ 

Lemma 19.20. The following holds for every e > sufficiently small. Let (M,g) 
be a connected Riemannian manifold. Suppose that every point of M is the center 
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of an e-neck. Then either M is diffeomorphic to S 2 x (0, 1) and is an e-tube, or M 
is diffeomorphic to an S 2 -fibration over S . 

Proof. If the two-spheres of the e-necks do not separate M, then it follows from 
the previous result that M is an e-tube. If one of the two-spheres does separate, 
then take the universal covering M of M. Every point of M is the center of an 
e-neck (lifting an e-neck in M) and the two-spheres of these necks separate M. Thus 
the first case applies, showing that M is diffeomorphic to S 2 x (0, 1). Every point is 
the center of an e-neck that is disjoint from all its non-trivial translates under the 
fundamental group. This means that the quotient is fibered by S 2, s over S l , and 
the fibers of this fibration are isotopic to the central two-spheres of the e-necks. □ 

5. Subsets of the union of cores of (C, e)-caps and e-necks. 

In this section we fix < e < 1/200 so that all the results of this section hold 
with a = 0.01. 

Proposition 19.21. For any C < oo the following holds. Suppose that X is a 
connected subset of a Riemannian three-manifold (M, g) . Suppose that every point 
of X is either the center of an e-neck or is contained in the core of a (C,e)-cap. 
Then one of the following holds: 

(1) X is contained in a component of M that is the union of two (C,e)-caps. 
This component is diffeomorphic to S 3 , MP 3 or MP 3 #IRP 3 . 

(2) X is contained in a component of M that is a double C -capped e-tube. This 
component is diffeomorphic to S 3 , MP 3 orRP 3 ^lRP 3 . 

(3) X is contained in a single (C,e)-cap. 

(4) X is contained in a C -capped e-tube. 

(5) X is contained in an e-tube. 

(6) X is contained in a component of M that is an e-fibration, which itself is 
a union of e-necks. 

(See Fio.rj; 

Proof. We divide the proof into two cases: Case I: There is a point of X 
contained in the core of a (C, e)-cap. Case II: Every point of X is the center of an 
e-neck. 

Case I: We begin the study of this case with a claim. 

Claim 19.22. It is not possible to have an infinite chain of (C, e)-caps Cq C C\ C 
• • • in M with the property that for each % > 1, the closure of the core of Ci contains 
a point of the frontier of Cj_i 

Proof. We argue by contradiction. Suppose there is such an infinite chain. 
Fix a point xq £ Cq and let Qq = R(xo). For each i > 1 let x% be a point in the 
frontier of Cj_i that is contained in the closure of the core of Cj. For each i let iVj 
be the e-neck in C{ that is the complement of the closure of its core. We orient the 
SA^-direction so that the core of C, lies off the negative end of iVj. Let be the 
boundary of the core of Cj. It is the central two-sphere of an e-neck in Q. We 
orient the s-direction of N- so that the non-compact end of Ci lies off the positive 
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Figure 4. Components covered by e-necks and e-caps. 



end of Nt. We denote by the scale of iVj_i and by h! i the scale of N[. By 
Lemma 119.21 the ratio hi—i/h'i is between 0.99 and 1.01. Suppose that S[ is disjoint 
from Cj_i. Then one of the complementary components of S[ in M contains Cj_j, 
and of course, one of the complementary components of S[ is the core of Cj. These 
complementary components must be the same, for otherwise CV-i would be disjoint 
from the core of Cj and hence the intersection of Cj_i and Cj would be contained 
in Ni. This cannot happen since Cj_i is contained in Cj. Thus, if S[ is disjoint 
from Cj_i, then the core of Cj contains Cj_i. This means that the distance from 
xq to the complement of Cj is greater than the distance of xq to the complement 
of Ci-i by an amount equal to the width of iVj. Since the scale of iVj is at least 
C- l / 2 R{x G )- l l 2 (see (5) of Definition [922} , it follows from Corollary MM that this 
width is at least 2(0.99)C'- 1 / 2 P(a;o)" 1/2 e- 1 . 

Next suppose that S[ is contained in Cj_i. Then one of the complementary 
components A of S[ in M has closure contained in Cj_i. This component cannot be 
the core of Cj since the closure of the core of Cj contains a point of the frontier of 
Cj_i in M. Thus, A contains JVj. Of course, A ^ N{ since the frontier of A in M 
is S*^ whereas Ni has two components to its frontier in M. This means that C{ does 
not contain A, which is a contradiction since C{ contains Cj_i and A C Cj_i. 
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Lastly, we suppose that is neither contained in Cj_i nor in its complement. 
Then St must meet Ni-\. According to Proposition 119. 1T1 the s-directions in A^_i 
and N[ either almost agree or are almost opposite. Let x £ n <9iVj_i so that 
Sjjiix) = 0. Move from x along the s^r -direction that moves into iVj_i to a point x' 

i i 

with \s Ni (x')\ = (0.05)e _1 . According to Proposition 119.111 f0.94)e~ 1 < sn^^x') < 
(0.96)e _1 . Let S'(x') be the two-sphere in the neck structure for JV,' through this 
point. According to Proposition 119.111 S'(x') C iVj_x, and S'(x') is isotopic in 
iVj_i to its central two-sphere. One of the complementary components of S'(x') 
in C, let us call it A', is diffeomorphic to S 2 x (0,1). Also, one of the comple- 
mentary components A of S'(x') in M contains the core of C_i. As before, since 
Cj_i C C, the complementary component A cannot meet Cj in A'. This means 
that the sjVj^- and sjyv-directions almost line up along S'(x'). This means that 
S'(x') = s7r,(— (0.05)e _1 ). Since the diameter of S'(x') is less than 2irhi-i, and 

i 

since sn^x') > (0.94)e _1 , it follows that S'(x') C ^^((O^e" 1 , e" 1 )). Since the 
distance from S 1 - to the central two-sphere is at least (0.99)e -1 /i^, It follows from 
Corollary 119.51 that the central two-sphere of Ni is disjoint from Cj_i and lies off 
the positive end of Ni-%. This implies that the distance from xq to the complement 
of Ci is greater than the distance from xq to the complement of Cj_i by an amount 
bounded below by the distance from the central two-sphere of iVj to its positive end. 
According to Corollary 1 1 9 . 5 1 this distance is at least (0.99)e _1 /ij, where hi is the scale 
of Ni. But we know that hi > C~ 1 / 2 R(x )- 1 / 2 . 

Thus, all cases either lead to a contradiction or to the conclusion that the distance 
from xo to the complement of Ci is at least a fixed positive amount (independent of 
i) larger than the distance from xq to the complement of Cj_i. Since the diameter of 
any (C, e)-cap is uniformly bounded, this contradicts the existence of an infinite chain 
Co C C% C • • • contrary to the claim. This completes the proof of the claim. □ 

Now let us turn to the proof of the proposition. We suppose first that there is a 
point xo £ X that is contained in the core of a (C, e)-cap. Applying the previous 
claim, we can find a (C, e)-cap Cq containing xq with the property that no point of X 
contained in the frontier of Cq is contained in the closure of the core of a (C, e)-cap 
C\ that contains Cq. 

There are three possibilities to examine: 

(i) X is disjoint from the frontier of Cq. 

(ii) X meets the frontier of Co but every point of this intersection is the center 
of an e-neck. 

(iii) There is a point of the intersection of X with the frontier of Co that is 
contained in the core of (C, e)-cap. 

In the first case, since X is connected, it is contained in Co- In the second case 
we let N\ be an e-neck centered at a point of the intersection of X with the frontier 
of Co, and we replace Co by Co U N\ and repeat the argument at the frontier of 
Co UJVi. We continue in this way creating Co union a balanced chain of e-necks 
Co U Ni U N2 U • • • U Nfc. At each step it is possible that either there is no point of 
the frontier containing a point of X, in which case the union, which is a C-capped 
e-tube, contains X. Another possibility is that we can repeat the process forever 
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creating a C-capped infinite e-tube. By Lemma 119.151 this union is a component of 
M and hence contains X. 

We have shown that one of following holds: 

(a) There is a (C, e)-cap that contains X. 

(b) There is a finite or infinite C-capped e-tube that contains X. 

(c) There is a (C, e)-cap or a finite C-capped e-tube C containing a point of X 
and there is a point of the intersection of X with the frontier of C that is 
contained in the core of a (C, e)-cap. 

In the first two cases we have established the proposition. Let us examine the 
third case in more detail. Let iVo C Co be the e-neck that is the complement of the 
closure of the core of Co- First notice that by Lemma [19.201 the union iVo U JVi U 
• • • U iVfc is diffeomorphic to S 2 x (0, 1), with the two-spheres coming from the e-neck 
structure of each Ni being isotopic to the two-sphere factor in this product structure. 
It follows immediately that C is diffeomorphic to Co- Let C be a (C, e)-cap whose 
core contains a point of the intersection of X with the frontier of C. We use the 
terminology 'the core of C to mean C \ N^. Notice that if k = 0, this is exactly 
the core of Cq. To complete the proof of the result we must show that the following 
hold: 

Claim 19.23. If C is a (C,e)-cap whose core contains a point of the frontier of 
C , then C U C is a component of M containing X. 

Proof. We suppose that C is the union of Co and a balanced chain Nq, . . . , Nf. 
of e-necks. We orient this chain so that Co lies off the negative end of each of the 
Ni. Let S 1 be the boundary of the core of C and let N' be an e-neck contained in 
C whose central two-sphere is S' . We orient the direction sjy so that the positive 
direction points away from the core of C . The first step in proving this claim is to 
establish the following. 

Claim 19.24. Suppose that there is a two-sphere E C N' contained in the closure 
of the positive half of N' and also contained in C. Suppose that £ is isotopic in N' 
to the central two-sphere S' of N' . Then CuC is a component of M , a component 
containing X. 

Proof. S separates C into two components: A, which has compact closure in 
C, and B, containing the end of C. The two-sphere £ also divides C into two 
components. Since £ is isotopic in N' to S' , the complementary component A' of 
£ in C with compact closure contains the closure of the core of C . Of course, the 
frontier of A in M and the frontier of A' in M are both equal to £. If A = A' , then 
the closure of the core of C is contained in the closure of A and hence is contained 
in C, contradicting our assumption that C contains a point of the frontier of C. 
Thus, A and A' lie on opposite sides of their common frontier. This means that 
AU A is a component of M. Clearly, this component is also equal to C U C. Since 
X is connected and this component contains a point xq of X, it contains X. This 
completes the proof of Claim [T9. 241 □ 



Now we return to the proof of Claim 119.231 We consider three cases. 
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First Subcase: S' C C. In this case we apply Claim [T9.24I to see that C U C is a 
component of M containing X. 

Second Subcase: S' is disjoint from C. Let A be the complementary component 
of S' in M containing C. The intersection of A with C is either the core of C or is 
a submanifold of C diffeomorphic to S 2 x (0, 1). The first case is not possible since 
it would imply that the core of C contains C and hence contains Co, contrary to 
the way we chose Cq. Thus, the core of C and the the complementary component 
A containing C both have S' as their frontier and they lie on opposite sides of S' . 
Since the closure of the core of C contains a point of the frontier of C, it must be 
the case that S' also contains a point of this frontier. By Proposition 1 19. 1 T| the neck 
N' C C meets iVj. and there is a two-sphere £ C N' D Nj. isotopic in N' to S' and 
isotopic in Nk to the central two-sphere of Nk- Because N/. C C and C is disjoint 
from the core of C, we see that £ is contained in the positive half of N' . Applying 
Claim [T9.24I we see that C U C is a component of M containing X. 
Third Subcase: S" n C / and S' <£_ C. Clearly, in this case S' contains a point 
of the frontier of C in M, i.e., a point of the frontier of the positive end of Nk in M. 
Since N k n N' / 0, by Lemma MM the scales of N k and iV' are within 1 ± 0.01 of 
each other, and hence the diameter of S' is at most 2n times the scale of Nj.. Since 
the central two-sphere S' of N' contains a point in the frontier of the positive end 
of Nk, it follows from Lemma 119.51 that S' is contained on the positive side of the 
central two-sphere of Nj. and that the frontier of the positive end of is contained 
in N' . By Proposition 119. Ill there is a two-sphere S in the neck structure for N' 
that is contained in Nk and is isotopic in Nk to the central two-sphere from that 
neck structure. Let A be the complementary component of S in M that contains 
C \ Nk- If the complementary component of £ that contains C \ N' is not A, then 
CUC' is a component of M containing X. Suppose that A is also the complementary 
component of S in M that contains C \ N'. Of course, A is contained in the core 
of C . If k > 1, we see that A and hence the core of C contains C \ Nk, which 
in turn contains the core of Cq. This contradicts our choice of Co- If k = 0, then 
C = A U (N n (M \ A)). Of course, A C C . Also, the frontier of N n (M \ A) in 
M is the union of A and the frontier of the positive end of iVo in M. But we have 
already established that the frontier of the positive end of iVo in M is contained in 
N'. Since A C C , it follows that all of Cq is contained in C . On the other hand, 
there is a point of the frontier of Co contained in the closure of the core of C. This 
then contradicts our choice of Co- 

This completes the analysis of all the cases and hence completes the proof of 
Claim MM □ 

The last thing to do in this case in order to prove the proposition in Case I is to 
show that CU C is diffeomorphic to S 3 , MP 3 , or MP 3 #IRP 3 . The reason for this is 
that C is diffeomorphic to Co; hence C either is diffeomorphic to an open three-ball 
or to a punctured MP 3 . Thus, the frontier of C in C is a two-sphere that bounds 
either a compact three-ball or the complement of an open three-ball in MP 3 , since 
C itself is diffeomorphic either to a three-ball or to a punctured MP 3 , the result 
follows. 
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Case II: Suppose that every point of X is the center of an e-neck. Then if the 
two-spheres of these necks separate M, it follows from Proposition 119.19"! that X is 
contained in an e-tube in M. 

It remains to consider the case when the two-spheres of these necks do not sepa- 
rate M. As in the case when the two-spheres separate, we begin building a balanced 
chain e- necks with each neck in the chain centered at a point of X. Either this 
construction terminates after a finite number of steps in a finite e-chain whose union 
contains X, or it can be continued infinitely often creating an infinite e chain con- 
taining X or at some finite stage (possibly after reversing the indexing and the 
s-directions of the necks) we have a balanced e-chain N a U • • • U iV&_i and a point 
of the intersection of X with the frontier of the positive end of 2V&_i that is the 
center of an e-neck iVj, with the property that iV& meets the negative end of N a . 
Intuitively, the chain wraps around on itself like a snake eating its tail. If the inter- 
section of N a n Nb contains a point x with SN a {x) > — (0.9)e~ 1 , then according to 
Proposition 119. Ill the intersection of N a n Nf, is diffeomorphic to S 2 x (0, 1) and the 
two-sphere in this product structure is isotopic in N a to the central two-sphere of 
iV a and is isotopic in Nf, to the central two-sphere of iV&. In this case it is clear that 
N a U • • • U Nf, is a component of M that is an e-fibration. 

We examine the possibility that the intersection iV a n iVj, contains some points 
in the negative end of N a but is contained in s^- ((— e _1 , — (0.9)e -1 )). Set A = 
e" 1 , — (0.8)e~ 1 )). Notice that since X is connected and X contains a point 
in the frontier of the positive end of N a (since we have added at least one neck at 
this end), it follows that X contains points in s^(s) for all s G [0, e -1 ). If there 
are no points of X in A, then we replace N a by an e-neck N' a centered at a point of 
s N \ ((0.15)e^ 1 ) nX. Clearly, by Lemma E93] iV^ contains s N \ (-(0.8)e-l, e" 1 ) and 
is disjoint from s^ r 1 ((— e _1 , — (0.9)e -1 ), so that N' a ,N a+ i, . . . , Nf, is a chain of e-necks 
containing X. If there is a point of X n A, then we let A^+i be a neck centered 
at this point. Clearly, N a U • • • U N^+i is a component, Mq, of M containing X. 
The preimage in the universal covering of Mq is a chain of e-necks infinite in both 
directions. That is to say, the universal covering of Mq is an e-tube. Furthermore, 
each point in the universal cover of Mq is the center of an e-neck that is disjoint 
from all its non-trivial covering translates. Hence, the quotient Mq is an e-fibration. 

We have now completed the proof of Proposition 119.211 □ 

As an immediate corollary we have: 

Proposition 19.25. For all e > sufficiently small the following holds. Suppose 
that (M, g) is a connected Riemannian manifold such that every point is either con- 
tained in the core of a (C, e)-cap in M or is the center of an e-neck in M. Then one 
of the following holds: 

(1) M is diffeomorphic to S 3 , RP 3 or RP 3 #RP 3 , and M is either a double 
C-capped e-tube or is the union of two (C, e)-caps. 

(2) M is diffeomorphic to M 3 or MP 3 \ {point}, and M is either a (C, e-cap or 
a C-capped e-tube. 

(3) M is diffeomorphic to S 2 x 1R and is an e-tube. 

(4) M is diffeomorphic to an S 2 -bundle over S 1 and is an e-fibration. 
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